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Icosahedral quasicrystals solids with an elliptic
hole under uniform heat flow*
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The complex variable method for solving the two-dimensional thermal stress problem of icosahedral quasicrystals is
stated. The closed-form solutions for icosahedral quasicrystals containing an elliptical hole subjected to a remote uniform
heat flow are obtained. When the hole degenerates into a crack, the explicit solutions for the stress intensity factors is

presented.
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1. Introduction

Icosahedral quasicrystals are fascinating substances that
form a family of specific structures with strange physical and
mechanical properties when compared to those of metallic
alloys.!!! These properties open the way to technological ap-
plications, demonstrated or potential, mostly regarding energy
savings. Icosahedral quasicrystals have potential applications
in protective alloys and coatings and are also being studied for
use in new materials that convert heat to electricity.?!

In recent years, the elastic theory and fracture mechan-

371 Some

ics of quasicrystals have made great progress.!
methods were developed to solve the defect problems in
quasicrystallines.®-141 However, relatively little work involv-
ing the thermal stress problems of quasicrystals has been done
due to the mathematical complexity.

In the present work, we treat the generalized 2D problem
of an elliptic hole in an infinite icosahedral quasicrystal sub-
jected to uniform heat flow at infinity. The Lekhnitskii formu-
lation of icosahedral quasicrystals including the thermal effect
is developed. Then an explicit analytical solution for an ellip-
tic hole in icosahedral quasicrystals is obtained by means of
conformal mapping. The solution of the Griffith crack prob-
lem as a special case of the results is obtained. As a conse-
quence, the stress intensity factor is derived analytically.

2. General solution

Consider a generalized two-dimensional problem of
icosahedral quasicrystals in which all the field variables are
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independent of variable z (the z-axis is parallel to the fivefold

direction).!'3] According to the elastic theory of icosahedral
quasicrystals,®! we have the geometric equations (x = x;,y =
x2)
1 8u,~ 8uj (9W,'
Y 2 (8xj + ax,- Wi (9Xj ( )

the generalized equilibrium equations (if the body force is ne-
glected, x = x1,y = x2)

aGij oH;;

=0 =0 2
il raal) @

and the constitutive equations

Oxx = A(Exx + Eyy) + 2UE + R(Wax +wyy) — BT,
Oyy = A&ur+ &) + 28y — R(wax +wyy) = BT,
e = A(Ews + &) — BT,

Oyz = Oy = 2[4&; + R(Wzy — Wy — Wyx),

Gon = e = 241+ Rlvs — Wy — ),

Oy = Oyx = 2lLExy + R(Wyx — Wy,

Hy = R(€x — &y +285) + Kiwyy + Koy,

Hyy = R(&xx — €y — 2&.) + Kiwyy — Kowzy,
H;=R(ex+gy),

Hy, = —2Rexy, + K> (Wyy — Wyy),

Hye = 2Re; + (K1 — K2) Wy 4 Ko (W — wyy),
Hyy = —2R(&y; + &xy) + Kiwyy — Kawyy,

H, =2Re,; + (K| — K2)wzy — Ko (Wyy +wyy,)
Hy; = R(&xx — &y) + Ko (War +wyy ),
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ny = 2R(8xy - gyx) + Klwyx - KZWZ)H 3)

where &, = w;; = wy; = w,; = 0 have been considered. o;;,
&;j, and u; are the stress, strain and displacement of phonon
fields, respectively. A and u are the phonon field elastic con-
stants. H;;, w;j, w;, and K; are the stress, strain, displacement,
and elastic constants of phason fields. R and 8 are the phonon-
phason coupling elastic constant and thermal-stress constant,
respectively. T represents temperature change.

The heat conduction equation and the conduction law can
be written as

dqx | dgy

Tt =0 4)
oT oT

C]x——kllaaéh——klla*y, &)

where ki1 is the heat conduction coefficient. g, and g, denote
the components of heat flux in the x and y directions, respec-
tively.

2.1. The temperature field
Substituting Eq. (5) into Eq. (4), we have

VT =0, (6)

2 2, . .
where V2 = % + % is the two-dimensional Laplace opera-
tor. The general solution of Eq. (6) can be written as

T =2Re{g'(2)}, ()

where g(z) is an analytic function of the complex variable
7z = x+ iy, Re stands for the real part, the prime denotes the
derivative with respect to the arguments. By Eq. (7), the resul-
tant heat flux along an arc can be obtained as

0= /qxdy—/qydx:2k11Re{ig'(Z)}. 8)

2.2. The elastic fields

Based on the constitutive Egs. (3), the strain components
of the phonon and phason fields can be expressed by the
stresses and the temperature 7', see Appendix A for detail. By
the geometric Egs. (1), the deformation compatibility equa-
tions are as follows:

d%e,  d’e, _0d%g, B
0y? ox2 T oxdy’  9x*  dxdy’
Owyy  Owye  Owye  dwyy  dwy  dwy,

dx dy = dy dx = dy ox

2 2
0°g; Jd°gy

9

If we introduce the functions @;(x,y), @2(x,y), yi(x,y),
Y (x,y), and y3(x,y) as follows

_ P _

2
e
y

 9xdy’

9%

O LT

Ip Ip
sz:?y’ GZ}':*Wv
_dy _ dw _ oy
Hxx—7y7 HX}'__W7 yx—Tyv
0 0 0
Hy = -5, uza—"f, Hy=-%2, (0

then the generalized equilibrium Eqgs. (2) involving stresses
will be automatically satisfied.

Substituting the expressions of strain (Appendix A) into
deformation compatibility equations (9), then by employ-
ing (10), we have

0 0
aViV2g +c <ayH1 Y+ atzllfz) =0,

82
(K1 +K2) V¢ +R(/\zllf1 —Zaxay Y — V2W3> =0,

0
—c3 a—ym @1 —R(Q2K> — K1)A* ¢,
+e4 V2 + (uKy — R*)A%y3 =0,
8 2
IL o) —2R(2K; — K1)

Sox 8x8y(P2
2
o2 2 _
caVoy, +2(uK; — R )axaylllg, 0,
—R(2K; — K1) V2@ — (uKz — R*) (A
2
i P 2 -
Zaxgyl/’2+v y;) =0, (11)
where
2>  9? 2> 97
2_ Y Y 2_ 2 _ 7
V= 8x2+8y2’ A ox2  dy*’
2> 97 22 9?
=350 "57 m=335"52
and

1/ 1 K R
‘a= 2()L+u e —2R2>’ 2T UK 2R
o R(2K> — K1) (iK1 + uKs — 3R?)
2(uK; —2R?) ’
(UK, —R?*)?
[.lK] —2R?

C4 = u(Kl —Kz) —Rz—

Equations (11) can be solved using the method proposed by
Yang.[ It can be rewritten as

=0, 12)

where the operator matrix D is
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[ V22 0 ey o241 0
0 (K| +K>) V2 RA2 ~2R5%- —RV?
D= |—c3 (%Hl —R(2K2 —Kj )AZ C4V2 0 (,IJKz —Rz)/\z
2 2
63%172 _ZR(ZKZ_Kl)%ay 0 —C4V2 Z(yKQ—RZ) aiay
2
0 —R2K, —K\)V?  —(uKr—R*)A? 2(uKr —R?) 3%, —(uko —R*)V?]

The determinant of matrix D is
12 912 912
+ds
ox!12 0x109y2 dx80y*
812 312
d d, d
+ 5ax4ay8 + 63xzay1o + 7ay12’

812
0x60y0

detD = d; +dy

+d>

12

where d; (i =1,2,...,7) are given in Appendix B.
Based on the cofactors Ay of matrix D (i,k=1,2,3,4,5),
the general solutions of Eq. (12) are

[(Pl (x7y)a(P2(xay)7 Vi (x,y), llfz(x,y),l//3(x,y)]T

= [Ai1, An, A, Aia, Ais] T G(x,y), (13)
with G(x,y) satisfying the following equation:
det D G(x,y) = 0. (14)

In the following analysis, we use only (A;1, A2, A13, Ay4) for
the present problem, which can be expressed as follows

All = 611V2V2V2V2>
2 9’ il
2Rc3cq(UKy — R?) (5 9x89y B 148)643)15
2
8528y *ay9>’
89

A (631 959y 0x09y3
2 2 i
+e33(w+e348x28y7+6353)’9>’
9° 9°
c3 <€4]axg +€42W

d° d°

A

89

+e3

Ay
89
+ea x> dy* +eu 0x39y° +eas 0x0y8 > ’
—C3C4K2([J(K1 —I—Kz) — 3R2)
9 9 9 9

x5 o —14 o -8 J + 8— ,

dx80dy ox*dyS  oxZdy’  9y?
where the constants e;; can be found in Appendix C. When
R =0, Eq. (14) can be simplified as

ViViViviviviG(x,y) = 0.

Following Lekhnitskii,!!”! the general solution of Eq. (14)
can be expressed by six analytic functions Gi(z) (k =
1,2,...,6) in the form

G =2Re

6
Gi(zk), zk=x+ Wy, (15)
=1

k=

where W, = oy + 1B (i = v—1, k=1,2,---,6) are distinct
complex parameters to be determined by the characteristic

equation
drpt'? + dopt® + dsp® + dupt® + dsp* + dop® + dy = 0.(16)

Substituting the general solution (15) into Egs. (13) and
(10) yields

6
Oue = 2e11Re Y. pZ(1+4ug + 6 +4u + 1) g (zi),
k=1

6
0y = 2en1Re Y (1+41 + 61 + 4 + %) g1 (z0),
k=1
Oxy = Oyx = —2eq1
6
X Re Y p(1+4ug +6p + 42+ 1°) g (z1),
=1
0. = 4Re3cq(UKy — R?)
6
x Re Y (S — 1410 — 8] + 1) gl ().
k=1
o-zy = —4RC3C4([.LK2 —Rz)
6
x Re Y (Sp— 14p) — 8] + 1)) gi(z),
k=1
6
H,, = 2c3Re Z Uy (e31 i + 8321113
k=1
5 7 9y 1
+enzup +esapyy +esspy )8 (zk),
6
Hy = —2c3Re Y (e3ipy+ entt]
k=1
5 7 9\ ./
+esslly + esaty +easpy )gi(zk),
6
Hy, = 2c3Re Y py(ear + el
k=1
4 6 8,/
+eaz iy +eqatty +easpy )8 (zx),
6
Hy, = —2c3Re Y (ea1 +eqpif
k=1
4 6 8/
+easly +eanyy +easpy)gi(zx),
H., = —2c3c4Kr(u(K; +K;) —3R?)
6
X Re Y w (S — 1447 — 8] + 1) g1 (z0),
=1
H,, = 2c3ca Ko (U(K +Kp) — 3R2)
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6
x Re Y (St — 14187 — 8] + 1) (24), (17)
k=1
where
dPGilz) dgi(zk)
gr(z) = FER gi(z) = e

Introducing vectors (z;), t1, t, defined by

B(z1) = [31(21),82(22),83(23), 84(24), 85(25). 86 (26)]

t = [menyaazxamenyaHzx}T,
ty = [O-X}'v Oyy, Gzyany»Hyvazy]T
Equation (17) can be rewritten as
t; = —2Re{Bud'}, t,=2Re{Bd'}, (18)

where the elements b;; of the matrix B are given as

b = —enn (1447 + 601 +4u? +11°),

boi = en1(1+4u + 64 +4u + 1),

by = —2Rc3ca(UKy — R?) (S — 141 — 8 + 1),

bar = —c3(e31 e + ety + es3 it + esat] +essuy),

bsi = —c3(ea1 + earlti; + easply + eastiy + easpiy),

bek = c3caKa (W (K1 +Kz) —3R?) (Spy — 14480 — 8p + 1),
where k = 1,2,...,6 and u is the diagonal matrix, i.e. u =

diag[ W, Uz, U3, ta, Us, 1e]. With Egs. (10) and (18), the resul-
tant forces along the arc can be expressed as

t = —2Re{ B®}, (19)

in which ¢, = ¢;,t', = —t,, a comma stands for differentia-
tion. By Eq. (17) and the strains expressed by stresses (Ap-
pendix A), the complex representation of displacements can
also be given as

4
uy=2Re Y {piPi(z) +aglz) },
k=1
4
we=2Re Y {5 Pe(zx)},
k=1
4
uy=2Re ) {qiPi(zx) —aig(2) },
k=1
4
wy =2Re Z{mk(pk(zk)}v
k=1
4
u, =2Re Z{rkqbk(Zk)},
k=1
4
w; =2Re Y {m®i (1)}, (20)
k=1

where

pr = —aibylif — arnby, — a3 (—bar + bsy),

b b
qk = alzbzkuk+a”ﬂ +a13(—b4k+ 5’<)7
Hi Hi

1
=7 (K1 + K2) ikb3g + R(—tibag — tiber — bsy)],

1
1 2
S = N [a22 (— Uj;bag — bar) — a3 Ubag — arabsy
— axs b3k 4 aze tiber ],

1 b2k bSk
my = !2[322( Nkak k) an3 )

+ azabag + arsbsg — axeber],

1
ng = N (K> — R?) (bsk + tibar)

— (uK1 —2R*)webok — R(2K> — K1) kb,

and

= Ki(A+2u)—2R?
A+ ) (uky —2R2)

AK| +2R? R
an

T A0 ) (K —2R2) DT 2(uky —2R?)
ay = % R(2K; —K;)+ R(2K2u£1)_(§§22 7R2) )
a3 = pu(K) —K) —R* — w,

axy = M, ays = R(2K; — K;),

ars = uK» — R*.

Introducing vectors U, ¢, and the matrix A as follows:

U: [MJH uy» uZ7 Wy, Wy> WZ]T7
c=[a, —ai, 0,0,0,0],

Pt p2 p3 ps Ps  Pe
q1 92 493 44 g5 (4o
ry r r3 ¥4 rs e
S1 52 53 S4 S5 S6
mp mp; m3 mnmy4g ms Mg
ni ny nj3 ng ns neg

then equation (20) can be expressed by

U =2Re{ AP+ cg(z) }. (1)

3. Elliptic hole under uniform heat flow

Consider an infinite icosahedral quasicrystals containing
an insulated elliptical hole and the heat A is flowing steady
and uniformly in the direction of the positive y-axis, as shown

in Fig. 1.
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Fig. 1. An elliptical hole under uniform heat flux.
If the hole is assumed to be insulated and free of traction,
the boundary conditions for this problem can be written as

qx — 0,
0 =0,

Qy_>h07
t=0,

t1 =0, t,=0,
along the hole boundary. (23)

at infinity, (22)

Similar to Ref. [17] by Lekhnitskii, we use the conformal
mapping

Zk(C)_Rk<Ck+ka1k>7 k:1a27"'76at (24)

with
_a— ll,Lkb

R = 7
k B my

. a+i,ukb
a—imb

s M =1, (25)

which transform the interior of the ellipse at the z;-plane onto
the exterior of the unit circle at the {;-plane. The boundary
conditions of the heat flux shown in (22) are similar to those
of the stresses in the isothermal condition. Similar to the clas-
sical elastic theory, the temperatures and resultant heat flux for
the considered problem can be expressed as

T =2Re{g,(&)+2,(8)},

© = —2ki1Re{g;, (&) +,(8)} (26)
with
(&) =rn(n&+mo2/2),
gh(gt) = 72(;2 +m%§t_2/2)7
__a(a+b) _ (a+b)? _a-b
n= Aikiy 0, Y2=-— 16ik1 1 0, M= arb

where g;({;) represents the solution for the homogeneous
medium, and g,({;) represents the perturbed solution due to
the presence of the elliptical hole. According to the traction-
free boundary condition and the requirement of single-
valuedness of displacements,the complex function @({;) can
be expressed as

P(&) =<Ing> L, 27)

and by Eqgs. (21), (23), and (27), we have

ALIno—ALIno+7clno—7¥,¢lnc =0,
BLInc—BLlno =0, (28)

where L is the complex constant to be determined. The an-
gular bracket represents the diagonal matrix, i.e. < In§, >=

dlag[ln Cl ) In CZ) In §37 In C47 In CSa In §6}
By Eq. (28), the unknown coefficient L can be obtained
as follows

L=2B ' (M +M) 'Im{yc}, (29)
where
M =iAB™".
Then all the field variables can be determined by Egs. (18),
(21), and (27).
The stress of interest to us is that at the edge of the hole.
To study the effect of the hole on the stress, we give the for-

mula for the hoop phonon stress. Let s(¢) be the unit vector
tangential to the elliptical boundary (see Fig. 1), one sees

5(¢) = {cosp,sing}". (30)

Then the phonon hoop stress G can be written as

0 = s(9)"ts, 3D
where s denote the traction vectors on the surfaces with nor-
mals s and

ts =2ssin@ +XjcosQ,

Y= {Gxx,ny}T,Zz = {O'xya ny}T~
In order to have a clear and direct picture on how the ratio
e = b/a affects the hoop stress, the icosahedral Al-Pd—Mn is
used as an example to numerically demonstrate the hoop stress
of the phonon field. The material constants''®! are given by

A =74.9 GPa,

Ky =125 MPa,

U =72.4GPa,
K> = —50 MPa.
It should be mentioned that exact values of the phonon—phason

coupling constant R are not available in the literature. In this
work, we adopt the coupling constant as R = 0.004u.

1.5

0.5¢

—1.5F

—2.5

Fig. 2. The normalized phonon hoop stress G versus angle @.
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Figure 2 show that the maximum values of the normal-
ized phonon hoop stress 655 = (k1 05s)/(ahy) decrease along
with the increase of the ratio e.

4. Cracks under uniform heat flow

The solutions for an icosahedral quasicrystal containing a
crack can be obtained corresponding to the case b = 0 of the
above solution. By Eqgs. (24) and (26), we have

wty/3—a? a6

Ck:77 It ) atv
a
2
a ho
"= Gk
Zh _
L:—%B’I(M—FM)’IRe{c}.
11

Differentiating functions @({;) with respect to z, by us-
ing Eq. (18) and setting y = 0, x > a, the stresses ahead of the
crack tip along the x axis are obtained as

t, =2Re{BL} (32)

1
/2 — a2
Define
K = {Ku, K1, Ku, Kjj, Kj', Ky}

Then, at the right crack tip (x = a), the field intensity factor
vector K can be expressed as

lim /27 (x — a) t2(x,0)

xX—a

z\/f Re{BL}, (33)

Kjj, Kf', K}y denote the phason field intensity factor. Equa-

K

tion (33) shows that the intensity factors are dependent on the
material properties.

Similarly, by using Eq. (21) and setting y = 0% and |x| < a
where 4 denotes the upper and lower surface of the crack, the
crack opening displacements AU are obtained as

AU =U (x,0")-U(x,07) = —i—hORe{c}xv a*—x%. (34)
1

By applying the virtual crack closure method, the strain energy
release rate G can be calculated as

G = Algglo ﬁ /OAa(u,-(x — Aa)opn(x) +wi(x —Aa)Hp(x))dx
77:a3h% 1 T
= {(M+ M) "Re{c}}" Re{c}. (35)

Zk% |

5. Conclusion and discussion

The Lekhnitskii formulation including the thermal effect
is extended to icosahedral quasicrystals. The two-dimensional
problem of icosahedral quasicrystals containing an elliptic

hole under heat loadings is studied. The hoop stress and the
solution for crack are observed as an application of the solu-
tion. Based on the formulation, the stress intensity factor is
derived analytically. The general solutions developed herein
for heat sources can be used as fundamental solutions for more
complicated thermal stress problems involving inclusions and

cracks.
Appendix A
e 1
T A+ p) (UK —2R?)
x (K1 (A +2p) — 2R*) 0y — (AK) +2R*) 0y
—2R(A + u)(Hw + Hyy)] + 0T,
1
T 40t ) (ki —2K7)
X [~ (AK) +2R*) 0 + (K1 (A +21) — 2R*) 0y
+2R(A + W) (Hy + Hyy)) +oT,
. e _ K(Gyy+R(Hyy — Hyy)
Xy — VX — Z(uKl _ZRZ) Y
1
£ = €4 = _E[_(Kl +K>)0y. + R(Hy + H.. — Hyy)),
1
&y = & = _E[_(Kl + K3)0y: — R(Hyy — Hzy + Hyx ),
1 [l R(2K> — K1) (uks — R?)
= —1 ~ |R(2K, — K
" Az{z{ (2K2 = K1)+ 1K, — 2R
X (Opx — ny) +R(2K, —Kl)O'xZ
K —R2)2
K —Ky) R W R) -
+ [“( 1K) 1K, —2R?
(UK, —R*)* 2
——FH,, — (UK> — R°)H,
uK, —2RZ Y (1K> JHzx 0
_1J1 R(2K> — K1) (uK2 — R?)
Wy = A2{2 {R(ZKz Ki)+ 1K) — 2R
(uK> —R*)?
X (Gxx - ny) —R(ZKZ —Kl)o-xz - mex
k) g2 WK —R)?
+[“(K1 K2) R —, ‘LLK1—2R2 »y
T (ks —R2>Hzx} (1K — RO Ho},
! R(2K, — K1) (UK, — R?)
Wiy = Az{ |:R(2K2 K])-i- WK, “oR? Oyy
—R(2K, — K1)0y,
k) g2 (K2 —R2)?
+ [N(Kl Ky)—R uk, —oRz |
(UKy —R*)? 2
T Hy, + (uKs — R*)H,y ¢,
1 R(2K, — K,)(uK> — R?)
= —< |R2K,—K -
e Az{[ B =K+ =k - o ’
(1K —R*)?
_R(ZKz—Kl)Gyz—Fm Xy
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+ |:,U(K1 —K)— R — (“Kz_Rz)Z} =

‘U,Kl —2R?

+ (UK — R )H.y } )

Wer = (UK — RP)(Hyy — Hiy)

Ap
+ (uKy —2R*)H. + R(2K> — K1) 0],

1
Wzy = Xz [(LK> — Rz)(ny + Hyy)

+ (uKy —2R*)H,, + R(2K> — K1) 0y,

in which

App

Ay = u(Ki +Ky) —3R%, Ay = (K —2K;) 4y,

_ B
S 2A+u)’

endix B

di =e1+exy+6e3, dy=06e; —19¢;+ 6e3,
d; = 15¢1 +90e; + 15¢3, dy =20e; 4 10e; 4 20e3,
ds = 15¢1 —75e3 + 15e3, dg = 6e1 +25¢e; + Ges,

d7 =e1+e3,

where

€]
ey —

ez =

App

€11

€3]
€32

€33

cacscy (K1 (K2 —2R?) + Ko (R* + pkKs))

coe3 (R? — ko) (Ko (LK, —TR?) + Ky (2R + puK>))
c1c4(Ki (2R* — UKy R? — K3 + c4(UK> — 2R?))

+ Ko (—TR* + 8K R? — u2K3 + c4(R? + uK>))).

endix C

= c4(Ki(2R* — uK>R* — u’K3 + c4(uK> — 2R?))

+ K> (—TR* + 8UKyR? — K3 + c4(R? + uk>))),
= —3051(3) + 3a§3> — 2053(3),
= —8051(3) + 80653> + 6053(3) + 1205‘&3) — 12055(3)

= —6051(3) + 6o¢§3> + 2063(3) + 8043) - 8055(3),

ey = 76()63(3) 7405‘&3) +4a5<3), e3s = af3> — af),
eq = oc1(4) +2a§4> — a3(4) — f),

e = —8a2(4)+4oci4) —6a3<3>,

ey = —6a1(4>+4oc§4)+6a3<4) —20@54)—1—2053(3),

eq = —8051(4> + Socf) + 8a3<4> - 40@&4) + 6a3<3),

e4s

= —3051(4> — 6oc§4) + 3a3<4> + 30@&4) — 2a3<3),

where

() = K QR: — uKy), ol = cukn(R2 + pkKy),

= (R* — puKs) (K2 (uKs — TR?) + K1 (2R + pKy) ),

ol = Ki(2R* — uk,R: — 12K3),

B) = Ky (TR* — 8K R* + 12K2),
) = R, (2K — K1),

W = R2(Ky —2K>)(R* — uko>),
Y = cu(Ki+ Ko) (R pka),

o, = Ky(uks — R*)(—3R* + puKi + uk>).
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