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In this paper, the Noether symmetries and the conserved quantities for a Hamilton system with time delay are dis-
cussed. Firstly, the variational principles with time delay for the Hamilton system are given, and the Hamilton canonical
equations with time delay are established. Secondly, according to the invariance of the function under the infinitesimal
transformations of the group, the basic formulas for the variational of the Hamilton action with time delay are discussed,
the definitions and the criteria of the Noether symmetric transformations and quasi-symmetric transformations with time
delay are obtained, and the relationship between the Noether symmetry and the conserved quantity with time delay is
studied. In addition, examples are given to illustrate the application of the results.
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1. Introduction

Dynamical systems with a time delay are commonly
found in nature and engineering practice. Great progress has
been made in many fields with time delay, such as mechanics,
mechanical engineering, aerospace, and control theory.!!=3]
The study of variational problems with time delay can be
traced back to El'sgol’c’s work. [4] In 1968, the variational and
optimal control problems with time delay were discussed by
Hughes,®! who presented the variational necessary and suf-
ficient conditions with time delay for an unconstrained prob-
lem. The conjugate point conditions of variational problems
with time delay were studied by Palm and Schmitendor,®! and
two conjugate point conditions of variational problems with
time delay were derived. In 1988, the differential variational
problems with time delay were studied by Rosenblueth,!”:8]
the necessary and sufficient conditions in terms of the first and
the second variations were derived, and he presented steps to
solve constrained variational problems with time delay. Later,

(101 presented the first-

Chan and Yung!® and Lee and Yung
order and the second-order sufficient conditions for variational
and optimal control problems with time delay, respectively.
However, the study of symmetries and conserved quan-
tities with time delay has only just begun. In 2012, Fredrico
and Torres!!! first discussed Noether’s symmetry theorem for
variational and optimal control problems with time delay. The
influence of the symmetry of a mechanical system on the
dynamical behavior and its basic nature are very important.

The extreme importance of symmetry has been shown, from
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the basic theory to specific applications.[!>-3% Therefore, the
study of mechanical systems with time delay is of great signif-
icance for in-depth understanding of the complex dynamics of
mechanical systems and their inherent physical nature. In this
paper, we further study the Noether symmetries and the con-
served quantities for a Hamilton system with time delay. The
structure of this paper is as follows. In Section 2, the Hamilton
canonical equations with time delay are presented. In Section
3, the Hamilton action with time delay of phase space is dis-
cussed. In Section 4, the definitions and criteria of the Noether
symmetric transformations and the Noether quasi-symmetric
transformations with time delay are obtained. In Section 5,
the relationship between the Noether symmetry and the con-
served quantity with time delay is given. In Section 6, two
examples are given to illustrate an application of the results.

2. Hamilton canonical equations with time delay

Assume that the configuration of a mechanical system is
determined by n generalized coordinates g (s = 1,...,n). The
Lagrangian of the system is

L=L(t,qs5(t),4s(t),qs(t — 7),4s(t — 7)) (D

The generalized momentum and the Hamiltonian with
time delay are defined as follows:

L oL
ps(t) = 9651’ ps(t—1) = 94s(—1)’
(s=1,2,...,n), 2
H = py(t)4s(t) + ps(t — T)gs(t — 7) — L, 3)
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where

H = H(t,q5,ps,qs(t — T), ps(t — 7))

The Hamilton action with time delay is

= H(f;CIs,Ps,CIsr,Psr)-

s = [ 10ds) + pyle ~ e 1)~ Ha

3
(5]

= (Ps‘?s + Pstqst _H) dz, “4)
3l

with the given boundary conditions

Cls(f)ZSs(l‘), t1—1<t<t, (S:1u27"'7n)7 (5)

qs(t):qx(tz)’ t:t27 (s: ]‘727"'7’/1)7 (6)

where ¢, (+) is assumed to be C2-smooth, &(¢) is a given piece-
wise smooth function in t; — 7 <t <, and 7 is a given posi-
tive real number such that 7 <1, —1;.

Making the variation of function (4), we have

o}
88§ = / 6(17.3"1&‘ + Pstqst — H) dr

|

(5]
= (Spsq-x + 6q.sps + 6[’&1’4&1’ + Bqls‘rp‘s“r) dr
|

3 / (aH 5 JH oH, oH 5
Ju (9[7 pS 8q3 41s apsr pST

+ 86%) dt =0. (7
dqse

Making a linear change of variable t = 6 + T and considering
the boundary condition (5), we have

2 JH JoH
/ <6ps174s17 +0qsrPst — Téps‘r - a‘sCIsT) dr
f P qst

ST

— ttz T [éps(e)q“'(e+T)+5C}s(6)p”(6+r)

2 0+ 1)5p,(0) -

JoH
~ Ipse 9dse (6 +T)5q‘y(9)] de. (8

By substituting Eq. (8) into Eq. (7), we obtain

{00 ot 00 10+ s+ 986,

- [8H (r)+ ;:T (r+ r)] dps

Ips
o0H o0H
_ [8%@ 4+ — Tder (t-H,')] 6%} dr
5]
; [spsq:qa) T84, palt)
hHh—7T
oH oH
- S8~ 5o 00 ar =0, ©)

By using the integration by parts and considering the boundary
conditions (5) and (6), we have

/:T{ BZ@H ;:T (t—|—r)} 5%} dr

h—T

' [OH oH
= {8g;s + +7)|d
{0 |50 wr+ o+ “}n
tHh—T 1 aH aH
— 5 — du »d
/tl 72 {/,Z_T[aqs(“Haqm(“”)] u} t

1T t 0H JoH
_ 84 du »dt, (10
/fl K {/tzr |:85]s('u)+a%r(‘u+r):| ‘u} H a0
2 JH

H—T a%

= |:6qs

—8q,dt

t 15}

H(u)du]

h—T 8%

h—T

1 ' oH
— 04, du | dr
[ s [ o) u]

%) t aH
- 8q duld 11
/,”q{l”aqf(“)“}t (11)

By substituting Eqgs. (10) and (11) into Eq. (9), we obtain

/zz_f{ {q\( ) +se(t+7) — gi (t);pli(wrr)] 8ps

{ )+ pst(t+7)

/ (gz 5 (u+r)) du}éqs}dt

. {[ -] s,

[ 1) .3 (u)du} 543}dt—0. (12)

Taking the partial derivative of formula (3) with respect to the
generalized momentum, we have

JoH JH

1s(t) +Gsc(t +7) — t)— t+1)=0,
4s(0) + (1 +7) = 5= (0) = 5 (1)
Hh<t<n-r,
o0H
c]s(t)—aps(t)zo, h—T<t<t. (13)

By substituting Eq. (13) into Eq. (12), and considering the ar-
bitrariness of the integral interval [t,#,] and the independence

of 8¢, (s =1,2,...,n), we have
t [dH JH

1)+ ps(t+17)+ W)+ +7)| du =0,
Polt) +pecli+ 0 “[aqvw 2w+ )] aw

n<t<n-r,

' JH

r+/ d =0,

EORS A O

h—t<t<t), (s=1,2,...,n). (14)

Taking the derivative of Eq. (14) with respect to #, we have

JH JH

0. (t)—!—aq”( +17) =0,

ps( )+psr(t+f)+
HhH<t<th-—r,

. OH, .
pS([)+ aqs (t) - Oa

Hh—T<t<t,

(s=1,2,....n). (15)
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By combining Eq. (13) with Eq. (15), we obtain the Hamil-
ton canonical equations with time delay. If T = 0, then equa-
tions (13) and (15) reduce to the standard Hamilton canonical
equations.

3. Variation of Hamilton action with time delay
in phase space

If we introduce the infinitesimal transformations of r-

parameter finite transformations group!!”!

f=t+AMN, q_s(f> = QS(I> +Agy,
ﬁv(f) :Ps(t)"i‘APs, (16)

then their expansion formulas are

~|

gs(7) = qs(t) + €6 &7 (t,qx. Pr)
(s=1,2,...,n), (17

- +86é(§;(t7qkapk)7
ps(f) = ps(t) +&ony (. qx, Pr),

where &5 (0 =1,2,.
&g, 2, ng are the generators or generating functions of the

,r) are the infinitesimal parameters, and

infinitesimal transformations. Under the infinitesimal trans-

formations (16), a curve y will be transformed to a neighbor
curve %, and the integral functional S(y) will be transformed
to S(¥) correspondingly, then we have

s - | " [m(f)@(f) T pi— )il —)
_H(l qS( ) ps() QS(f_T>7ﬁs(f_T)) dz. (18)

The main linear part relative to € in the difference S(¥) — S(y)
is

(5]
AS = / |:Aps% 4+ Aqsps + Apscqst + AdsePse

oH, oH, on

d
+(Psds +Persr—H)(h(At)] dr. (19)

By making a linear change of variable = 6 4 7 and consider-
ing the boundary conditions (5) and (6), we have

(5]
/ |:Apsrq§r + Adsrpst
151
oH d
aps =—Apss + Psedst— dr (AZ)] dz

1 —T
= /t |:Apsq~s‘r(9 + T) + Ag psf(e + T)
1

H JoH
— 0+ 1)Ags — —— (0 4+ 7)Ap;
0+ 1100~ S0+ D)
d
P61 )de(017) de(A@)] a6, 20)

By substituting Eq. (20) into Eq. (19), we obtain

AS = /:271- {APS[QS(I)+q.XT(t+T)]
+Ags[ps(t) + ps(t + 7)) — aa—lj ()At

JoH oH
—Ap; [ap(f) + E(I + T)]

oH
s [9q ")+ 96] }
(

+ [ps(0)dis (1) + poc(t + Tdise(t+ ) — H] ~ (At)}d

)

+ {Apsq.s(t) +Aq;s Ps(t)

1h—7T

oH JoH oH
- ?(I)At_ApS aps( ) AqS aqb( )

d
Hpda0) - HI 3 (0 bar, @1
Taking notice that

dqy = Agy — gsAt,  dpy = Aps — ps/t,

d d
—Agy — gs—At, (22)

O0g, =
&= 4 dr

and using transformations (17), we can express formula (21)
as follows:

as = [T S0+ pst+ s

(0o (1) + Pt £ T)iset+7) —H)Ar}

842 [=pu)  peli+ )~ S0~ S 149
s 800+ ac+0 - G0~ S0 fas

+ /tl2 { ” [0gsps(t) + (ps(t)gs(t) — H)At]

2—T

#8a: =0 52 0] + 50 o) - 520 o
_ /:_Teg{i{(ps(r)+pn(t+r))§f

- (pult)is (1) + Prslt + D)dsalt +7) — H) éﬂ

8 [0 = Pl D)= G0 - om0+ 9]
A7 [0+ el 0= G0~ S| o
[ o] G OF + (000~ 1)

+8 | -p0- 500

+7¢ _qy(t)— g;ls (t)] }dr, (23)
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where
ET=E0 —q,&f, 1T =nZ —p&S. (24)

Formulas (21) and (23) are the basic formulas for the vari-
ation of the Hamilton action with time delay in phase space.

4. Noether symmetric transformations with time
delay in phase space

Firstly, we study the definitions and the criteria of Noether
symmetric transformations with time delay.

Definition 1
of the infinitesimal transformations of group (16), that is, for

If the Hamilton action (4) is an invariant

each of the infinitesimal transformations, the formula
AS=0 (25)

holds, then the infinitesimal transformations are called the
Noether symmetric transformations with time delay.

From Definition 1 and formulas (21) and (23), we obtain
the following criteria.

Criterion 1 For the infinitesimal transformations of
group (16), if the condition

Aps [gs(1) + dse (t + )]+ Ags [ps(1) + pse (1 + 7))

JH JH oH
LU =)
oH JH

H] d (A) =0 (26)

+ [ps(t)q.s(t) +Psr(t + T)q.sl'(t + T) - dr

is satisfied when #; <t <t, — 7, and the condition

oOH JoH
Apsq's(t) +ACZSPS(I) - W(I)At _APSTF(I)
oH . d o\
—Ag 5 (O [Ps(0)g:(1) —H] (A =0 (27)

is satisfied when t» — T < t < t», then the infinitesimal trans-
formations (16) are Noether symmetric transformations with
time delay.

Criterion 2 For the infinitesimal transformations of
group (17), if the r equations

9 1(pa(t) + paclt + 7))EC

w

(0 0) + puslt+ Fieli-+0)~ H)EP

+82 | pu0) = et ) = 5 0) = S (04)

#0700 o) = S0 - 5 49)] =0,
(c=1,2,...,r) (28)

are satisfied when 1| <t <t, — 7, and the r equations

& [P OE + (pu(0)aslr) — H)ES]

8 [0 = G0 72 a0 - 50| =0,
(6=1,2,....7) (29)

are satisfied when t, — 7 <t < t», then the infinitesimal trans-
formations (17) are the Noether symmetric transformations
with time delay.

According to formula (17), taking use of the relationships
(22) and (13), and considering the independence of &5, we
have the following results. From Eq. (26), whent; <t <1, — 1,

we have
: oH
[Ps(1) + et +7)]67 — 5 =(1)S
OH _ OH o e
- aCIs (t)+ aqm_ (t+T) gs _Héo _Oa
(0':1,2,...,1’). (30)

From Eq. (27), when t, — 7 <t < tp, we have

P&~ S 0G5 - S ()67 ~ HES =0,

(6=1,2,...,r). 31)

When r = 1, equations (30) and (31) are called the Noether
identity with time delay.

Secondly, we discuss the Noether quasi-symmetric trans-
formations with time delay in phase space.

Suppose that H; is another Hamiltonian with time delay,
if the transformations (16) accurate to the first order infinites-
imal satisfy the condition

[ 1ps0)aso) 4 pyte —2)iste—)

1

—H(t,q5(t),ps(t),qs(t — ), ps(t — T))]dt

= [19Od0+ G-

1

_Hl(t_»q_s(t_)vﬁs(f)aQS(f_T)aﬁs(f_f))]dt_v (32)

then this invariance is called the quasi-invariance of Hamil-
ton action (4) under the infinitesimal transformations of group
(16). The Hamiltonians H; and H determined by formula (32)
satisfy the same differential equations. Then, the transforma-
tions (16) are called the Noether quasi-symmetric transforma-
tions with time delay.

Definition 2 If Hamilton action (4) is an quasi-invariant
of the infinitesimal transformations of group (16), that is, for
each of the infinitesimal transformations, the formula

%) d
AS =— —(AG)dt (33)

n dt
holds, where G = G(t,qs(t), ps(t),qs(t — ), ps(t — T),qs(t +
T), ps(t + 7)), then the infinitesimal transformations (16) are
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called the Noether quasi-symmetric transformations with time
delay.

From Definition 2 and formulas (21) and (23), we obtain
the following criteria.

Criterion 3 For the infinitesimal transformations of
group (16), if the condition

Apslgs(t) + s (8 + 7)) + Ads[ps (1) + pse (1 + 7))

_ %](Z)At — Ap; [gi(t) + ;sz (t+ r)}
JH JH
—Aqs |:(9qs(t) + %(I‘F T):|
+ [Poo(1) st + D)t +7) — H] - (A1)
d
= —E(AG) (34)

is satisfied when #; <t <t, — 7, and the condition

JoH oH
Apsqs(t) + Agsps (1) — o (£)At — Apsﬁ (1)
oH d
*A%T%(t) +[Ps(6)gs(0) = H] (A1)
d
= a4 (35)

is satisfied when t, — T < t < t», then the infinitesimal transfor-
mations (16) are the Noether quasi-symmetric transformations
with time delay.

Criterion 4 For the infinitesimal transformations of
group (17), if the r equations

& l00) 4 P+ 2)E + (s 0)as1)

+ pst(t +7)gse (1 +7) — H)ET + G

z JH JoH
+§s6 |:ps(t) 7psr(t+7:) — g(l‘) — aqt([+f):|
oH oH
012 Jau0) e+ )= 50— S (19)| =0,
(621727-“,7') (36)

are satisfied when | <t <1, — 7, and the r equations

[P0 + (o)1) ~ H)ES +G]
+8 | -nd0- 50 0] +a7 [0 - 570 =0,
(c=1,2,....r) (37)

are satisfied when 1, — T <t < f,, where AG = £5;G°, then
the infinitesimal transformations (17) are the Noether quasi-
symmetric transformations with time delay.

Conditions (34) and (35) can also be expressed as follows:
whent) <t <t -7,

.o

pu(0) +picle+ ) &7 = SE(ES

OH, . oH o wio o
- aqs(t)+aqsf(t+r) és —Hgo =-G )
(c=1,2,....r); (38)
and whent, — 1<t <tp,
: oH oH . )
c 94 c 9 c_ G _ _ (o
ps(ﬂés ot (f)go aqs (t)és H&O G 3
(6=1,2,...r). (39)

When r = 1, equations (38) and (39) are called the Noether
identity with time delay.

By using Criterion 1 or 2, we can verify the Noether sym-
metry with time delay, By using Criterion 3 or 4, we can ver-
ify the Noether quasi-symmetry with time delay. If 7 =0,
then criteria 1-4 are expressed as the criteria of the standard
Noether symmetry.

5. Noether theorem with time delay of Hamilton
system

In this section, we will discuss the Noether theorem for a
Hamilton system with time delay.

Firstly, we give the definition of the conserved quantity
for the Hamilton system with time delay.

Definition 3 A function I(t,t + 7,q,(t), ps(t),qs(t —
7),ps(t — 7),q5(t + 7), ps(t + 7)) is said to be a conserved
quantity of the Hamilton system under study if, and only if,

d
al(t7t+T?QSO)?I’S(I)?qS(t - T)aps(t - T)a
qs(t+17),ps(t+7)) =0 (40)

holds along all the solution curves of the Hamilton canonical
equations (11) with time delay.

For the Hamilton system with time delay, if the Noether
symmetric or quasi-symmetric transformations with time de-
lay can be found, then the conserved quantities corresponding
to these symmetries can be obtained by using the following
Noether theorems.

Theorem 1 For the Hamilton system (13) and (15), if
the infinitesimal transformations of group (16) are the Noether
symmetric transformations under Definition 1, then the system
exists with the following r linear independent conserved quan-
tities with time delay: when t; <t <1, — 7, there are

1° = [ps(t) + pse(t +7)]EZ — HEY = const.,
(c=1,2,...,n), (41)
and when t, — 7 < t < 1, there are

I° =p(t)ES —HEY =const.,, (6=1,2,...,n). (42)

Proof According to Definition 1 and Criterion 2, and
substituting Eqgs. (13) and (15) into Egs. (28) and (29), when
t <t <t)—1,wehave

L0+ P+ )8 + (s 0)as1)
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+Pse(t+7) gt +7) — H)E( |
= S [pul0) + pucle + )ET — HES) =
(6=1,2,....n), (43)

and when 1, — 7 <t <, we have

& P& + (1) — )&
= I8 - HE) =0,
(6=1,2,...,n). (44)

Integrating Eqgs. (43) and (44), we obtain the theorem.

Theorem 2 For the Hamilton system (13) and (15), if
the infinitesimal transformations of group (16) are the Noether
quasi-symmetric transformations under Definition 2, then the
system exists with the following r linear independent con-
served quantities with time delay: when #; <t <1, — 7, there
are

1° = [ps(t) + pse(t +7)] EZ — HEY + G° = const.,
(c=1,2,...,n), (45)

and when 1, — T <t < 1, there are

=ps(0)EF —HES + G° =const.,, (0=1,2,...,n). (46)

Proof According to Definition 2 and Criterion 4, and
substituting Eqs. (13) and (15) into Egs. (36) and (37), when
t <t <t,—71,wehave

P+ et +)E + (1))
+ pse(t +7)gso (1 +7) — H)E§ + G

= % [(ps(l) +psr(t + T))é&'c

(6=1,2,...,n), (47

7H§OG+GG} :07

and whenr, — T <t <1, we have

[P OE + (pa(1)is(0) ~ OGS+
= L In(0E" —HES +G%] =0,
(c=1,2,...,n). (48)

By integrating Eqs. (47) and (48), we obtain the theorem.

Theorems 1 and 2 are called the Noether theorem for the
Hamilton system with time delay. Using Theorem 1 or The-
orem 2, we can obtain a conserved quantity from a Noether
symmetry for the Hamilton system with time delay. If 7 =0,
then the Noether theorem with time delay is reduced to the
standard Noether theorem.

6. Examples

Example 1 Let us study a mechanical system with time
delay whose Lagrangian is

L= 314 +d— P, (49)

where t € [t],1], and T < tp —# is a given real number. The fol-
lowing boundary conditions are satisfied: when ¢ € [t} — 7,11],
q(t) = 8(t), where 6(¢) is a given piecewise smooth function
n [t] — 7,81]; whent =15, q(r) = q(t2), where g(t) is a certain
value.

From formulas (2) and (3), we have

JL
= ) +4(t— 1),
p(t) % (1) +q(t—1)
oL
pt—1)= m 4(t) +4(t—1),
1
H = Slp(t) +p(t— 7). (50)
From the differential equations (13) and (15) of the system, we
have
1
4(1) +qe(t+7) = 7 [2p() + p(t = 7) + p(t + 7)) =0,
PO)+pe(t+7)=0, 1€ n,n—1],
1
q(1) = 7 lp(t) +p(t = 1)} =0,
plt)=0, te(—1,n 51

Then, equations (51) are the Hamilton canonical equations of
the system with time delay.
Form Ceriterion 4, we have

d

[P0+ pel)E+ (P04 pelr-+01lo 9

€+
—;( 1) +p(t—1)) ) }
+ a0 +antr40)- i(2p()+p(t—f)+p(t+f))]ﬁ

=[p()+ pele+ )8 = -
& oz (pmq-(r) - %@(r) +pl0-1)?) &o| - 02

t €t —1],

t € (th— 1,8 (52)
Equation (52) has a solution
&=1, &=n=0. (33)
By substituting Eq. (53) into Eq. (52), we have
G=0. (54)

The generator (53) corresponds to a Noether symmetry. From
Theorem 1, the system has a conserved quantity corresponding
to symmetry (53), that is

I=p(t)+pc(t+71)=const, t€][t,r—1],
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I=p(t)=const., t€(tr—1,n). (55)
Let
=0, &=n=1L1 (56)
By substituting Eq. (56) into Eq. (52), we have
G=—q(t)+ %q(r —-7)+ %q(l‘-‘r’f), t €, —1],
G= —%q(t)—l—%q(t—‘c), t € (t— 7,1 (57)

The generator (56) corresponds to a Noether quasi-symmetry.
From Theorem 2, the system has a conserved quantity corre-
sponding to symmetry (56), that is
3 1
I=p(t)+pc(t+7)—q(t)+ Zq(t —7)+ Zq(t +7) = const.,
tEt,th—1],
te (t2 — T,l‘z].

I=p(t)— %q(l) + %q(t —T) = const., (58)

Example 2 Let us study a mechanical system with two
degrees of freedom, the Lagrangian of the system is

L= gm{ @0+~ P + @)+~ 1))
- %k{[ql )+ a1 — 0P +laa(0) +aalt P} (59

The generalized momentum and the Hamiltonian are

pi(t) =mlqi(1) +¢:1(t —7)],
pa(t) =mlga(t) +¢2(t — 7)),
pit—1)=pir=mlq(t)+q(t —1)],
pa(t —7) = par =m|qa(t) +¢2(t — 7)],

=

= SLm {[Pl(t) +pi(t =)+ [p2(t) + pa(t — T)]z}

k{10 +a16— P+ laa(0) + 20 — 2 }(60)

The Hamilton canonical equations with time delay of the sys-
tem are

0,

[2171( )+ pi(t—1)+pi(t+7)]
[241 H+qt—1)+q(t+1)]=0,

q1(t) +qi1(t +7)—
pi(t) +pic(t+7)—
( _

G2(1) + d2e (1 +7) f[zm )+ pa(t = 1)+ pa(t +7)] =0,

Pa0) + Pre(t+7) — k[242(t) + 42t — 7) + @2t + )] =0,
te[tl,tz 7],

qi(t) - f[pl(le(t*T)]:O,

pr(t) +klg1(t) + q1(t —7)] =0,

(1))~ 3 [p2(0) 4 palt —1)] =0,

pz(t)+k[qz()—|—q2(t—‘c')]:0, t € (t— 7,1 (61)

The Noether identities (38) and (39) give

[P1(8)+ pre(t + )] &1 + [p2(t) + pac(t +7)] &

—kRg ) +qt—1)+qi(t+71)]&

—k2q2(1)+ g2t =)+ qa(t + 7)) & —HE = —
t €t —1],

P1(O& +p2()& —klg1 (1) + 1 (1 —7)] &

—k[ga(t)+q2(t — 1) E2 —HE = —G, 1€ (1h—1T,1].(63)

(62)

Equation (62) has a solution
1

=0, & =—[m
m

&= - [p20)+ pacli-+ 7)),
1

(1) + pie(t + 7)),

G=—5-{ 1O +pielt+ D]+ [p2(0) + prele+ ) |
+ g[2q1(t)+q1(t—r)+q1(t+r)}2
+ 5290 + a2~ D)+l + D,
telt,n—1. (64)
Equation (63) has a solution
§=0, &= *Pl( ), &= *Pz( )
G= 5 [P0+ P30 +§{[q1<r>+ql<r—r>]
+ () +a(t—1)]}, €10 (65)

The generators (64) and (65) correspond to the Noether quasi-
symmetry of the system. From Theorem 2, we have

ﬁ {[Pl(f)+Plr(t+T)]2+ [pz(t)+pzf(t+r)]2}
+5 a0+ il -7 i+ P
2 2as(0) + ot~ 7) 4 ol + 2 = comst.
t €, —1, (66)
S [P0+ R0+ 5 a0+ anc— o)
+[g2(t) + q2(t — 7)]*} = const., 1€ (,—1T,1]. (67)

Formulas (66) and (67) give the conserved quantities corre-
sponding to the Noether quasi-symmetries (64) and (65).

7. Conclusion

In this manuscript, the Noether symmetries and the con-
served quantities are studied for the Hamilton system with
time delay. The Hamilton canonical equations with time de-
lay are established. The Hamilton action with time delay is
obtained. According to the Hamilton action with time de-
lay, the definitions and the criteria of the Noether symmet-
ric transformations and quasi-symmetric transformations are
given. The relationship between a Noether symmetry and a
conserved quantity is discussed. The results of this paper are
of universal meaning. The theory of the Noether symmetries
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and the conserved quantities for a standard Hamilton system is

a special case of our results. If we take T = 0, then Theorems

1 and 2 reduce to the Noether theorem for a standard Hamilton

system. The approach of this paper can be further generalized

to various types of constrained mechanical systems with time

delay, optimal control systems with time delay, Birkhoffian

systems with time delay, and so on.
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