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We report the multi-component optical azimuthons of four-wave mixing (FWM) composed of several modulated
vortex beams, the so-called azimuthons, in V-type three-level and two-level atomic systems. We analyze the formation
mechanisms of the FWM azimuthons theoretically and experimentally. In addition, we illustrate the interactions between
the co-propagating azimuthon components. Finally, we also compare the stabilities of azimuthons in V-type three-level and

two-level atomic systems.
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1. Introduction

Optical vortexes are self-trapped localized beams with
In the last
two decades, optical vortexes have attracted a lot of atten-

spiral phase structures and phase singularities.

tion and a large amount of literature on this topic has been
published. Among the various progress reports, the ring-
shaped vortex solitons are quite involved.!! Tt was shown that
such solitons undergo an azimuthal instability in self-focusing
medium. Another well-known example of the self-trapped
vortex beams are the soliton clusters, which can merge into
fundamental or vortex solitons, based on the model of laser
cavities.[”! Several years ago, a novel self-trapped localized
vortex beam, named azimuthon, was reported.m Such spa-
tially modulated vortex beams provide a link between ring-
shaped vortex and soliton clusters. It is worth mentioning
that the optical vortex solitons are not only reported in bulk
media, but also researched in Waveguides,[4] Bose—Einstein

121 discrete

condensates,>! atomic vapors,®'!] quantum dots,
systems,13] and so on. Recently, we have observed modu-
lated vortex solitons of four-wave mixing (FWM) in multi-
level atomic systems that are governed by cross-phase mod-
ulation (XPM).[%1 The XPM can enhance the transmission
stability of spatial solitons.[!4]

When two or more field components propagate together,
the interaction between the components results in vector soli-
tons. It is demonstrated that a strong fundamental compo-
nent traps a ring-shaped vortex (or necklace-shaped) soliton
that can form vortex'"®! (or multipole) vector solitons.!'¢]
At the same time, the ring vortex waveguide induced by a

strong vortex component also supports double-vortex vector
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solitons. 71 However, as far as we are aware, there have been
few previous reports of vector azimuthons. Multiple four-
wave-mixing processes are effective methods to obtain vector
azimuthons. They have also been used to produce multifre-
quency lasers, which have important applications in optical
fiber communication. ['3:1%]

In this work, we first investigate the scalar and vector op-
tical azimuthons of FWM in V-type three-level and two-level
atomic systems. The effect of the XPM on the formation of
the scalar FWM azimuthons is discussed. The interaction of
the multi-component azimuthons is analyzed. In addition, the
stabilities of azimuthons in V-type three-level and two-level
atomic systems are also compared. These investigations not
only enrich the understanding on optical azimuthons, but also

have potential applications in future all-optical manipulations.

2. Experiments

The experiments are carried out in two different energy-
level configurations in Na atom vapors (the atomic vapor is
heated with an atomic density of 5.6 x 10'3 cm™3): V-type
three-level and two-level systems. As shown in Fig. 1(a), en-
ergy levels [0) (3S;/2), [1) (3Py/2), and [2) (3P3/,) form a
complex V-type atomic system by employing six laser beams.
When six laser beams are all modulated to connect the transi-
tion |0) — |2), the atomic system changes into a two-level sys-
tem, as shown in Fig. 1(b). The spatial alignment of the beams
is displayed in Fig. 1(c). Two pump beams (E| and E;) prop-
agate in the same direction, and two probe beams (E3 and E})
propagate in the opposite direction of £ and E>. The dressing
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beam Ej (E}) propagates with angle 6; ~ 0.3° (6, ~ 0.3°)
between Ej(E;). Three laser beams E; (with frequency o,
wavevector ki, and Rabi frequency G)), E| (@, k}, G}) and
E; (o), k3, G3) come from the same dye laser DL1 (10-
Hz repetition rate, 5-ns pulse width, and 0.04-cm™! linewidth)
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Fig. 1. (a) V-type three-level and (b) Two-level atomic systems with
six laser beams. (c) Spatialbeam geometry used in the experiment.

with the frequency detuning A; = Q — @, where  is the
resonant frequency. The other three laser beams E, (m, k3,

Gy), E} (m, kb, G)), and Ej (wy, k%, GY) are from an-
other dye laser DL2 (which has the same characteristics as
the DL1) with a frequency detuning A = Q — @,. In a V-
type three-level system, two degenerate-FWM (DFWM) sig-
nals Ex; (with phase-matching condition kg; = k| — k:'1 +k3),
Ep (kpp =ky— k’2 + k’3) and two non-DFWM (NDFWM) sig-
nals Epz (kpz = k| — kll + kg), Eg4 (kpgy = ky — k/z —|—k¢3) are
generated when all six laser beams are turned on. These gener-
ated FWM signals propagate in two directions (i.e., propagate
in the opposite direction of k} and kj, respectively). In the
two-level atomic system, six laser beams have nearly degen-
erate frequencies. The interference between arbitrary pump
beam and dressing beam can induce electromagnetic induced
grating (EIG). The FWM signals can be considered to be a re-
sult of the electromagnetically-induced diffraction of the probe
beam FE5 or Eg by EIG. Therefore, besides the four FWM
signals mentioned above, there exist another four FWM sig-
nals: EFS (kF5 = k2 - k?ll +k3), EF6 (kFG = kz - kll +k§), EF7
(kg =k — klz +k3), and Epg (kps = k1 — k/2 -‘rké)

3. Optical azimuthons of four-wave mixing

First, we investigate the formation of the scalar az-
imuthons of FWM. The controllable optical vortex can be gen-
erated by the interference of three plane waves.!?’! In the ex-
periment of FWM, three laser beams E|, E { and E3 overlap in
the medium, the destructive interference result in phase singu-
larity at the position where the summed complex amplitude is
zero. The summed complex amplitude of the interfered beams
can be expressed as follows:

E =A.cos(@+8;) +iAycos(@+8), (H

where

Elnlkly sin Tl//l +Ein11klly sin Twll —|—E3n3k3y sin TW3

8] = —arctan

Einiki,sin Ty +E1”1’k1’x sin Twl’ + E3nsks, sin Tys3 ’

Eynikiycos Ty + E{nykyry cos Ty + E3nzksy cos Tys

& = —arctan

are the initial phases; Ty1 = Wi +ni (ki Ty +kiyTy), Ty =
Vo +ny (ki T+ kyy Ty), and Tys = w3 4 n3 (ks T + k3 T ),
with (7, Ty) being the coordinate of the singularity point;
1 = g+ 12 B B mys = o+ X0 |Ey 4 S Es P,
and n3 = ng + nX'|E{|> + nX?|E{|? are the nonlinear refrac-
tive indexes with n¥ = Rey()/(gcn;) being the cross-Kerr
nonlinear coefficient. Typically, the electrical field of the vor-
tex beam can be written as E(r,@,z) = U(r)exp[i®(r, ¢,2)],

E\nikicos Ty + E{nyky, cos Ty + E3nzkz,cos Tys’

‘where @(r,¢,7) = kr*/2R(z) + m@ + kz is the phase and R

is the radius of the wave front curvature. Comparing Eq. (1)
with the azimuthal phase, it can be deduced that the topolog-
ical charge carried by the FWM vortex ism =1 or m = —1.
The direction of rotation is controlled by the initial phases of
interfered lights. When 0 < & — 0 < 7w (n < &, — 61 < 27),

m =1 (m = —1), the vortex rotates clockwise (anticlockwise).
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Fig. 2. Azimuthons formed from probe beam E3 with (a) one dressing field £| and (b) two dressing fields £| and E}. Upper and lower
panels in (a) and (b) are for experimental and simulated results, respectively.

In a self-defocusing nonlinear medium, a beam with
phase singularity may get self-trapped and generate a vortex
soliton. In contrast, vortex solitons become unstable in the
self-focusing region.[®! Figure 2 shows the azimuthons of the
probe beam Ej in the self-defocusing region. In our experi-
ment, the dressing beams E » are approximately 1000 times
stronger than the weak probe beam E3, E} and the generated
FWM beams. Such strong dressing fields co-propagate with
the probe beams and FWM signals in nonlinear medium, the
XPM can strongly affect the azimuthal intensity and phase of
the FWM vortex, which leads to the formation of azimuthons.
As Fig. 2(a) shows, with one dressing field E{ on, E3 splits
into three spots along a ring. When two dressing fields E] and
E), are on (Fig. 2(b)), E3 splits into four spots. At resonance
A1 = 0 and the large detuning points, E3 fuse into a funda-
mental spot. These phenomena are ascribed to the cross-Kerr
nonlinear dispersion induced by the dressing fields. As a re-
sult, the phase of the vortex beam will change. The nonlinear
phase shift induced by the dressing field at a position of vortex
beam can be written as

Xy
A

¢ =

e *[r2+r(2r2’r0COS(#’*‘PO)]/VVZZ’ Q)
where rg and @ are the relative distance and angle of the dress-
ing field to phase singularity of the vortex, respectively; I’ and
Iy are the intensities of the dressing field inducing Kerr nonlin-
earity and the vortex beam, respectively, n¥ = Rex ) /(gycny)
is the cross-Kerr coefficient and x(® is the third-order nonlin-
ear susceptibility. The additional transverse wave vector intro-
duced by the cross-Kerr nonlinearity is

Ok, = 6k, +dky
4knX1'z
nolow?

x {[r—rocos(¢ — @o)]7 +rosin(¢ — @p)p}. (3)

e,[r2+r(2)72rr0 cos(9—@p)]/w?

This anisotropic transverse wave vector induces azimuthal in-
tensity and phase modulation into a vortex beam, which can

change the rotation rate of vortex and globally split the vor-
tex beam. Therefore, the cross-phase modulated azimuthon
forms. The electrical field of such azimuthons can be written
as

E — Eptanh( = r
(r,9,z) = Eptan (—) exp(—w)

wy

X [cos(%) +ipsin(%)}
xexp[i®(ne,2)+igu(r,0,2)], 4

in which p is the modulation parameter (1 — p is the modu-
lation depth), and N is the number of intensity peaks. Such
cross-Kerr nonlinear modulated azimuthon has three differ-
ent factors: the topological charge m, the number of intensity
peaks N, and the modulation depth 1 — p. The angular mo-
mentum of such an azimuthon is M, = [ (m+r8ke)U>(r)dr.
When two dressing fields E i and Eé are both on, the nonlinear
phase shift is induced by two dressing fields simultaneously.
In this case

2

2%k X!
_ 2k .
nolo
2knX1,

noly

r2+r%—2rr1 cos(@—oy)]/w

Pn

e—[rz‘*"%—z"zCOS(‘P-‘PZ)]/WZZ. 5)
Therefore, the probe field E5 further splits into four spots. At
resonance (A; = 0) and large frequency detuning, they decay
into a fundamental spot because the nonlinear refractive index
n%( and the nonlinear phase shift ¢, are close to zero.

Figure 3(a) gives the FWM signals Ef| and Ef3 in V-type
three-level system. When three laser beams E;, E{, E3 and
the dressing field Eé are turned on, the DFWM signal Ef is
generated and dressed by Ej. The dressed perturbation chain

N 0 Ei. (1) E) @ E_ (3
of Ef; is written as: pé()) -4 p](G)sz — P((;z)io = p](G)Zi.

Here, the expression of the corresponding density matrix of
FWM signal Ef; is

3 —i1G3G(G))*
Py = ; 1 - (6)

(F +2 )['A o+ G ’
O Ay + T P Ta+i(A2+Ay)
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Therefore, the third-order nonlinear susceptibility is 2@ =
DpY), where D = nut/(P&GriG?) (G is the Rabi fre-
quency of Efy), n is the atomic density and ¢ is the dipole-
matrix element between energy levels |0) and |1). From
Eq. (6), we can get the nonlinear phase shift ¢p; at different
frequency detuning. It can be seen in Fig. 3(a), at small fre-
quency detuning A in self-defocusing region, the DFWM sig-
nal Er; forms a three-spot azimuthon. With the increase of Ay,
EF| decays into a tilted dipole-type beam. The tilt of the dipole
beam indicates the spatial twist in beam Ep;. Such a dipole az-
imuthon is due to the initial angular momentum of the vortex
beam transferred to the orbital angular momentum of dipole
splinters. The conservation of angular momentum is satisfied
in this interaction process.

When four laser beams Ej, E|, Ej, and Ej are turned

on, the NDFWM signal Ep3 is generated through p(gg) i

E/ * E/
pfgz n <—1)> pgz) o —> pég) and dressed by E). For Eg3, the

expression of the density matrix is

—iG,G/(G))*

p = : ()

G G
Too+——2 O){m +h +.72} 140+
(00 iAp+D5 1o 1(A1—A2)+F12( z+0)

In the self-defocusing region, the NDFWM signal Er3 shows

the horizontal dipole shape. We cannot get the vortex of the
NDFWM signal because of the larger frequency difference
among three generating fields E;, E}, and E} in V-type three-
level, which prevent the interference from forming a phase sin-
gularity. The dipole pattern of Epsz results from the horizontal
electromagnetic induced grating induced by E; and E.[%!

Figure 3(b) shows four FWM signals Ef;, Er3, Egs, and
Erg dressed by E) in a two-level atomic system. The density
matrices for four FWM processes are

3 —iG3G((G))*
p}(ﬂ) = G% 1 G% 20 ®)
I Jr.i) {iA + 15 +.—}
( T4 + Do b Ioo+i(4A; — Az)
plg) _ . —iGgGl(G )* i (9)
G G ’
[0+ ——2— ) liA|+ o+ ———2——— | (1A + I3
(oo—f—iAeron){l 1+ 20+i(A17A2)+F00}(] »+1I30)
(3) _ —iG3G,(G))* (10)
Prs = ) G3\2 i G3 ’
(F20+1A2+%) {IBO+1(A2_A1)+—F20+i(2A2—A1)}
—1GLGL(GH)*
plgz) _ . 3 ( 1) (11)

. G .
(onJrlAer#) {l?)oJrl(Az*Al)ﬂL

00

In a two-level system, six laser beams (E 23 and EY , 3) have
nearly degenerate frequency. Therefore, besides the degen-
erated FWM signal Efj, the three generating fields of arbi-
trary non-degenerated FWM signals can also interfere to form
phase singularity. It can be observed three-spot azimuthons
of both DFWM and NDFWM signals in the self-defocusing
region. At resonance and large frequency detuning, they also
decay into fundamental spots because of the decrease of ¢,.
In these processes, the conservation of the topological charges
must be fulfilled. The topological charges of the FWM signals
are determined by mgy = my —m) +m3, mpz = m; —m| +mj,
mps = my —m'y +ms3, and mpe = my — m| +m, where mj 53
and m , 5 are the topological charges of E1 3 and Ej , 5, re-
spectively.

The modulation parameter p is an important factor that
is used to describe azimuthons. With the value of p changing
continuously from p = 0 to p = 1, the corresponding beam
transforms from multipole structure to azimuthons and then
vortex. The phase also transforms from the step phase to the
spiral phase structure. On the other hand, the rotation angular

G} '
— 2 |[Go+i24—A
1“20+1(2A2—A1)}[ 20+i(24; A1)

velocity of azimuthons changes with different values of p. The
spin of azimuthons is given by S = 2mp/(1 + p?).['> Now,
we discuss the controlling of the modulation parameter p of
azimuthons in FWM process. It is known that the splitting of
the FWM vortex results from the XPM of the dressing fields.
As ¢, o< I' /Iy, the modulation parameter p can be controlled
by the intensity of the dressing field I’.

Figure 4(a) shows the images of Ef; at different powers
of dressing field E} in two-level system. When the dressing
field is weak, ¢, and its splitting function are small, so the
modulation depth 1 — p — 0, which leads to a ring-like vortex.
With the power of the dressing field E} increases, ¢, becomes
greater. Accordingly, the modulation depth becomes deep, so
the image of Ep; changes to three-spot azimuthons and finally
forms a necklace-like beam. However, with a further increase
of E), power, the FWM beam will be repulsed by E}, so that
Ep; moves away from the central position of the phase singu-
larity mask that is generated by the interference of three laser
beams E;, E i, and E3. Therefore, the azimuthon structure of
EF is substituted by a split strip pattern.
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Fig. 3. (a) The FWM signals Ef; and Eg3 in V-type three-level system dressed by Eé. (b) The FWM signals Efy, EF3, Ers, and Epg in
two-level atomic system dressed by EJ.
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Fig. 4. (a) Images of Eg; versus the power of the dressing field E} in two-level system. The bottom row gives the numerical simulated

results. (b) The temperature dependence of FWM signal Ep; in V-type three-level system.

Temperature is another factor that affects the evolution
of spatial solitons.*!! Figure 4(b) describes the temperature
dependence of FWM signal Ef; in V-type three-level system.
As the temperature increases from 200 °C to 300 °C, the im-
ages of Ep; evolve from a single spot to azimuthon pattern.
However, when the temperature is over 300 °C, Ef; again de-
cays into a single spot. As discussed above, the third-order
nonlinear susceptibility y ) = n,ui‘oplg) /(h3€9Gr1 G?) is pro-
portional to the atomic density n. As the temperature in-
creases, the atomic density n increases accordingly, which en-
larges ¥ and ¢,. As a result, the FWM azimuthons form.
However, the increase of temperature also causes greater ab-
sorption, which results in the decrease of beam intensity and,
therefore, leads to smaller ¢,. Therefore, Ef; decays into a
single spot at very high temperature. From our experiment,
we find that the ideal temperature for the formation of FWM
azimuthons is around 260 °C. In this case, the atomic density

is about 5.6 x 10!3 ¢m™3, and the refractive index contrast is
An = nyl = 4.85 x 1074, approximately.

4. Multi-component optical azimuthons

In a nonlinear medium, the nonlinear coupling among
several co-propagating azimuthon beams can form multi-
component optical azimuthons. Figure 5(a) shows the two-
component azimuthons observed in V-type three-level system
in a self-defocusing nonlinear medium. In the experiment,
four laser beams Ej, E{, E3, and E§ are turned on. For two
co-propagating probe beams E3 and E}, which are dressed by
E{, the incoherently coupled nonlinear Schrodinger equations
can be written as

%_L(l% %Q@)
dz  2k\r dr  9rr r* dg?
ik

= —(n'nS|E3|* +2nb)Es, (12a)
n
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ok 1 (L o’y LazEé)
dz  2k\r dr = 9r* r? d¢?
ik

= (WS |3 + 200 )ES, (12b)
where 1 = ®3/w?, which indicates that coupling interac-
tion depends on the frequency ratio of two components.
The ng’sl are self-Kerr nonlinear coefficients of E3 and Ej,
nb = n¥ 2 4+ 2 B+ B and nf = n¥VE +
nX2 |E} |2 +nX |E3|? are governed by XPM.

To understand the physics behind the existence of an in-
teraction between two azimuthons, it is useful to discuss the
phenomenon of a vortex-induced waveguide. For two probe
fields E3 and Ej with similar powers, the linear waveguide
approximation is invalid.!??! In the nonlinear waveguide re-
gion, the mutual incoherent coupling between two azimuthon
beams gives rise to vector azimuthons. There exists a mutual
attraction force in the self-defocusing region. Furthermore, the
strong dressing field E/ plays a very important role in the for-
mation of vector azimuthons. The enhanced cross-Kerr non-
linear induced by E| could counterbalance the azimuthal insta-
bility and suppress the breakup of multi-component structure.
Therefore, the stable three-spot vector azimuthons form in the
self-defocusing region.

Now, we discuss the superposition of a stronger degener-
ate FWM signal Eg; and a weak nondegenerate signal Ef3.
When E;, E{, E3, and E} are turned on, a DFWM signal
Ep; (with frequency @;) and an NDFWM signal Eg3 (with
frequency @) are generated simultaneously and they co-
propagate in the same direction. As discussed above, in a V-
type three-level system, the DFWM signal Er; can form three-

Es+Ej

EF1+F3

spot azimuthon, while the NDFWM signal Er3 shows a dipole-
shape structure. When Ef; is much greater than Ep3, the lin-
ear waveguide approximation is valid. The azimuthon beam
Ep induces an attractive potential, which is named a vortex-
induced waveguide. The weak Er3 is trapped by this waveg-
uide and propagates as a guided mode. Therefore, Ep and Er3
fuse to form a new composite beam. However, this structure
is unstable. It forms three-spot azimuthon only at appropri-
ate frequency detuning, and decays into a rotating dipole-type
shape with increasing Aj.

For comparison, figure 5(b) gives the multi-component
azimuthons obtained in a two-level system. When four laser
beams E;, E}, E3, Ej (or Ey, E|, E, E}) are turned on, the
superposition Erjp3 (or Erjyps) is obtained. In a two-level
system, both DFWM signal and NDFWM signals can form
azimuthons. The mutual incoherent coupling between two az-
imuthon beams results in stable multi-component azimuthons
in the self-defocusing region. When E», E{, E;, Eé are turned
on, we can obtain two NDFWM signals Fgs (@) and Efs
(2w, — ;) co-propagate in the same direction. We can see
that the two azimuthon beams with similar powers also gener-
ate a stable double-azimuthon structure in the self-defocusing
region. When six laser beams (E 23 and E , ;) are all turned
on, one strong azimuthon beam Ef; and three weak vortex
beams Ef3 ps pe Co-propagate in the opposite direction of k.
The superposition of these four co-propagating azimuthons
forms a four-component azimuthon beam. Compared with the
V-type three-level system, it is beneficial to generate multi-

component azimuthons in the two-level system.
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Fig. 5. Azimuthon spatial vector solitons in (a) V-type three-level system and (b) two-level system.
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5. Conclusion

In conclusion, we have investigated, experimentally and

theoretically, the formation of the multi-component optical az-

imuthons of FWM in V-type three-level and two-level sys-

tems. We have observed the transformations among vortex

beams, three- or four-spot azimuthons, dipole and fundamen-

tal beams through XPM. We have also observed vector az-

imuthons and discuss the mutual incoherent coupling between

two components. Moreover, we have compared the stabilities

of azimuthons in V-type three-level and two-level atomic sys-

tems. It is more appropriate to generate stable azimuthons in a

two-level system than in a V-type three-level system.
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