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We present a theoretical study of electromagnetically induced transparency (EIT) in a superconducting quantum circuit
with a tunable V-shaped energy spectrum derived from two superconducting Josephson charge qubits coupled with each
other through a superconducting quantum interference device. Using the density matrix formalism and the steady-state
approximation, we obtain the analytical expressions of the first-order matrix element associated with the absorption and
dispersion of the probe field for two different V-type schemes. Our results show that, for this superconducting quantum
system, it is possible to realize a remarkable phenomenon that dynamic conversion between EIT and EIT with amplification
without population inversion. Such a unique optical feature has potential applications in quantum optical devices and

quantum information processing.
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1. Introduction

Electromagnetically induced transparency (EIT)[!?!
through coherence effects has attracted a great deal of at-
tention in recent two decades due to its wide applications in
quantum optics and nonlinear optics. The essence of EIT is
that an atomic coherence is induced in a multilevel system by a
strong control field, which changes the response of the system
to a weak probe field. Since its first experimental demon-
stration based on a A-type atomic system,*! EIT has been
investigated extensively in different atomic systems.!*7) For
example, EIT has already been demonstrated in the regime
of a single ®’Rb atom quasi-permanently trapped inside a
high-finesse optical cavity.[*! In addition, the conversion from
enhanced probe transmission to enhanced probe absorption
has been observed in a degenerate three-level A system by
turning on a second control beam counter-propagating with
respect to the first beam. ! Instead of a multilevel system, EIT
phenomenon using a closed degenerate two-level system has
also been studied. [*!

YHO1T based on

Circuit quantum electrodynamics (QED
Josephson junctions has become a new testbed for quan-
tum optics and has reproduced many quantum optical phe-
nomena, including single qubit lasing,!'>!3! coherent popu-
lation trapping,'#! the Mollow triplet,!!> Kerr and cross-Kerr
nonlinearities,[16’17] and EIT.[18-20] Furthermore, circuit QED
can be used to realize the ultrastrong coupling regime between
a superconducting flux qubit and a coplanar waveguide!?!!

previously inaccessible to the conventional atomic systems
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and explore novel optical phenomena emerging only in this
regime. As a solid-state counterpart of cavity QED, su-
perconducting circuits offer the inherent tunability because
Josephson qubits can behave as controllable quantum two-
level atoms: artificial atoms. Another important advantage
is that superconducting qubits in circuit QED are stationary
so that the effects of Doppler broadening can be neglected
and the qubit-field interaction time is long enough for most
related purposes, especially the interaction in the strong cou-
pling regime to be achieved in a relatively simple way.*?)
Recently, EIT in superconducting circuits with dif-
researched

three-level been

23-25

ferent configurations has

theoretically.[ 1 However, most of those investigations fo-
cused on single superconducting qubit with two-level structure
and, as a result, a resonant cavity was indispensable to obtain
a three-level system. For example, in a system consisting
of a superconducting Cooper-pair box (CPB) coupled to a
nanomechanical resonator (NR), it needs the NR to provide
additional auxiliary energy levels to the CPB to realize EIT
and EIT will disappear without the NR.?*! In this paper we
propose an alternative way to demonstrate EIT employing two
coupled superconducting charge qubits with a tunable V-type
energy spectrum. The coupled-qubit system can offer two
manifest merits: the first is multiple energy levels which are
crucial to on-chip realization of cavity QED; the second is the
greater tunability, compared with that of single qubit, which
may lead to flexible quantum optics. Previously, quantum co-
herent oscillations were observed by a pulse technique in two
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coupled charge qubits.?®! The tunable qubit-cavity coupling
was achieved using two transmon qubits, which greatly alle-
viates two major challenges in experiments of circuit QED:
radiative qubit decay and qubit—qubit crosstalk.?!

Our analysis will focus on two different V-shaped struc-
tures, which depend on the energy separation of two Josephson
coupling energies £y and Ej, of two charge qubits. When the
energy spacing between the qubits’ states |eg) and |ge) is very
large (i.e., Ey; > Ey,), as depicted in Fig. 1(a), eigenstates of
the three-level superconducting system resemble eigenstates
of the two uncoupled charge qubits. When the two excited
states |ge) and |eg) are degenerate (i.e., Ey; = Ej, = EJ), they
hybridize to provide superpositions of the independent energy
levels, as shown in Fig. 1(b). Our results show that it is pos-
sible to switch from EIT to EIT with amplification (EITA) by
tuning the two Josephson coupling energies Ej; and Ej;, de-
spite of the absence of population inversion.

(a) leg) (b) lc)

lgg)

Fig. 1. Energy level diagram. (a) Schematic of the V-shaped system
used to exhibit EIT for the situation when the energy spacing between
the levels |ge) and |eg) is very large. (b) Schematic of the V-shaped
system used to produce EITA when |ge) and |eg) are in resonance.

The remaining part of this paper is organized as follows.
We first describe a theoretical model of the two-qubit system
and obtain two V-shaped energy spectrums in Section 2. Using
the density matrix formalism, the expressions of the first-order
matrix element related to the probe transition are calculated
and results are presented in Section 3. Our conclusions are
given in Section 4.

2. Three-level system

The proposed V-shaped system is constructed by two in-
dependently controlled superconducting charge qubits cou-
pled with each other through a superconducting quantum in-
terference device (SQUID) loop, schematically presented in
Fig. 2. The Hamiltonian of the coupled superconducting
qubits reads

H, = Z [Eci(ni — ng,‘)z — Ejicos ®z] +Em(n1 — I’lgl)

i=12
X (ny —ngs) — Eypy cos(© — 60s), 9]

where Eq1o = 4e2C):211 /2(Cy1Cyn — C2) are the effective
Cooper-pair charging energies, Cy; = Cy; +Cj; +Cp fori=1,2
are the sum of all capacitances connected to the correspond-
ing island, n» are the number operators of excess Cooper-
pair charges, ng; = Cg;Vy; /2e for i = 1,2 are the dimensionless

gate charges and interpret the effect of the gate voltages Vg1 2,
O1 (6,) is the phase of the first (second) superconducting is-
land, E,, = 4¢>C,,/(Cy |Cy2 — C2) is the capacitive coupling
energy between the charge qubits, Ej; = EJT** cos(n®y;/ Do)
fori = 1,2,m are the tunable effective Josephson coupling en-
ergies for the corresponding SQUID loop, and @ is the flux
quantum.

Fig. 2. Schematic of two coupled superconducting charge qubits.
The two charge qubits are coupled by an SQUID loop and biased
individually by an external flux @,j,. The parameters of the two-
qubit system are chosen as follows: Ecj /2w = 220 GHz, Ecx/2m =
200 GHz, E,,/2n = 5 GHz, the maximum values of the tunable Joseph-
son coupling energies EJ}*™* /2w = 25 GHz, E3** /2m = 20 GHz, and
EP™ /2w =5 GHz.

Jm

In the two-qubit eigenbasis {|ee),|eg),|ge),|gg)} and
working at the double degeneracy point (ng; = ng = 0.5),
the Hamiltonian of the superconducting system is rewritten in
spin-% notation as

1 1 1
Hy = EEJl oz + EEngzz + ZEmQxl Ox2

1
- ZEJm(Qled"’leQyZ)' @)

Here we introduce a set of Pauli matrices g acting on the qubit
eigenstates |e) and |g). In the following calculations, by solv-
ing the eigenvalue equation of Hy under two different condi-
tions (i.e., Ey; = Ejp and Ey; > Ej;), we will obtain two dif-
ferent energy spectra.

Without loss of generality, we consider a special case
that the two charge qubits are identical (i.e., E.; = Ec» = E,
EJ] = EJ2 = E], le = Cjz = CJ, and CZI = CZQ = Cz) In this
situation, the eigenvalues are readily written as

1 1

Eq = J[(En+Em)* + (Em —4E))°]7, (3a)
1

E. = ZEma (3b)
1 1

Ey, = EEJm - ZEm7 (3C)

1 1
Ea = _Z [(Em + EJm)2 + (EJm - 4EJ)2] 2, (3d)

with the corresponding eigenstates being

|d) = sinn|gg) + cosnlee), (4a)
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o) = %<|ge>+|eg>>, (4b)
b) = %<|eg>f|ge>>, (4o)
|a) = sinn|ee) —cosn|gg), (4d)

where E,, > Ej,;, and the parameter 7 satisfies the relation

n= é arctan|(Eyy, + En) /(4Ey — Egn)). )

From the above expressions, we can see that the level
spacings of the coupled-qubit system can be efficiently tuned
by changing the Josephson coupling energies Ej and Ey,,.
Also, it is noticeable that transitions among the four states are
not arbitrary due to selection rules at the co-resonance point,
as depicted in Fig. 3. The transition between the levels |a) (|b))
and |d) (|c)) is forbidden due to matrix elements (a|gy;|d) =0
({bl@xilc) = 0) for i = 1,2, while the other transitions with
nonzero matrix elements are allowed. By selecting the three
levels with the lowest eigenenergies (i.e., |a), |b), |c)), a three-
level V-type system is obtained, as shown in Fig. 1(b).

- )
Wy
\
1 lc)
w3
w2

\

7y b)
w1

y v )

Fig. 3. Schematic of the allowed transition paths of the coupled charge
qubits operated at the co-resonance point. By calculating the matrix el-
ements of gy and g, between the eigenstates, it is found that there are
only four possible transitions.

When the energy spacing between the levels |ge) and |eg)
is very large (i.e., Ej; > Epp), eigenstates of the coupled sys-
tem resemble those of the two independent superconducting
charge qubits.[>”) Choosing the three levels with the lowest
eigenenergies again, we obtain a second three-level V-shaped
system shown in Fig. 1(a). So far, we have obtained two three-
level V-type systems by using frequency selection and tuning
the two Josephson coupling energies Ej; and Ey,.

3. Theoretical calculation and results

In this section, adopting the density matrix formalism and
the steady-state approximation, we derive the analytical ex-
pressions of the first-order matrix element associated with the
absorption and dispersion of the probe field in the two V-type
systems. Then, we demonstrate the switching from EIT to
EITA, despite of the absence of population inversion.

Consider a closed three-level V-configuration system in-
teracting with two semiclassical fields in Fig. 1(b). A weak
probe field with Rabi frequency €2, and frequency @), couples
the |a) <> |c) transition, while a strong control field with Rabi
frequency . and frequency @, couples the |a) > |b) transi-
tion. In the eigenbasis of the uncoupled qubits, the qubit-field
interaction Hamiltonian is given by (& = 1)

1 . i
Hine = =5 (Qpe ¥ [e)11{g| + Qece ™" [e) 2 (g| + Hee.), (6)

where the Rabi frequencies of the probe and control fields are
defined as Q, = Uc,E, and Q. = up,E. with E, (E;) being
the amplitude of probe (control) field, Uc, and py, are the
corresponding transition dipole moments. In the eigenbasis
{]a),|b),|c)} of two coupled qubits, the two flip-up operators
read

€)1 gl = —%cosn\bﬂa\—\%cosnlcﬂal

1 1
—\ﬁsinn|a><b|+ﬁsinn|a><c\, @)

1
cosn|c)(al

\%cosnlbﬂal—ﬁ
1 . 1 .
+sinnfa) (bl + s sinnla) (el )

le)n (gl =

The total Hamiltonian of both the three-level system and two
fields with frequency selection is given by

1 .
Hy = Ei|j)(j| — —=cosn(2.e % |b)(a
V= X B g eosn@c Vb

—Q,e ®'|c)(a] +H.c.). 9

It is possible to select the frequencies of the two fields so that
the probe field @, and the control field @, are near resonant
with the transitions |a) <> |c) and |a) <> |b), respectively. In
this case, other transitions can be ignored in our discussion.
Switching to the interaction picture, the total Hamiltonian Hy
under the rotating-wave approximation is rewritten as

Hy = Afe)(c| = 5 (&ple)(al + & fb)(al + Hoe.),  (10)

1
2
where &, = —\%Qpcosn, & = %Qccosn, A= 0, — @y is
the detuning of the probe field, and the control field frequency
@, is assumed to match with the energy separation @,.

The evolution of the system is governed by the equation
of motion for the density matrix,

d

d—’t) = —i[Hj, p] + (relaxation terms). (11)
According to Eqgs. (10) and (11), the equations of motion for
this system can be expressed as follows:

. i e
Pecc = _I:)pcc + Eéppac - Eép Pea, (123)

_ i i,
Pob = —IpPob + Eécpab - Eéc Pbas (12b)
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. i i
Pea = _(%a+1A)pca+§§p(paa_pCC)_Egcpcba (12¢)
. . i i
Pba = _(%a‘f'lA)pba"‘iéc(paa_pbb)_Eéppbm (12d)

(12¢)
(121)

_ . e i
Poo = = (Yo +iA)peo — 58 Pea+ 5 EpPabs
1 = Paa + Pob + Pec,

where I}, (I2) is the relaxation rate for the level |b) (|c)), Yea,
Ya» and Yp are the total dephasing rates of the off-diagonal
terms. In the weak probe field regime, using the steady-state
approximation and keeping €2, up to the first-order term of
perturbation expansions in Eqgs. (12¢c)—(12e), a solution for the
density matrix element p, is obtained as

(1) _ iQcosn [ |Qccosn[ pla — piy)

ca — 5 \/E 3 Toa

— (0 = o)y +i4)

X

—1
Q. 2
(Yea +iA) (Yo +14) + Cgsml , (13)

where the initial population distributions for three levels are
chosen to be pé((;)) =0, pég) = B/(Iy +2B) and pég) = Iy +
B) /(I +2B) with B = |Q.|*/(21a). It is worth noting that
pc(;) is connected with two-qubit parameters Ej, Ey,,, and E,,
through the parameter 7, so that the system is distinguished
from conventional atomic systems. These dependencies will
also change the response characteristics of the matrix element
pc(;}) to the probe field to some extent. The absorption of the
probe field is determined by the imaginary part of the matrix
element pé? and the dispersion is given by the real part. This
will be discussed below.

Next, we start to discuss the large energy separation case
for the levels |eg) and |ge), as shown in Fig. 1(a). By using
the density matrix approach and steady-state analysis again,
the first-order matrix element related to the probe transition is
readily obtained as

i 2P pl — Py
2

(1) (0) (0) :
ca” = aa” — Pcc b +1A) —
P l(p Pec) (oo +14) = ===~

. R ToNES I
X (%a+1A)(%b+1A)+T , (14)

where notations |a) = |gg), |b) = |ge) and |c) = |eg) just for
convenience. The expression of the first-order matrix element
is analogous to that of the regular V-configuration of atomic
systems, so the optical behaviors of the superconducting sys-
tem seem like those of the usual atomic systems. ?8]

We now intend to demonstrate the conversion between
EIT and EITA in the tunable V-shaped superconducting sys-

tem. In the following numerical examples, the decay rates of

the system and the Rabi frequencies of the control and probe
fields are Ip/2m = 1.5 MHz, Y./27% = 1.5 MHz, v /27 =
2 MHz, $,,/27 = 1.5 MHz, Q. /27 = 26 MHz, and Q,, /21 =
4 MHz.

Figure 4 plots both the real and the imaginary parts
of the matrix element pc(;> as a function of the probe field
detuning A for two different population distributions: (a)
pl¥) — B/(Iy +2B) and pl) = (I; + B)/(I; + 2B) with
B =/ (2pa); ) pY =1, according to Eq. (14). In
Fig. 4(a), the absorption curve presents a broadly and nearly
transparent window between two absorption peaks known
as the Autler—Townes peaks in quantum optics and the dis-
persion profile shows that the index of refractive is unity
in the zero probe detuning point A = 0, which are sim-
ilar to the usual EIT in atomic systems. However, the
transparency window is replaced by an amplification win-
dow due to negative absorption coefficient, i.e., the probe
field is amplified instead of being absorbed, as presented
in Fig. 4(b). Moreover, the roles for positive and negative
dispersion are switched across the range of the probe field

0.25

—0.05}

—0.15¢ . ]
—20 —10 0 10 20

03l 7\ (b) ]

0.1f

ca

—0.1}

/)(1)

—0.3}

—0.5F

—20 —10 0 10 20
(A/2mw)/MHz

Fig. 4. (color online) Dispersion (dashed lines) and absorption (solid
lines) profiles as a function of the probe field detuning A for two

different population distributions: (a) pig) = (It + B)/(Iy + 2B) and

Py =B/ (T +2B) with B=|Qc[*/ (21a), p& =05 (b) pi) = piy) =0,
(0)

Pec” = 1.

054206-4



Chin. Phys. B Vol. 23, No. 5 (2014) 054206

detuning A, as can be seen from Figs. 4(a) and 4(b). Obvi-
ously, the phenomena of probe gain and absorption in the sys-
tem result from different population distributions.

In the degenerate case of the levels |ge) and |eg), one can
see that the EIT absorption and dispersion curves are simi-
lar to those in Fig. 4(b), Whi():h is better illustrated in Fig. 5,

where the matrix element pé; is plotted for various values of
the Josephson coupling energy Ej according to Eq. (13). How-
ever, this V-shaped system is in the case of without population
inversion, and so we realize the inversionless amplification for
the system. Figure 5 also indicates that the absorption and the
width of the transparency window increase when the Joseph-

son coupling energy Ej increases.

L /\' - ;X'E,I/Z'rrrzl ]
010F v ‘e — —¥By/am=5
I T | —x”EJ/27r:0 /ﬂ\

0.05L -~ \ \ — X"Ey/2rn=2 ,/\\ \ |
0
GQS —0.05
—0.10
—0.15

—0.20 b . . : , . .

-1 -5 5 15

(A/2m)/MHz

Fig. 5. (color online) Real part (dashed lines) and imaginary part (solid

lines) of the matrix element pc(;) as a function of the probe field detuning
A for different values of the Josephson coupling energy Ey (GHz). The
parameters are chosen as follows: E,, /27 =5 GHz, Ej,, /27 = 2 GHz.

From all the discussion above, we can know that, for the
circuit QED system, through circuit design, it is possible to ob-
tain normal optical absorption and amplification, and we can
realize amplification without population inversion as well. The
advantages of this system are totally shown in this configura-
tion.

4. Conclusions

In summary, we have presented a scheme to demonstrate
the switching from positive to negative absorption with EIT
in a superconducting Josephson quantum system consisting
of two coupled superconducting charge qubits. The analyti-
cal expressions of the steady-state matrix element related to
the probe transition have been obtained via the density matrix
formalism in two different V-type systems which depend on
the energy separation of the two Josephson coupling energies

Ey and Ey. When Ey; > Ejp, we observe the regular EIT
phenomenon, which converts to EITA feature when Ej; = Ej;
despite of the absence of population inversion. This tunable
optical behavior may have potential applications in quantum
optical devices (such as logic gates and optical switches) and
quantum coherent information storage.
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