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Scattering and propagation of terahertz pulses
in random soot aggregate systems*
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Scattering and propagation of terahertz pulses in random soot aggregate systems are studied by using the generalized
multi-particle Mie-solution (GMM) and the pulse propagation theory. Soot aggregates are obtained by the diffusion-limited
aggregation (DLA) model. For a soot aggregate in soot aggregate systems, scattering characteristics are analyzed by using
the GMM. Scattering intensities versus scattering angles are given. The effects of different positions of the aggregate on
the scattering intensities, scattering cross sections, extinction cross sections, and absorption cross sections are computed
and compared. Based on pulse propagation in random media, the transmission of terahertz pulses in random soot aggregate
systems is determined by the two-frequency mutual coherence function. Numerical simulations and analysis are given for

terahertz pulses (0.7956 THz).
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1. Introduction

Detection and control of unburned fuel and dust are im-
portant parts of environmental protection. In many practical
situations, the effects of soot and dust particles on radio wave
communication cannot be ignored completely. The scatter-
ing and propagation of an electromagnetic wave by soot and
dust particles can provide meaningful results about the size
and number density!!! of those particles for environmental and
communication fields, and the topic has been studied widely
from the ultraviolet to infrared band. However, there are few
references to the characteristics of soot and dust in the tera-
hertz band.

Generally, we define the unburned fuel and dust as soot
aggregate systems, which can be considered as clusters of
spherical elements and have complex structures and fractal
properties. Diffusion-limited aggregation (DLA),!?) which
was proposed by Witten and Sander in 1981, is used to simu-
late the soot aggregate systems.

Terahertz (THz) band is a generic term for waves with
a spectrum between 0.1 THz and 10 THz (the correspond-
ing wavelengths extending from 3 mm up to 30 um). Some
unique physical phenomena and features appear in this range
of frequencies and this has attracted the interest of many
researchers. 34!

Several electromagnetic scattering theories have been
published regarding multisphere scattering,>=! for example,
the discrete-dipole approximation (DDA)! initiated by Pur-
cell & Pennypacker, the 7-matrix method!®! developed by Wa-
terman, the recursive aggregate interaction matrix algorithm
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(RAIMA)!] provided by Chew, and the generalized Lorenz—
Mie theory suggested by Gouesbet.!8! In particular, the gen-
eralized multi-particle Mie-solution (GMM) introduced by
Xul!, which is an extension of the Lorenz—Mie theory to the
multi-sphere case, is generally applied to an arbitrary aggre-
gate of spherical particles. Scattering characteristics of light
by soot aggregate particles are studied in Ref. [10] by using
the DDA. By using an improved GMM algorithm, we have
studied the scattering of multi-sphere structures located in a
plane wave/Gaussian beam.!!!!

A number of important studies have reported on the
propagation of plane wave and beam wave pulses in random

a.l>=1%1 For example, Knollman!'?! pointed out the the-

medi
ory of pulse propagation in anisotropic randomly inhomo-
geneous media. Ishimaru!'3! developed the theory of pulse
propagation in discrete random media, derived the correlation
function of a wave in a random distribution of stationary and
moving scatters, and reported the multiple scattering effects
on coherent bandwidth and pulse distortion of a wave propa-
gating in a random distribution of particles. Hong described
the theory of plane wave pulse propagation through a random
medium, " and considered the propagation of pulse waves of
millimeter and optical waves in rain, fog, and turbulence.!'”!
An experimental study on picosecond pulse propagation in
a diffuse medium was presented by Kuga.!'®! Sreenivasiah
showed an analytic solution of the beam-wave pulses propa-
gation in random media.['”] Young gave an analytic solution
for the two-frequency mutual coherence function of a Gaus-
sian beam pulse in weak optical turbulence.!'8! Liu er al.[”]
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analyzed the temporal statics of multiple scattered broadband
terahertz pulses through a highly scattering medium.

For visible light and IR light, scattering by a monomer in
soot clouds and transmission by soot layers have been widely
discussed.!!%2021] Meanwhile, we have investigated the same

problem for THz continual waves. [??]

However, little attention
has been devoted to the propagation of THz pulses in random
media. In this paper, we present the scattering and propaga-
tion characteristics of THz pulses in a soot aggregate system.
The results of this study will be applied to the detection of soot
clouds in the atmosphere.

The organization of the rest of paper is as follows. In Sec-
tion 2, we briefly describe the basic theory consisting of the
GMM and pulse propagation. Numerical results of scattering
characteristics are presented in Section 3, where we obtain the
scattering characteristics of soot aggregates by GMM. Numer-
ical results of propagation properties are outlined in Section 4,
where we give the two-frequency mutual coherence function
coherence bandwidth in a soot aggregate system, and the ef-
fects of aggregate parameters. Conclusions and possible ex-
tensions are discussed in Section 5.

2. Basic theory
2.1. Generalized multi-sphere Mie-solution

As shown in Fig. 1, a multi-sphere structure of L spheres
is illuminated by a plane wave. The electric field
Eo(excos Py + eysin By) exp(ikz — ior).
number of the incident beam in the surrounding medium. The

Ei,c =

The k is the wave

o is the circular frequency of the incident wave. The harmonic
time term exp(—iwr) will be suppressed.
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Fig. 1. A plane wave incident on an aggregate consisting of many spheres.

By using vector spherical wave functions (VSWFs), the
incident wave in the primary coordinate system can be ex-

panded as
o n
Eiyc=— Z Z 1B, {Qanr(n]n) +PmnM§11rl):| , (1a)
n=0m=—n
__k vy (1) (1)
Hy.=—— Z Z Enn [pmann +anNmn] , (1b)
Lo n=0m=—n

where E,,, = Eoi”(2n+1)(n—m)!/(n+m)!, to is the perme-
ability of the surrounding medium, M,sm) and N,ﬁ,,) are the
first kind of VSWFs. P!
Pmn and g, in Eq. (1) are given by Xu. 9]

The primary expansion coefficients
Meanwhile, in the local coordinate system O (x/,y,27),

the incident field, the scattered field and the internal field of
the j-th sphere can also be expanded in terms of VSWFs

EP — — Z Z iEmn |:qmann>(rj 07,97)

n=0m=—n
+ PN (7,67,07)], )
Hjo = T Eyn Mnil) /.07, ¢7
T ALY
+ i N (,67,07)] (2b)
(1,07, ¢7) = Z Z iEpy [a NS (07, ¢%)
n=lm=-—n
+b,4mM,$,,2(rf 6/ ¢1)} (3a)
H‘j(rjaejvq)] = Emn mn mn)(rj 9] (P])
’ WHo nzlm;n {
+ aj My (,67,07)] (3b)

Bl(7.000) = ~ ¥ Y i [dfu NI, 07,00

n=1m=—n
+ ch M (,67,07) . (4a)
Hj(r] 6] 7 = w‘ujnzlm;nEmn[ cl Nmn (r] 6/ (P)

-}, My (r1,67,97) . (4b)
The expansion coefficients in Eq. (2)!! are shown as

Pl = exp(ikz!) pun, qlo, = exp(ikz? ) gumn- )

Let us translate the scattered fields of other spheres into
the j-th local coordinate system, and expand them by using
the first kind of VSWF. Then the real incident field of the j-th
sphere can be written as

j0 [
Ei]nC = Ei]nC + Z Es
1]

= _i i B [p%nN’(V;l)(’”jvej»d’j)

n=1m=—n
+ G M (,67,07)] (6)

Y H

I#j
- T Z Z Eppn |:qmnNmn (rj 9] ¢])

oo n=lm=—n

+ p;{nnMYEll”)(r]a ej’ (P])} ’ (6b)

H/ = H +

mnc 1nc
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where

) ) L 0 n
pjmn = pjm(L_ Z Z Z Em’n’/Emn

I=1(I#j)n'=1m'=—n’'

3 . 3 .
X {afn’n’ASn’)n’,mn(l’ J) + bin’n’B;(n/)n’,mn (l’ J):| ’

L o n'
q)jnn = LIIJn(L_ Z Z Z Em’n’/Emn
I=1(I#j)n=1m'=—n’
! 3 . ! 3 .
X [am/n/BEn,L/’mn(L]) +bm/nlA}(n/)n',mn (17]):| .
The vector transfer coefficients Afj,)n,mn(l ,j) and
BS,)n,mn(l ,/)P! designate the transformation of the third
VSWEFs in the [-th local coordinate to the first ones in the
Jj-th local coordinate.
The continuous boundary conditions of electromagnetic
fields on the surface between the air region and an arbitrary

sphere in the system are
Ey+ Ey=E\, Hy+Hy=Hy. @)

Substituting the tangential electric and magnetic field
components at the boundary surface into Eq. (7), we obtain
four linear equations. After solving these equations, the par-
tial scattering coefficients of the j-th sphere can be obtained
and shown as

G = )P b = b @®)
where the factors a{; and b£ denote the scattering coefficients
of the j-th sphere located in a plane wave incidence.

Let us repeat the similar analytical process for all spheres
in the structure; the scattered field of each sphere can be ob-
tained. The scattered field of the structure consisting of L
sphere components is the sum of all partial scattered fields in

the principal coordinate system. The total scattered field in the
principal coordinate system can be expanded as

E(rn6.0)=Y Y iy [am NS (7,6, 0)

n=1m=—n

+ b M (1,0, 9)] %)

k d n
H(16.0) = o B B B b (7:0.0)

+ am M) (1,0,9)] (%)

By using the addition theorem of the third kind of VSWFs, the
total scattering coefficients of the structure can be written as

Lo 2 B
m'n
am =3 Y Y E-
I=1n'=1m'=—n' Eunn
140 1 pl)
R m’n’,mn+bm’n’Bm’n’,mn’ (10a)
n'

x[al/,B(l,), +u, AN }7

mn-"m'n ,mn mn- "mn’,mn

(10b)

where A(l) and B(l) 11 are the vector translation coeffi-

m'n'mn m'n'mn
cients, characterizing the transformation of the scattered fields
from the /-th local coordinate system into the scattered field in

the principal coordinate system.

2.2. Two-frequency mutual coherence function of pulse

propagation

The propagation characteristics of a pulse wave in a
random medium are determined by the two-frequency mu-
tual coherence function.!'3! The two-frequency mutual coher-
ence function I" describes the correlation between the field
uj(w;,ry,11) observed at a point r; and time f#; and the
complex conjugate of the field up(@,,72,1), and the time-
harmonic factor exp(—icr) is left out. The I' is

F(wlaabarl,’r?atlatz) = <M1((1)1,7'1,t1)u2((1}2,7’2,[2)> . (11)

Assuming the z axis along the direction of wave propaga-
tion, and the position vector r = p+zz, where p =xx +yy is
the transverse coordinate with respect to z.

When a plane pulse wave irradiates upon a semiinfinite
random media, the two-frequency mutual coherence function
can be obtained by solving the following equation: !

d ide

— + V2 Kz (iKy)*z— P r=0. (12
8n+2k1k2Vd 1 ]Z (1 2) < (pd)z ( )

For most practical situations, the pulse bandwidth is
smaller than the carrier frequency, and the sizes of particles
are larger than a wavelength. Using the two approximations,
the two-frequency mutual coherence function!!! is given by

I' = A(wq) expli¢ (@a) +i(®a/vp)z], 13)
A(ay) = exp{—poz[l — (Wp/x)tan" ' x]}, (14)
| (q)| = exp [-7 (1 —xtan"'x)], (15)
¢(@a) = (poi2)[(Wo/x) In(1 +x7)], (16)

where the dimensionless parameter x is expressed as x =
04/ @, @ = 2yvp/z is a characteristic angular frequency,
Wo = 05/ o is albedo of a single aggregate, oy is the extinction
cross section, Oy is the scattering cross section, @y is frequency
difference, v, is the phase velocity, and z is the propagation
distance of pulses.

3. Numerical results of scattering characteristics
of soot aggregates by GMM

In this section, the scattering characteristics of soot ag-
gregates are calculated and discussed. The results obtained
here will be applied to the pulse propagation in soot aggregate
systems.
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Based on the DLA model, the soot aggregates are sim-
ulated in Figs. 2(a) and 3(a). The relationship between the
fractal dimension and the monomer number is expressed by
the equation N = kq(Ry/r;)Pf, where N is the monomer num-
ber, R, is the cyclotron radius, 7, is the radius of a monomer,
kg = 1.27 is the forward factor, and Dy is the fractal dimension.
In Fig. 2(a) the radius of a spherical monomer is 100 um, while
in Fig. 3(a) is 85 um. When the incident plane wave vector is
along the positive z direction in the coordinate system, the dis-
tributions of scattering intensities for three different cases are
displayed in Figs. 2(b) and 3(b). The numbers of azimuth an-
gles in the range of (0, 360) degrees for three cases are 40, 20,
and one, respectively. As shown in Figs. 2(b) and 3(b), the
scattering intensities of case 1 are very close to those of case
2, but are very different with those of case 3. These results
indicate that the orientation of aggregates is closely related to
the distributions of scattering intensities.

z/um

4.5
(b) —=—case 1
i —e— case 2
;;’ 3.5k —— case 3
g; B radius =100 pm
) L n =2+i5
g 25+
= -
2 L
E 1.5F
20 B
L A=377
05 A
0 40 80 120 160

Scattering angle/(°)

Fig. 2. (color online) Soot aggregates model consisting of 100 spheres
and distribution of scattering intensities. (a) The radius of a monomer
is 100 um. (b) The distribution of scattering intensities for three cases.

Tables 1 and 2 show the scattering parameters including
scattering cross sections, extinction cross sections, and absorp-
tion cross sections for the three cases. It appears that the ori-
entation of aggregates has little effect on these cross sections.
With these parameters, we can further analyze pulse propaga-
tion in soot aggregate systems.

A soot aggregate with 200 spheres is shown in Fig. 4(a).
The fractal dimensions Dy of the three aggregates are 2.12,
2.01, and 2.09, respectively. The differences among them are
small, however, the forward scattering intensity of Fig. 4(a) is

larger than those of Figs. 2(a) and 3(a). The effects of the num-
ber and radius of the monomer on the scattering intensities of
system may be more obvious than that of fractal dimension.

g
=
<
N
4'0: (b) —=— casel
3.5E —e— case2
i~ E —— case3
= 3.0F .
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0 40 80 120 160

Scattering angle/(°)

Fig. 3. (color online) Soot aggregates model consisting of 100 spheres
and distribution of scattering intensities. (a) The radius of a monomer
is 85 um. (b) The distribution of scattering intensities for three cases.
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Fig. 4. (color online) Soot aggregates model consisting of 200 spheres
and comparison of scattering intensities. (a) The radius of a monomer is
100 pm. (b) A comparison of scattering intensities among three models.
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Table 1. Scattering parameters of the model in Fig. 2 (the frequency of
the incident wave is 0.7956 THz).

Oy O, Og
Single orientation  4.4461 x 10° 1.6447 x 106 2.8009 x 10°
Average valuefor 4137 106 14943105 2.9187 x 10°
20 orientations
A Jue f
VErage vaue for 4 4128 x 106 1.4906x 105 2.9214 x 109

40 orientations

Table 2. Scattering parameters of the model in Fig. 3 (the frequency of
the incident wave is 0.7956 THz).

Ot [ O

Single orientation  3.1014 x 10° 1.0950 x 106 2.0060 x 10°

Average value for 3 1549 106 10270 106 2.1267 x 109
20 orientations

Average value for 3 1555 106 10259106 2.1291 x 109

40 orientations

4. Numerical results of pulse propagation char-
acteristics by using two-frequency mutual co-
herence functions

In this section, the THz pulse propagation properties in
soot aggregate systems are described by the two-frequency
mutual coherence function. The variations of normalized am-
plitude and phase versus the optical distance 7; are shown in
Figs. 5 and 6. The optical distance 7; is the product of num-
ber density p, extinction cross section 6; and the propagation
distance z. In our results, the number density and extinction
cross section are constant, in other words, the x-axis coordi-
nate can be regarded as z. The center frequency of pulse is
0.7956 THz. The pulse bandwidth is 20 GHz. The refractive
index n = 2+ i5 and is shown in the figures.

The scattering characteristics of a single aggregate can
have an important influence on pulse propagation analysis. In
Fig. 5, four different cases are considered for the soot aggre-
gate model in Fig. 3(a). The differences between the normal-
ized amplitudes among the four cases are very small. How-
ever, the phase for the surface-equivalent sphere case is far
less than those for the other three cases. Figure 6 gives the
normalized amplitude and phase of the two-frequency mutual
coherence function for the model in Fig. 2(a). The normalized
amplitude of case 1 is coincident with that of case 3. For the
same optical distance, the normalized amplitudes of case 1 and
case 3 are smaller than that of case 2, and the phase of case 1 is
smaller than those of case 2 and case 3. As the optical distance
T; increases, the normalized amplitude decreases gradually.

The relevance of two waves with different frequencies at
the same time and the same position can be described by the
coherent bandwidth. Here, one factor!’! « is introduced as

o — (@) —exp(—7/Wo)
I3 (g = 0)] —exp(—7/Wo)’

a7

where a is the normalized solution of |I7|. Generally, the co-
herent bandwidth is defined as the frequency difference fy at
which & = 0.5. The variations of & versus x are shown in
Fig. 7. As the optical increasing, the dimensionless parameter
x is decreasing at which a = 0.5.

1.0 —&— case 1: single orientation
—e— case 2: average value of 40 orientations
0 8'_ —A— case 3: volume-equivalent sphere
"7} \ —%— case 4: surface-equivalent sphere
~ 0.6¢ pn=583 cm™® np=2+i5
;:/ B radius =85 pm fo=0.7956 THz
0.4} Tyetr = 394.535 pm
B Tt = 850.0 pm
0.2
C (a)
ok | \ \ b e o
0 2 4 6 8 10
Optical distance 7,
8
[—®— case 1: single orientation
7 |—e— case 2: average value of 40 orientations
—A— case 3: volume-equivalent sphere
6 | —w— case 4: surface-equivalent sphere
5 -
- .
E o4t pn=>583 cm™3
S F radius =85 ym
3r n = 2+4i5
ol fo=0.7956 THz
(b) Tyerr = 394.535 pm
1F Tt = 850.0 pm
0 I 1 f 1 1 | 1

o

2.5 5.0 7.5 10.0 12.5 15.0
Optical distance 7,

Fig. 5. (color online) Variation of two-frequency mutual coherence
function for the soot aggregate model in Fig. 3(a): (a) A(t) and (b)
D(7).

1.0

—a— case 1: single orientation
—e— case 2: average value of 40 orientationf
[ \\—&— case 3: volume-equivalent sphere

0.8

0.6[

A(T)

pn=2358 cm 3
radius =100 pm
Tyerp = 464.159 pm
n=2+i5
fo=0.7956 THz

0.4F

0.2
- (a)

0- . 1 . 1 . 1 . n T A
0 2 4 6 8 10

Optical distance 7,

12

—s—case 1: single orientation
| —e—case 2: average value of 40 orientatio,
—a—case 3: volume-equivalent sphere

9l
F pn =358 cm™3

o(7,)

L radius =100 pm
(b) n =2+i5
fo=0.7956 THz

0 /I N I R PR I i |
0 3 6 9 12 15

Optical distance 7,

Fig. 6. (color online) Variation of two-frequency mutual coherence
function for the soot aggregate model in Fig. 2(a): (a) A(%) and (b)
D(1y).
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1.0

-7, =30
—— T, = 10
—a—1,=3.0
—~v7,=0.98
——71,=0.105

0.8
0.6
0.4

0.2
(a)

0 2 4 6 8 10
T

O 2 4 6 8 10
X

Fig. 7. (color online) Variation of & as a function of x and the optical
distance 7;. (a) The single orientation of the soot aggregate model in
Fig. 2(a) and (b) the single orientation of the soot aggregate model in
Fig. 3(a).

The parameter x is in relation with the frequency differ-
ence fy. Therefore, with the definition of x given in Section 2,
we can obtain the coherent bandwidth fy for any optical dis-
tance. The variation of x as a function of optical distance is
shown in Fig. 8.

6F —s—case 1
r —e—case 2

0 05 1.0 15 20 25 3.0
Optical distance 7,

1

Fig. 8. (color online) Variation of x as a function of optical distance at
o =0.5. (a) Case 1: the model in Fig. 3(a) and (b) case 2: the model
in Fig. 2(a).

5. Conclusions

In this paper, scattering characteristics of different kinds
of soot aggregates in a THz wave are studied in detail. The
effects of azimuth angle rotation on scattering intensities are
obvious, while their effects on cross sections are less so. Con-
sidering a random soot aggregate system, the two-frequency
mutual coherence functions of a plane pulse are presented.
A conclusion that the different equivalent methods have great
effects on the normalized amplitudes and phases is obtained.
The coherent bandwidth is analyzed by the dimensionless fac-
tor x. Our results will provide some important theoretical ba-
sis for research on atmosphere environment detection and THz
wave communication techniques.
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