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The polarization effect of a laser in multiphoton Compton scattering∗
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The multiphoton Compton scattering in a high-intensity laser beam is studied by using the laser-dressed quantum
electrodynamics (QED) method, which is a non-perturbative theory for the interaction between a plane electromagnetic
field and a charged particle. In order to analyze in the real experimental condition, a Lorentz transformation for the cross
section of this process is derived between the laboratory frame and the initial rest frame of electrons. The energy of the
scattered photon is analyzed, as well as the cross sections for different laser intensities and polarizations and different
electron velocities. The angular distribution of the emitted photon is investigated in a special velocity of the electron, in
which for a fixed number of absorbed photons, the electron energy will not change after the scattering in the lab frame.
We obtain the conclusion that higher laser intensities suppress few-laser-photon absorption and enhance more-laser-photon
absorption. A comparison between different polarizations is also made, and we find that the linearly polarized laser is more
suitable to generate nonlinear Compton scattering.
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1. Introduction
Compton scattering is a process that has made people re-

alize that light or electromagnetic waves may have the same
particulate nature which belongs to matter.[1] It can be ex-
pressed as e+ω→ e′+ω ′, where e and ω represent the states
of electrons and photons before scattering, respectively, while
e′ and ω ′ are the corresponding states after scattering. This
process can be observed obviously only when the electromag-
netic wave is X-ray or γ-ray. Generally, the default Compton
scattering refers to the case in which a high energy photon col-
lides with a low energy electron, while the converse situation
where an electron with a high speed interacts with an opti-
cal photon is called the inverse Compton scattering. In 1929,
Klein and Nishina gave the formula for the cross section of this
process through calculations based on quantum electrodynam-
ics (QED),[2] in which the Feynman diagram of the interaction
between one photon and a free electron was used.

Soon physicists began to investigate the interaction be-
tween more photons and one electron, namely, the multipho-
ton Compton scattering or multiphoton Thomson scattering
(the difference between them is whether the quantum effects
can be neglected), which can be written as e+nω → e′+ω ′,
where n is the number of photons absorbed by the elec-
tron. More laser photons participating in the interaction means
higher energy photon maybe emitted. In fact, this process
is an important way to generate high-energy photon beams
experimentally,[3–7] and the corresponding devices are called

Compton-based sources of high-energy photons. At present,
this kind of source is developing quickly, and has many at-
tractive advantages compared with the synchrotron sources,
such as the compactness, tunability, and shortness of photon
beams.[8] Such sources, as a helpful experimental device, play
an important role in medicine, nuclear physics, and other high-
energy process studies.

The nonlinear Compton scattering was firstly observed in
the Stanford Linear Accelerator Center (SLAC) in 1996.[9] In
that experiment, an about 1018 W/cm2 laser was used, its in-
tensity was already high enough to generate nonlinear opti-
cal effects. The spectra of the scattered electrons conformed
to the analytical precision[10] within experimental uncertainty,
and the absorption of up to 4 photons in one scattering event
was also observed. Now, the laser technology is still devel-
oping, and the highest laser intensity record is held by the
University of Michigan, whose equipment has achieved the
intensity of 2× 1022 W/cm2.[11,12] This is a very high in-
tensity, although it is still much lower than the critical field
intensity Ic ∼ 1029 W/cm2 corresponding to an electric field
about 1.3×1016 V/cm, in which electron–positron pairs would
be created spontaneously from the instable vacuum.[13,14] Be-
sides the nonlinear Compton scattering, the high intensity laser
generated so far can lead to many other nonlinear quantum ef-
fects in experiments, such as pair creation and vacuum polar-
ization.

As a basic nonlinear quantum process, the multiphoton
Compton scattering has been investigated in many theoretical
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works,[15–20] especially after the invention of laser. Many of
those investigations consider a simple circumstance in which a
free electron moves in a plane electromagnetic field, and have
derived the formulas for the probability and the cross section
of the multiphoton scattering. Those studies may be divided
into two kinds according to their methods. One is based on
a classical theory and discusses the harmonic generation by
derivation from the Hamilton–Jacobi equation. The other is
called the laser-dressed QED method, which is used in this
paper. In the next section, we will introduce this method.

Experimentally, an electron beam propagates in a laser
field instead of a plane wave field. The laser produced in lab-
oratories always needs be focused spatially, so its structure is
more complex than that of a plane wave. However, as long
as the size of the focusing area is much larger than the main
wavelength of the laser pulse, the plane wave approximation
is still reasonable. Recently, the shape effects of laser pulses
have been investigated numerically,[21,22] and the results show
that the effects cannot be neglected only for ultrashort laser
pulses. Since the plane wave approximation can give an an-
alytical description of the process, the predictions in this ap-
proximation are still important to the multiphoton scattering
experiments. In this paper, we assume that the laser pulse is
optical and not too short to use the plane wave approximation.

The organization of this paper is as follows. In Section 2,
we present a calculation of the cross section for two kinds of
polarization conditions and the corresponding kinematic prop-
erties, and provide a frame transformation for the cross section
in a head-on collision. Section 3 discusses the elastic scatter-
ing case, and shows the polarization effects on the angular dis-
tribution of the scattered photons. We finally sum up our work
in Section 4.

2. Theory and calculation
2.1. Derivation of the cross section

In a high-intensity laser field, the ordinary perturbative
QED method is no longer proper for the calculations of quan-
tum processes. An electron which is oscillating in a laser field
gets a mean kinetic energy called ponderomotive energy[23]

Ep = (πe2I)/(meω2), where I and ω are the laser intensity and
frequency, respectively, and me is the rest mass of an electron
(h̄ = c = 1 are used throughout this paper). A simple estima-
tion of this energy verifies that Ep may equal or even be larger
than the electron mass energy mec2 if a high-intensity laser is
employed. The new theory substitutes the eigenstates of an
electron in a plane electromagnetic field, namely, the Volkov
state,[3,24] for the free particle state, and it is generally shown
with a Furry picture.[25]

The electron moving in an electromagnetic field satisfies

the Dirac equation

(γµ i∂ µ − eγµ Aµ −m)ψp(x) = 0, (1)

where Aµ is the four-dimensional vector potential of the field.
If the potential depends on the coordinate x only through the
scalar product k · x, i.e., Aµ = Aµ(k · x), where k is the wave
vector and k2 = 0, then the exact solution of this equation can
be written as (see Appendix A for details)

ψp(x) =
√

m
q0V

(
1− ek/A/

2k · p

)
u(p,s)e−iΦ−i p·x, (2)

here V is the normalization volume, q0 = p0 −
(e2〈A2〉k0)/(2k · p), u(p,s) is the unit spinor, and the Feyn-
man notation is used to denote k/ = γµ kµ . The phase term Φ

can be written as

Φ(k · x) =
∫ k·x

−∞

dϕ

(
eA(ϕ) · p

k · p
− e2A2(ϕ)

2k · p

)
, (3)

where the initial condition for the electron is assumed to be
x0→−∞, ψp(x)∼ e−i p·x. Note that the form of this solution
is for an electron (not a positron), and e = |e|> 0.

In order to derive the cross section, for simplification, we
choose a frame for this process, which is shown in Fig. 1. In
this frame, the electron is at rest initially, and the laser prop-
agates along the positive z axis. The polarization vectors par-
allel to the xy plane, and particularly, there is an angle of π/4
between the linear polarization vector and the x axis. In this
frame, some quantities vanish spontaneously in subsequent
computations, such as p ·A and 𝑝, thus it brings many con-
veniences.

p' k'

k

z

y

x

φ

θ

Fig. 1. (color online) The geometry of multiphoton Compton scattering
in the frame we choose, where the electron is at rest initially.

It is always useful to express the Volkov state as a Fourier
series in calculation, before that, a specific form of the poten-
tial must be given. Here, we just give the form of a monochro-
matic linearly polarized plane wave laser field[26]

Aµ

l = (0,a,a,0)cos(k · x) = a(𝜖µ

1 + 𝜖
µ

2 )cos(k · x), (4a)

and a circularly polarized plane wave laser field[27]

Aµ
c = a[𝜖µ

1 cos(k · x)+ 𝜖
µ

2 sin(k · x)], (4b)

054103-2



Chin. Phys. B Vol. 23, No. 5 (2014) 054103

where a is the amplitude of the vector potential, 𝜖
µ

1 =

(0,1,0,0) and 𝜖
µ

2 = (0,0,1,0) are two four-vectors represent-
ing the polarization, and the wave vector can be simply written
as k = ω(1,0,0,1). In this way, 〈A2

l 〉 = 〈A2
c〉 = −a2, which

means that the two different laser beams have the same inten-
sity.

The amplitude of this scattering process is just the prob-
ability with which an electron in state ψp transforms into an-
other state ψp′ in the laser field and emits a photon with mo-
mentum k′ and polarization 𝜖′, so the amplitude is equal to

M = 〈p′s′,k′𝜖′,out|ps, in〉

= −ie
∫

d4xe ik′x
ψ̄p′(x)𝜖

′ · γψp(x). (5)

Here the radiative correction is neglected.
By regarding the laser field as a plane electromagnetic

wave field, the wave functions in expression (5) is the Volkov
state. Inserting state (2) into the amplitude, and transforming it
into Fourier series (for details see Appendix B), for the linear
polarization, we obtain

M = −ie
m(2π)4

V
√

q0q′0

√
4π

2ω ′V
𝜖′µ

∞

∑
n=−∞

ū(p′,s′)

×
[

γ
µ Jn−

(
ea𝜖/k/γµ

2k · p′
+

eaγµ k/𝜖/
2k · p

)
Bn

+
e2a2k/kµ

2(k · p′)(k · p)
Cn

]
u(p,s)δ(q−q′− k′+nk), (6)

where 𝜖 = 𝜖1 + 𝜖2, Jn = Jn(αl,βl) is the general Bessel func-
tion, which is defined in Eq. (B6) in Appendix B, Bn =

Bn(αl,βl) = (Jn−1 + Jn+1)/2, and Cn = (Jn−2 +2Jn + Jn+2)/4,
with αl = eap · (𝜖1 + 𝜖2)/(k · p)−eap′ · (𝜖1 + 𝜖2)/(k · p′), βl =

e2a2/(4k · p′) − e2a2/(4k · p) (these notations will be used
from now on). In expression (6), δ(q− q′− k′+ nk) guaran-
tees the four-momentum conservation of the process in which
n laser photons are absorbed (n > 0) or emitted (n < 0).
However, simply taking into account the mass-shell condition
k2 = 0 that real photons satisfy relation (B4) in Appendix B,
and we find that the process is impossible for n < 1. From this
energy–momentum conservation, we obtain the expression for
the emitted photon energy

ω
′ =

nωm
m+(e2a2/(2m)+nω)(1− cos(θ))

, (7)

which is analogous to the Compton’s formula.
Then, the rate of this process is given by

P =
1
T

∫ V d3q′

(2π)3

∫ V d3k′

(2π)3
1
2 ∑

𝜖′
∑
spin
|M |2, (8)

where T is the interaction time, and a statistic factor 1/2 is
included due to the initial spin averaging. Our subsequent cal-
culation mainly focuses on the square term

|M |2 = αm2T (2π)5

V 2q0q′0ω ′

∞

∑
n=1

Tnδ(q−q′− k′+nk), (9)

where

Tn = [ū(p,s)𝜖′ν
∗
Γ̄

ν
n u(p′,s′)][ū(p′,s′)𝜖′µΓ

µ
n u(p,s)],

with

Γ
µ

n = γ
µ Jn−

(
ea𝜖/k/γµ

2k · p′
+

eaγµ k/𝜖/
2k · p

)
Bn +

e2a2k/kµ

2(k · p′)(k · p)
Cn,

and Γ̄ ν
n = γ0Γ ν†

n γ0, here α = 1/137 is the fine structure con-
stant, and we have used the replacement rule[28] of

δ(q−q′− k′+nk)δ(q−q′− k′+n′k)

=
V T
(2π)4 δ(q−q′− k′+nk)δnn′ . (10)

The above rule indicates that in the multiphoton Compton scat-
tering, the absorption of n photons is discrete, in other words,
the scattering contains a process of absorbing various integer
numbers of photons. Next, we only focus on the term

∑
𝜖′

∑
spin

Tn = ∑
𝜖′

Tr
(

p/′+m
2m

𝜖′µΓ
µ

n
p/+m

2m
𝜖
′∗
ν Γ̄

ν
n

)
. (11)

Before calculating the trace, we may consider the sum of po-
larization for the emitted photon first. It is convenient to adopt
the method of the gauge transformation.[3] Through replacing
𝜖′ by the gauge invariant quantity

𝜖′µ = 𝜖′µ −
k · 𝜖′

k · k′
k′µ , (12)

the terms with Cn in Γn vanish because of k · 𝜖′ = 0, this will
simplify the following work. Certainly, the new polarization
sum should be applied, i.e.,

∑
𝜖′
(a · 𝜖′)(𝜖′ ·b) =−a ·b+ (a · k)(k′ ·b)+(a · k′)(k ·b)

k · k′
. (13)

Computing the trace in consideration of Eq. (13), we ob-
tain

∑
𝜖′

∑
spin

Tn =
1

m2 [El|Jn|2 +FlRe(JnBn)+Gl|Bn|2], (14a)

where El = −2m2 + (p · k′)H, Fl = ea(k′ · A)H, Gl =

e2a2k · k′H/(p · k) with H = (p · k+ p′ · k)2/((p′ · k)(k · k′)),
and all the subscripts l denote the linearly polarized laser field.

For a circularly polarized laser field, the analogous term
becomes

∑
𝜖′

∑
spin

Tn =
1

m2 [Ec|Dn|2 +Gc(|Dn−1|2 + |Dn+1|2)], (14b)

where Ec = El, Gc = Gl/2, Dn = Dn(ξ − ξ ′)

is the ordinary Bessel function with ξ − ξ ′ =

−ea
√
(p′ · 𝜖1)2 +(p′ · 𝜖2)2/(p′ · k), and subscript c denotes

the circularly polarized laser field.

054103-3



Chin. Phys. B Vol. 23, No. 5 (2014) 054103

Comparing Eq. (14a) with Eq. (14b), we find that in the
circular case, the middle term which is similar to Fl vanishes.
This is expected because Fl is the only term with a dependence
on φ in Eq. (14b) except the general Bessel functions, and the
circularly polarized laser has a symmetry that in all φ direc-
tions, the potential has the same amplitude, so this term should
only appear in the linear case, which does not have this sym-
metry. Besides the symmetry, the main difference of the two
polarizations in the scattering process is reflected in the two
kinds of Bessel functions. The El, Gl and Ec, Gc are clearly
considered as the kinematic terms.

When calculating the differential cross section of this pro-
cess

dσ

dΩk′
=

1
ρ

dP
dΩk′

, (15)

we shall just consider the case of absorbing n photons. In view
of
∫

d3k′ =
∫

ω ′2 dω ′dΩk′ , substituting Eq. (8) in relation (15)
yields

dσn

dΩk′
=

αm2

4πρq0q′0

∫
dω
′
ω
′
∑
𝜖′

∑
spin

Tn

× δ

(
ω
′−nω− e2a2

2m
+
√
|𝑞′|2 +m2

∗

)
=

αω ′2

2πρnω(2+η2) ∑
𝜖′

∑
spin

Tn, (16)

where m∗ =
√

m2 + e2a2 is called the effective mass,
and the dimensionless Lorentz-invariant parameter η =

e
√
−〈Aµ Aµ〉/m = ea/m is used, which characterizes the

work, in contrast with the electron rest energy that the elec-
tromagnetic field imposes on the particle over a wavelength.
Apparently, this parameter is a denotation of the laser inten-
sity. And ρ is the flux of the incident photon beam, which
may be calculated in the following way:

ρ =
Nphotons

V
=

IlaserV
ωV

=
ω2〈A2〉

4πω
=

ωm2η2

4πα
, (17)

here V is the volume containing N photons in the laser field.
So far, we have derived the differential cross section of

the n photons Compton scattering for both linearly and cir-
cularly polarized lasers. Reviewing the expressions about the
cross sections, especially Eqs. (14a) and (14b), we find that
the cross sections are dependent on the laser intensity. This
is different from the case in a weak field and shows the non-
linear effects of the strong field.

2.2. Transformation between the initial rest frame and the
laboratory frame

In the previous subsection, for simplification, we derive
the formula in the frame in which the electrons are initially at
rest. We call this frame the R frame. However, in the labora-
tory, the electron beams are always accelerated to relativistic

speeds. In order to analyze the real experiment and give some
predictions, we need to transform our formula to the labora-
tory frame, namely, the L frame.

If an electron moves with speed −v in the L frame, two
formulae are workable for light, namely,

ω
′
R(θR) = ω

′
L(θL)γD(1−βDcosθL), (18)

cosθR =
cosθL−βD

1−βDcosθL
, (19)

where βD =−v/c and γD = 1/
√

1−β 2
D.

Next we shall consider the transformation of the cross
section, that is

dσL

(dΩk′)L
=

ρR

ρL

(dΩk′)R

(dΩk′)L

TR

TL

dσR

(dΩk′)R
. (20)

This differential transformation is easily achieved with the
help of Eqs. (18) and (19). Then, we can sum up and give
a briefer expression for the differential cross section in the L
frame

(dσn)L

(dΩk′)L
= NDNRπr2

e ∑
𝜖′

∑
spin

Tn, (21)

with

ND = γ
2
D(1+βD)(1+βDcosθR)

2,

NR =
2ω ′2R

πη2nω2
R(2+η2)

,

where re = α/m is the classical electron radius. Hence, know-
ing the cross section at the angle position (θR,φ) in the R
frame, we can easily obtain the corresponding quantity at the
angle position (θL,φ) in the L frame.

3. Investigation on the polarization effects
Let us first concentrate on the dependence of ω ′L on θL.

To obtain an explicit representation of the relationship, we
should consider expressions (7), (18), and (19) overall and per-
form some substitutions. Then it is straightforward to obtain
dω ′L/dθL, if let it be 0, we can find an interesting and special
value of βD, that is

βs =
−vs

c
=− mη2 +2nωR

mη2 +2nωR +2m
=−|𝑞R|+n|𝑘R|

q0
R +nk0

R
. (22)

For a fixed n, if βD > βs, ω ′L(θL) decreases with θR or θL in-
creasing from 0 to π , however, if βD < βs, the case will be op-
posite, and if βD = βs, ω ′L(θL) will be the same in all directions
and the accurate value of the energy of the scattered photon in
the L frame is ω ′s = nω (see Fig. 2). It means that in this case,
the energy of an electron will not change after the scattering
no matter where the electron is scattered to. In Fig. 2, the en-
ergies of the emitted photons from front scattering (θ = 0◦)
and back scattering (θ = 180◦) with different initial electron

054103-4



Chin. Phys. B Vol. 23, No. 5 (2014) 054103

velocities are showed. The energy of the scattered photon in
the front scattering changes little no matter how fast the elec-
tron moves, while in the back scattering, the energy increases
quickly when the speed of the electron beam approaches to−c.
In the figure, the position where ω ′L(θ = 0◦) = ω ′L(θ = 180◦)
is just at βD = βs. We may call this the elastic scattering case,
since it is just like the elastic Compton scattering. Considering
in the L frame and substituting the relation between ωR and ωL

into the expression of βs, we may have

βs =
−m2(2η2 +η4)−4nωL

√
(1+η2)m2 +n2ω2

L

m2(2+η2)2 +4n2ω2
L

.

If the laser source used in lab is optical and intense, namely,
ωL� m and η ∼ 1, and n is not very large, the parameter can
be simply written as βs ∼ −η2/(2+η2), so this velocity is
mainly determined by the laser strength in this condition.

-1.0 -0.5 0 0.5 1.0
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βD

βs

ω
L
/
ω

L
'

θL/Ο
θL/Ο

Fig. 2. (color online) Dependence of ratio ω ′L/ωL on βD at θ = 0◦

and θ = 180◦ in the scattering process of 2-photon absorption (η = 0.6,
which corresponds to the laser intensity of 1018 W/cm2, λ = 1054 nm).
Note that βD < 0 when the electron moves along the negative z axis. The
intersection of the two curves is located at position (βs,2).

Moreover, noting that βD always has the form |𝑝|/p0 and
taking note of the right side of Eq. (22), we may have the rela-
tion

(|𝑞R|+n|𝑘R|)2 +m2
s = (q0

R +nk0
R)

2, (23)

and it is easy to find that ms =
√

m2
∗+2nmωR. Hence inspired

by the elastic scattering case, the scattering with n-photon ab-
sorption can be viewed as a process in which an unstable par-
ticle whose mass is ms decays into a photon and an electron
with the Volkov state. It is worthwhile to note that the decay
process in this case gives a relatively symmetrically angular
distribution of the cross section which will be shown later, and
more details of the interaction between photons and electrons
can be reflected.

From the discussion in Section 2, we find that the main
difference in the angular distribution of the cross section be-
tween the two kinds of polarized fields should appear in the

φ direction. However, we investigate the θL direction first.
Particularly, the electron velocity is chosen to be that in the
elastic scattering case. The reason has been given before. Fig-
ure 3 shows the angular distribution (at the θL direction) of the
emitted photons in multiphoton Compton scattering in linearly
(φ = 45◦) and circularly polarized laser fields.
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Fig. 3. (color online) The angular distribution of the cross section
(scaled by πr2

e ) of the scattering for different numbers of absorbed pho-
tons with (a) circular polarization and (b) linear polarization in the L
frame. All curves are plotted for the elastic scattering case, and η = 0.6,
λ = 1054 nm.

It is shown in Fig. 3 that if the electron moves with speed
βsc and ωL � m, the maximum position of the cross section
approaches θL = 90◦ with n increasing for both circular and
linear polarization cases. For n = 1, the maximum always ap-
pears at θL = 0◦, which agrees with the K–N formula. How-
ever for n > 1, the maximum positions are all between θL = 0◦

and θL = 180◦, and the cross section decreases to zero when
θL tends to 0◦ and 180◦. The outstanding distinctions between
curves for n= 1 and n> 1 indicate that the multiphoton Comp-
ton scattering has an intrinsically different process in contrast
with the one-photon Compton scattering. To understand this
difference, we should go back to expression (21). As in the
elastic scattering case, 0.1 < βD < 0.2, ND has little influence
on the angular distribution in Fig. 3. So the main difference
comes from the term ∑𝜖′∑spin Tn. Equations (14a) and (14b)
give the expressions of this term for linear and circular polar-
ization cases. We mainly analyze the behavior of the Bessel
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functions. For the ordinary Bessel function Dn(ξ − ξ ′), ne-
glecting the constant phase e−inπ/4 , we can express it in an-
other form, namely,

Dn(ξ −ξ
′) =

ξ −ξ ′

2

∞

∑
k=0

(−1)k ((ξ −ξ ′)/2)2k

k!(n+ k)!
.

When θL → 0◦ and 180◦, ξ − ξ ′ → 0. It is clear that every
Dn with n > 0 vanishes, however, D0(0) = 1. So the key dif-
ference between the one-photon and the multiphoton Comp-
ton scatterings in a circularly polarized field is that the former
contains a zero order Bessel function. It is analogous to an-
alyze the linear polarization case. Considering the condition
nωL�m, we find αl→ 0 and βl ∼ 0 when θL→ 0◦ and 180◦.
For n ≥ 0, we have the following Taylor expansions of the
general Bessel functions in Eq. (14a):

Jn(αl,βl) = δn0 +
αl

2
δn1−

βl

2
δn2 +O(α2

l ,β
2
l ),

Bn(αl,βl) =
1
2

[
δn1 +

αl

2
δn2−

βl

2
(δn1 +δn3)

]
+O(α2

l ,β
2
l ),

here δi j is Kronecker’s delta function. Then we can also dis-
cover that the nonzero term J0(0,0) or B1(0,0) is included
only for the one-photon Compton scattering. Therefore, the

zero order Bessel functions signify the process of the one-
photon Compton scattering.

From the figure, we can see that the cross sections de-
crease with n increasing no matter where we observe. How-
ever the cross sections for n = 1, . . . ,5 have the same order of
magnitude. This is totally different from the Compton scatter-
ing in a weak field and obviously is a reflection of the non-
linear effect of a strong laser field. The figures also suggest
that we can use the maximum of the differential cross sec-
tion dσn to represent the total cross section σn roughly in such
an elastic scattering case. However, further calculations show
that if the intensity is even higher, the conclusion is not right
for the linear polarization field.

To find the approximate maximums of lines in Fig. 3, we
set θL = 60◦ for n = 2, θL = 70◦ for n = 3, and θL = 80◦ for
n = 4, besides, we set θL = 30◦ for n = 1 as a comparison.
In Fig. 4, we plot the dependence of the cross section corre-
sponding to different polarized laser on the azimuth angle φ

in the polar coordinate, and we still choose βsc as the electron
velocity. The potential with circular polarization has a symme-
try in the φ direction, so the corresponding distribution of the
differential cross section form a circle in the polar coordinate.
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Fig. 4. (color online) The dependence of the cross section (scaled by πr2
e ) corresponding to different polarized laser on the azimuth angle φ in the polar

coordinate, where (a) θL = 30◦, (b) θL = 60◦, (c) θL = 70◦, and (d) θL = 80◦ correspond to n = 1,2,3,4, respectively. Note that the radius of the first figure
is twice of that in the other figures. The red circles indicate the cross sections for the circular polarization, and the blue dash lines show the linear polarization
cases.
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In contrast, the angular distribution for the linearly polarized
laser field in this coordinate forms a figure like an “8” (see blue
dash lines in Fig. 4.), which has two symmetry axes. Compar-
ing the four figures one by one, we can easily find that the areas
surrounded by the red circles decrease more quickly than the
ones surrounded by the blue lines with increasing n, and this
is especially obvious for the figures of n = 2,3,4. This phe-
nomenon indicates a fact that a linearly polarized laser gener-
ates higher harmonics better than a circular one.

We still have to focus on the characters of the angular
distribution of the emitted photons in the φ direction for the
linearly polarized field. In Fig. 5, we copy the angular dis-
tributions for the linear polarization with n = 1,2,3 and plot
them in the same place, we also plot the case of n = 10 with
θL = π/2. From this figure, we can conclude that for a fixed
θL, the cross sections of the multiphoton Compton scattering
in the linearly polarized laser have maximums at its polariza-
tion direction, namely, φ = π/4 and φ = 5π/4, and minimums
at the direction orthogonal to its polarization direction, that is
φ = 3π/4 and φ = 7π/4. Another conclusion obtained from
the figure is that for the linearly polarized laser, the more laser
photons are absorbed, the better directivity the scattered pho-
tons have in the φ direction, since the shapes are getting thin-
ner with n increasing. This is a good sign for the design of
light sources.

  .
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  .


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n/

n/

n/

Fig. 5. (color online) The dependence of the cross section (scaled by
πr2

e ) corresponding to the linear polarized laser on the azimuth angle φ

in the polar coordinate. The lines of n = 1,2,3 are the same as the cor-
responding blue dashed lines in Fig. 4, and the line of n = 10 is drawn
when θL = 90◦.

A conclusion that higher laser intensities suppress low-
order harmonics and enhance higher-order harmonics was
drawn in Ref. [29], in which the scattering process was cal-
culated in a classical way. It is necessary to check if this
conclusion is right for both linearly and circularly polarized
laser fields. In Fig. 6, we plot the cross section versus η for
different n, with observation angle θL = π/2, initial electron

velocity ve = βsc, and laser wave length λ = 1054 nm. From
this figure, we find the maximums of the cross sections shift
to right with n increasing, and this is especially obvious for
the linear polarization case (see Fig. 6(b)). This implies that
every n-photon scattering process has its appropriate laser in-
tensity, and this intensity raises with n increasing. Therefore,
the conclusion is verified.
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Fig. 6. (color online) The cross section for n-photon scattering in a
circularly polarized laser field is plotted against the intensity parameter
η . All curves correspond to observation angle θL = π/2, electron ve-
locity βsc, and laser wave length λ = 1054 nm. Panles (a) and (b) are
for the circular polarization and the linear laser polarization (φ = 45◦),
respectively.

Furthermore, different from the circular case, all curves in
Fig. 6(b) have maximums at the intensity approaching η ∼ 1
and the values even have a little increase when n increases.
This may because at such a high intensity, the emitted pho-
ton from a larger n-photon absorption channel is more likely
to gather to the area where the max differential cross section
appears. It can also be explained from the above discussion
about inhomogeneous angular distribution.

4. Summary and outlook
From the derivation, we know that besides the two dif-

ferent kinds of Bessel functions, the cross-section formula of
the multiphoton Compton scattering for the linearly polarized
laser field has an extra term compared with the circular one.
The extra term, as well as the general Bessel function, gives
an asymmetry for the angular distribution of the emitted pho-
tons in the φ direction.
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We find an elastic scattering case in which the initial ve-
locity of an electron in the laboratory frame is βsc, and the
generated photon has the energy of nωL no matter where it
goes, for a fixed n. The angular distribution of the cross sec-
tion for this velocity is investigated when η ∼ 1 and ωL� m,
and the maximum approaching to θL = π/2 is discovered. We
have shown a pictorial comparison between linearly and circu-
larly polarized lasers in the scattering process, and obtained an
impression that the linearly polarized light supports the multi-
photon Compton scattering better than the circular one. For a
fixed θL, the linear polarization case has a maximum cross sec-
tion at the direction parallel to its polarization when the num-
ber of absorbed photons is not big. Moreover, the conclusion
that higher laser intensities suppressed low-order harmonics
and enhanced higher-order harmonics is also verified.
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Appendix A
We need to solve Dirac equation (1) with condition Aµ =

Aµ(ϕ = k · x) and k2 = 0. The four-potential Aµ satisfies the
Lorentz gauge condition, that is ∂µ Aµ = k · dA/dϕ = 0, which
implies k ·A = 0.

To find the solution, it is helpful to turn to the second-
order Dirac equation

(γµ i∂ µ − eγµ Aµ +m)(γν i∂ ν − eγν Aν −m)ψp(x) = 0. (A1)

Using Dirac matrices property {γµ ,γν}= 2gµν and the defini-
tion σµν = i[γµ ,γν ]/2, we rewrite this equation as(

Π
2−m2 +

1
2

eσµν Fµν

)
ψp(x) = 0, (A2)

where Πµ = i∂µ − eAµ , and Fµν = ∂ µ Aν − ∂ ν Aµ is the ten-
sor electromagnetic field. Furthermore, thanks to ∂µ Aµ = 0,
the equation has the form(

−∂
2−2ieA ·∂ + e2A2−m2− iek/

dA/
dϕ

)
ψp(x) = 0. (A3)

Simply analyzing this equation, we can realize that the solu-
tion should be in the form

ψp(x) = e−i p·xF(ϕ). (A4)

By noticing ∂ 2F(ϕ)= k2∂ 2F/∂ϕ2 = 0 and p2 =m2, the equa-
tion for F(ϕ) becomes much easier, namely,

2ik · p∂F
∂ϕ

=

(
2ep ·A− e2A2 + iek/

∂A/
∂ϕ

)
F. (A5)

The integral of this equation gives

F = exp
[
−i
∫ k·x

−∞

(
ep ·A

pk̇
− e2A2

2p · k

)
dϕ +

ek/A/
2p · k

]
× u(p,s), (A6)

where u(p,s) is a constant spinor, and here we assume the ini-
tial condition is F → u(p,s) as k · x→−∞. In the particular
case where A→ 0, u(p,s) is identified as an electron spinor
satisfying the free Dirac equation (p/−m)u(p,s) = 0.

Since k/A/k/A/=−k2A2 +2k ·Ak/A/= 0, then we have

exp
(

ek/A/
2p · k

)
= 1+

ek/A/
2p · k

.

Finally, we can write the solution in the form

ψp(x) = N
(

1+
ek/A/
2p · k

)
u(p,s)e−i p·x−iΦ , (A7)

where

Φ(k · x) =
∫ k·x

−∞

(
ep ·A
p · k

− e2A2

2p · k

)
,

and N is a normalization constant. To determine the constant
N, a box normalization can be imposed. Assume the normal-
ization volume is V , which means

ρV = 〈 j0〉V = 1, (A8)

where

〈 j0〉= 〈ψ̄pγ
0
ψp〉= N2 1

m

(
p0− e2〈A2〉

2k · p
k0
)
= N2 q0

m

is the mean value a component of the Dirac current density.
Then the normalization constant is N =

√
m/q0V .

In addition, its orthonormalization∫
d3xψ

†
p,s(x)ψp′,s′(x) = (2π)3δ(𝑝−𝑝′)δss′ (A9)

and completeness∫
d3 p

4

∑
s=1

ψ
†
p,s(𝑥, t)ψp,s(𝑥

′, t) = (2π)3δ(𝑥−𝑥′)I (A10)

have been proven,[30] where I is the four by four unit matrix.

Appendix B
To obtain the Fourier form of the Volkov state, we need

to simplify the phase term. Substituting these two potentials
to phase term (4), we obtain

Φc =
e2a2

2k · p
k · x− eap · 𝜖1

k · p
sin(k · x)

+
eap · 𝜖2

k · p
cos(k · x), (B1)

Φl =
e2a2

2k · p
k · x− eap · (𝜖1 + 𝜖2)

k · p
sin(k · x)

+
e2a2

4k · p
sin(2k · x). (B2)
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The first term in the two phases can be absorbed into quantity

q · x =
(

p+
e2a2

2k · p
k
)
· x,

and

qµ = pµ +
e2a2

2k · p
kµ (B3)

is defined as an effective momentum. There is also an analo-
gous mass shell relation

q2 = m2
∗ = m2

(
1+

e2a2

m2

)
, (B4)

with m∗ called the effective mass.
Now, it is straightforward to write the Fourier form of the

state. For the linearly polarized laser field,

ψp(x) =

√
m

q0V

(
1− ek/A/

2k · p

)
u(p,s)e−iq·x

×
∞

∑
n=−∞

Jn(αp,βp)e ink·x

=

√
m

q0V
u(p,s)e−iq·x

∞

∑
n=−∞

[
Jn(αp,βp)

− eak/𝜖/
2k · p

Bn(αp,βp)

]
e ink·x, (B5)

with

αp =
eap · (𝜖1 + 𝜖2)

k · p
, βp =−

e2a2

4k · p
,

and

Bn(αp,βp) =
1
2
[Jn−1(αp,βp)+ Jn+1(αp,βp)],

where Jn(αp,βp) is the generalized Bessel function, which can
be given in the integral representation as[31,32]

Jn(αp,βp)

=
1

2π

∫
π

−π

exp[−inθ + iαpsinθ + iβpsin2θ ]dθ . (B6)

For the circularly polarized laser field,

ψp(x)

=

√
m

q0V
u(p,s)e−iq·x

∞

∑
n=−∞

e ink·x

×
[

Dn(ξ )−
eak/γµ

2k · p
(
𝜖

µ

−Dn−1(ξ )+ 𝜖
µ

+Dn+1(ξ )
)]

, (B7)

with

𝜖
µ

− =
𝜖

µ

1 − i𝜖µ

2
2

,

𝜖
µ

+ =
𝜖

µ

1 + i𝜖µ

2
2

,

ξ =
ea

k · p

√
(p · 𝜖1)2 +(p · 𝜖2)2,

Dn(ξ ) =
1

2π

∫
π

−π

exp
[
− inθ + i

eap · 𝜖1

k · p
sin(θ)

− i
eap · 𝜖2

k · p
cos(θ)

]
dθ = Dn(ξ )e−inπ/4, (B8)

where Dn(ξ ) is the ordinary Bessel function. Besides, there is
a mathematical relation between these two functions

Jn(αp,βp) =
∞

∑
l=−∞

Dn−2l(αp)Dl(βp), (B9)

and it provides a way to obtain the approximate value of a
general Bessel function.
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