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Design of two-dimensional elliptically cylindrical
invisible cloaks with multiple regions∗
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Two-dimensional (2D) elliptically cylindrical invisible cloaks with multiple regions are designed based on the trans-
formation optics and the complementary media theory. Multiple invisible cloak regions can be obtained by properly using
the compressed or folded transformation in each space layer. The constitutive parameter tensor expressions for each re-
gion have been obtained. The results of full wave simulations by using finite element software confirm the validity of the
constitutive parameter tensor expressions. In addition, the parameters are relatively easier to realize.
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1. Introduction

In the past few years, invisible cloaks based on transfor-
mation optics and metamaterials have attracted extensive at-
tention in the scientific and engineering communities. The
theory of transformation optics was proposed by Pendry[1]

and Leonhardt[2] independently, which is based on the form-
invariant spatial coordinate transformations of Maxwell’s
equations. The first experimental demonstration of the cylin-
drical invisibility cloak at microwave frequency was realized
by using metamaterials by Schurig et al.[3] Full-wave simula-
tions of the cylindrical cloak and the calculation of the material
properties for coordinate transformations have been presented
by Cummer[4] and Schurig et al.[5] The interactions of electro-
magnetic waves with a general class of spherical cloaks were
established analytically based on a full wave Mie scattering
model by Chen et al.[6] The design of optical cloaks using
metamaterials was reported by Cai et al.[7] Following these
studies, a large number of papers on intensive investigation of
invisibility cloaks based on transformation optics have been
published.[8–17] Some review papers on transformation optics
can be found, e.g., in Refs. [18]–[20].

Recently, a new class of cloak named the exterior cloak,
which is different from the shell-like interior cloak,[1,3] has
been proposed by Lai et al.[21] Based on a complementary
media method and folded transformation optics, the exterior
cloak can hide objects at a distance outside the cloaking shell.
The key idea is a complementary “anti-object” embedded in-
side a shell with a “folded geometry”.[21] The scattering of
the object can be exactly eliminated by the “anti-object”. The
cloaked object can exchange information with the outer re-
gion because it lies outside the cloaking shell and can be seen.

The external cloak with the parameters of permittivity and per-
meability homogeneously anisotropic, which can be realized
easily in actual applications, has been proposed and validated
by full-wave simulations.[22] The simplified circular[23] and
elliptically[24] cylindrical external cloaks with only the axial
material parameter spatially variant have been designed. More
recently, cylindrical cloaks with multiple invisible regions and
arbitrary polygonal cloaks with multiple invisible regions were
reported by Luo et al.[25,26] The objects could be hidden in
the interior cavity and exterior space simultaneously in one
cloak with multiple invisible regions. In this paper, we inves-
tigate two-dimensional elliptically cylindrical invisible cloaks
with multiple regions, which can be applied to hide objects in
different areas. The constitutive parameter tensor expressions
for each region have been derived. The results of full-wave
simulations based on the finite-element software confirm the
validity of the constitutive parameter tensors. Only the axial
parameter of the cloak is spatially varied, and the transverse
parameters are constants, which can be realized easily. This
theoretical method can be used to design new invisible cloaks.
This cloak provides more flexible choices for the objects to be
hidden, which may be important in the applications of engi-
neering such as wireless communication, etc.

2. Design method and constitutive parameter
tensors
The schematic diagram for a two-dimensional (2D) el-

liptically cylindrical invisible cloak with multiple regions is
shown in Fig. 1. The region surrounded by ξ5 is the original
space, and the boundaries of the elliptical-cylinder with the
same focus from inside to outside are ξ1, ξ2, ξ3, ξ4, and ξ5, re-
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spectively. The material parameters can be obtained through a
three-step coordinate transformation based on the transforma-
tion optics and the complementary media theory. Firstly, using
folded transformation, the region ξ4≤ ξ ≤ ξ5 was transformed
to region ξ3 ≤ ξ ′ ≤ ξ4. Secondly, the region ξ2 ≤ ξ ≤ ξ3 was
transformed to region ξ1≤ ξ ′≤ ξ2. Thirdly, in order to rebuild
a correct optical path, the region 0 ≤ ξ ≤ ξ5 was compressed
to region 0≤ ξ ′ ≤ ξ1. It is known that the complementary me-
dia can “cancel” a certain space.[21] Hence, if objects placed
in the regions ξ4 ≤ ξ ′ ≤ ξ5 and ξ2 ≤ ξ ′ ≤ ξ3, and the suit-
able “anti-object” is embedded in the corresponding comple-
mentary layer ξ3 ≤ ξ ′ ≤ ξ4 and ξ1 ≤ ξ ′ ≤ ξ2 respectively, the
objects become invisible.
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Fig. 1. (color online) Schematic of the 2D elliptically cylindrical invis-
ible cloak with multiple regions.

By properly using a compressed or folded transformation,
we can obtain cloaks with multiple invisible regions. This pa-
per considers a two-dimensional elliptically cylindrical invisi-
ble cloak.

We adopt elliptically cylindrical coordinate system
(ξ ,η ,z). The relationships between (ξ ,η ,z) and the Carte-
sian coordinates (x,y,z) are x = pcoshξ cosη ,

y = psinhξ sinη ,
z = z,

(1)

where p is the semifocal length of the ellipse.
Choosing a proper transformation function, the original

space was transformed to the transformation space based on
folded transformation. The coordinate transformation function
can be generally expressed as ξ ′ = f (ξ ),

η ′ = η ,
z′ = z,

(2)

where f is a continuous function.
Based on the form invariant of the Maxwell equations and

the transformation optics theory, the permittivity and perme-
ability tensors in the transformation media are derived as

ε
′ = ΛεΛ

T/det(Λ), µ
′ = Λ µΛ

T/det(Λ), (3)

where Λ is the Jacobian transformation matrix with elements

Λ =

 f ′h 0 0
0 h 0
0 0 1

 , (4)

where h =
√

cosh2ξ ′− cos2η/
√

cosh2ξ − cos2η , f ′ is the
derivative of f , det(Λ) is the determinant of the Jacobi matrix,
and ε ′, µ ′, and ε , µ are the permittivity and permeability ten-
sors of the transformation and the original space, respectively.

Firstly, the original spatial region ξ4 ≤ ξ ≤ ξ5 was trans-
formed to the transformation spatial region ξ3 ≤ ξ ′ ≤ ξ4 based
on folded transformation. The transformed function is chosen
as ξ ′ = (ξ −ξ4)(ξ3−ξ4)/(ξ5−ξ4)+ξ4, ξ4 ≤ ξ ≤ ξ5,

η ′ = η , 0≤ η < 2π,
z′ = z, z ∈ R.

(5)

The nonlinear relationship between the coordinate parameters
and the lengths of major axes ri can be expressed as

ξi = ln(ri/p+
√

(ri/p)2−1), i = 1,2,3,4,5. (6)

From Eqs. (3)–(5), we can obtain the relative permittivity and
permeability tensors in outside transformed region (ξ3 ≤ ξ ′ ≤
ξ4) as 

ε ′
ξ ′ = µ ′

ξ ′ = f ′1,

ε ′
η ′ = µ ′

η ′ =
1
f ′1
,

ε ′z′ = µ ′z′ =
1
f ′1

cosh(2 f−1
1 (ξ ′))− cos(2η ′)

cosh(2ξ ′)− cos(2η ′)
,

(7)

where f ′1 = (ξ3−ξ4)/(ξ5−ξ4), and f−1
1 (ξ ′) = (ξ ′−ξ4)(ξ5−

ξ4)/(ξ3−ξ4)+ξ4.
Then, the original spatial region ξ2 ≤ ξ ≤ ξ3 was trans-

formed to the transformation spatial region ξ1 ≤ ξ ′ ≤ ξ2 using
the following coordinate transformation function: ξ ′′ = (ξ −ξ2)(ξ1−ξ2)/(ξ3−ξ2)+ξ2, ξ2 ≤ ξ ≤ ξ3,

η ′′ = η , 0≤ η < 2π,
z′′ = z, z ∈ R.

(8)

From Eqs. (3), (4), and (8), the relative permittivity and per-
meability tensors in inner transformed region (ξ1 ≤ ξ ′ ≤ ξ2)

can be obtained as
ε ′′

ξ ′′ = µ ′′
ξ ′′ = f ′2,

ε ′′
η ′′ = µ ′′

η ′′ =
1
f ′2
,

ε ′′z′′ = µ ′′z′′ =
1
f ′2

cosh(2 f−1
2 (ξ ′′))− cos(2η ′′)

cosh(2ξ ′′)− cos(2η ′′)
,

(9)

where f ′2 =(ξ1−ξ2)/(ξ3−ξ2), and f−1
2 (ξ ′′)= (ξ ′′−ξ2)(ξ3−

ξ2)/(ξ1−ξ2)+ξ2.
Finally, in order to rebuild the correct optical path, the to-

tal original space 0≤ ξ ≤ ξ5 should be restored in the interior
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space 0≤ ξ ′≤ ξ1. The coordinate transformation function can
be expressed as ξ ′′′ = ξ ξ1/ξ5, 0≤ ξ ≤ ξ5,

η ′′′ = η , 0≤ η < 2π,
z′′′ = z, z ∈ R.

(10)

From Eqs. (3), (4), and (10), the material parameters of the
rebuilt media can be obtained as

ε ′′′ξ ′′′ = µ ′′′ξ ′′′ =
ξ1

ξ5
,

ε ′′′η ′′′ = µ ′′′η ′′′ =
ξ5

ξ1
,

ε ′′′z′′′ = µ ′′′z′′′ =
ξ5

ξ1

cosh(2ξ5ξ ′′′/ξ1)− cos(2η ′′′)

cosh(2ξ ′′′)− cos(2η ′′′)
.

(11)

Using this method, the cloaks have two regions to hide
objects, one is the outside area (ξ4 ≤ ξ ′ ≤ ξ5) and the other is
the inside area (ξ2 ≤ ξ ′ ≤ ξ3).

3. Simulation results and discussion
In this section, we present an example of an elliptically

cylindrical invisible cloak with multiple regions and its full-
wave simulations by using finite-element software to confirm
the validity of the constitutive parameter tensors and the de-
sign method. The lengths of semimajor axes of ellipses from
inside to outside are a = 0.03 m, b = 0.04 m, c = 0.05 m,
d = 0.06 m, and e = 0.07 m, respectively. The semifocal
length p is 0.02 m. The incident wave is a TM-mode plane
wave with frequency f = 6 GHz. From our simulation, when
this cloak works around this frequency, its cloaking perfor-
mance is quite good; if the frequency of the incident wave is
changed, the cloaking performance will be affected, and grad-
ually becomes worse.

Firstly, we simulate the case where there are no objects
and “anti-objects” embedded in the cloak shell. Figure 2
shows the simulation results. We can see that the cloak, with-
out any concealed objects and “anti-objects”, does not bring
scattering, whenever the plan wave is incident from the x or y
axis. That is to say, we will not find this cloak from its out-
side, so the cloak achieves a good camouflage effect. In order
to further verify the validity of the permittivity and permeabil-
ity tensors, more simulations were done. Figure 3 shows the
results when the incident waves with different directions were
applied to the cloak. From the outcomes, we know the mag-
netic field distributions of the cloak have no scattering, thus
the system is invisible.

When a dielectric elliptical shell with ε = 2 and µ = 2
is placed in the inner space (ξ2 ≤ ξ ′ ≤ ξ3), and the suitable
“anti-object” is embedded in the corresponding complemen-
tary layer (ξ1≤ ξ ′≤ ξ2), the scattering pattern of the system is
depicted in Fig. 4. Figure 4(a) shows the simulation result that

a dielectric elliptical shell is placed in the space (ξ2 ≤ ξ ′ ≤ ξ3)

and there is no “anti-object” embedded in the complemen-
tary layer. It can be found that the scattering exists distinctly,
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Fig. 2. (color online) Magnetic field distributions of elliptically cylin-
drical invisible cloaks with multiple regions. (a) The incident wave is
along the x direction; (b) the incident wave is along the y direction.
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Fig. 3. (color online) Magnetic field distributions of elliptically cylin-
drical invisible cloaks with multiple regions when the plane wave irra-
diates obliquely.
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Fig. 4. (color online) Magnetic field distributions of the inner cloak
region ξ2 ≤ ξ ′ ≤ ξ3. (a), (b) Under an incident TM wave along the
x direction; (c), (d) under an incident TM wave along the y direction.
(a), (c) The cloak embed object; (b), (d) the cloak embeded object and
“anti-object”.

which means that the cloak is still visible from the outside.
Figure 4(b) shows the scattering pattern of the cloak, and the
“anti-object” is embedded in the complementary layer. We can
find the wave bends in the cloaking shells and fits to the fields
outside the cloak smoothly. The scattering in Fig. 4(a) is now
eliminated, and invisibility is achieved. Furthermore, we ob-
tain the scattering distributions when the incident wave is from
different directions. The large difference in the scattering pat-
terns shown in Figs. 4(a) and 4(b) fully validates the cloaking
effect of the inner cloak.

Similarly, in order to validate the cloaking effect of the
outside region, a dielectric elliptical shell with ε = 2 and
µ = 2 is placed in the space (ξ4 ≤ ξ ′ ≤ ξ5) and the suitable
“anti-object” is embedded in the corresponding complemen-
tary layer (ξ3 ≤ ξ ′ ≤ ξ4). The simulation results are shown in
Fig. 5. Comparing with the cloak which does not embed the
“anti-object”, we can observe that the scattering pattern of the
cloak with an “anti-object” still remains invisible. That is to
say, the outside region (ξ4 ≤ ξ ′ ≤ ξ5) can also be applied to
hide objects.
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Fig. 5. (color online) Magnetic field distributions of the outside cloak
region ξ4 ≤ ξ ′ ≤ ξ5. (a)–(d) The same as Fig. 4.
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When two dielectric elliptical shells with ε = 2 and µ = 2
are placed in the inner region (ξ2 ≤ ξ ′ ≤ ξ3) and the outside
region (ξ4 ≤ ξ ′ ≤ ξ5) simultaneously, and the suitable “anti-
objects” are embedded in the corresponding complementary
layers, respectively, the simulation results show that the per-
fect scattering patterns of the whole system can be obtained
for any incident wave’s direction. Figures 6(a) and 6(b) show
some simulation results, we can see that there is no scattering
for the magnetic field distributions.
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Fig. 6. (color online) Magnetic field distributions of the whole cloak
model when the objects and “anti-objects” are placed in the inside and
outside regions, respectively. (a) Under an incident TM wave along the
45◦ direction; (b) under an incident TM wave along the 30◦ direction.

When the value of p is close to zero, the elliptically cylin-
drical shell becomes a cylinder, and the simulation results are
shown in Fig. 7. We can find that the magnetic field distribu-
tions are consistent with those of Ref. [25].

In Fig. 8, we show the electric field distributions of the
cloak under an incident TE wave. From the simulation results,
we can see that the cloaks are also suitable for a TE wave.
Thus, this cloak can work for either a TE incident wave or a
TM incident wave.

Finally, the constitutive parameter distributions of each
transform region are presented in Fig. 9. We can see that the
parameters of permittivity are constants as shown in Figs. 9(a),
9(b), 9(d), 9(e), 9(g), and 9(h). The varied parameter is the
only permeability, as shown in Figs. 9(c), 9(f), and 9(i).
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Fig. 7. (color online) Magnetic field distributions of the cylindrical
cloak. (a) Under an incident TM wave along the x direction; (b) un-
der an incident TM wave along the y direction.
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Fig. 8. (color online) Electric field distributions of the cloak under an
incident TE wave. (a) There are no objects and “anti-objects”. (b) The
cloak of the inner region. (c) When the objects and “anti-objects” are
placed in the inside and outside regions, respectively.
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Fig. 9. (color online) Constitutive parameter distributions of the cloak. (a)–(c) The constitutive parameter of εη , εξ , µz for region ξ3 ≤ ξ ′ ≤ ξ4, respectively.
(d)–(f) The constitutive parameter of εη , εξ , µz for region ξ1 ≤ ξ ′ ≤ ξ2, respectively. (g)–(i) The constitutive parameter of εη , εξ , µz for region 0≤ ξ ′ ≤ ξ1,
respectively.

4. Conclusion
Two-dimensional (2D) elliptical cylindrical invisible

cloaks with multiple regions have been investigated in detail
based on the transformation optics and the complementary me-
dia theory. We deduced the constitutive parameter tensor ex-
pressions for each region. The simulation results of the outside
region, inner region and the whole model of the cloak have
been obtained. The results of simulations confirm the validity
of the constitutive parameter tensors, and the parameters are
easy to realize in practical applications. The cloak with multi-
ple invisible regions can be applied to hide objects in the inner
and outside areas simultaneously. This work provides a new
theoretical method for designing invisible cloaks.
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