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We systematically investigate the influence of atomic potentials on the above-threshold ionization (ATI) spectra in one-
dimensional (1D) cases and compare them with the three-dimensional (3D) case by numerically solving the time-dependent
Schrödinger equation. It is found that the direct ionization plateau and the rescattering plateau of the ATI spectrum in the 3D
case can be well reproduced by the 1D ATI spectra calculated from the supersolid-core potential and the soft-core potential,
respectively. By analyzing the factors that affect the yield of the ATI spectrum, we propose a modified-potential with which
we can reproduce the overall 3D ATI spectrum. In addition, the influence of the incident laser intensities and frequencies
on the ATI spectra calculated from the proposed modified potential is studied.
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1. Introduction
With the rapid development of ultrashort laser pulse tech-

nology, research on the law of the interaction between laser
and matter has been deepened gradually, and some high-order
nonlinear effects have been observed, including the high-order
harmonic generation (HHG),[1–4] non-sequential double ion-
ization (NSDI),[5,6] above-threshold ionization (ATI),[7–9] and
so on; therefore, a great amount of thorough and extensive
research in this field has been carried out. The ATI has
been deeply investigated in the past several decades, and it
was found that there exist two plateaus on the ATI spectrum,
which correspond to the direct ionization and the rescatter-
ing processes of the ionized electron.[10–14] The ATI spec-
trum can be used to detect the carrier envelope phase of the
laser pulses[15,16] and the internal structure of the atom or
molecule.[17,18]

Theoretically, the study on the ATI is mainly through the
numerical solutions of the time-dependent Schrödinger equa-
tion (TDSE). To obtain an accurate result, one has to use
a very large computational box to contain the overall infor-
mation about the ionized electron. Thus, under the high in-
tensity and long wavelength laser condition, the study of the
ATI spectrum is a tough task. Usually, people adopt the one-
dimensional (1D) model to replace the three-dimensional (3D)
one when the incident laser is linear polarization. The reason

is that, the computational cost largely increases as the dimen-

sion of the calculation increases, and the 1D result can also

present the essential physical mechanism in the interaction be-

tween laser and atom. In this scheme, the profile of the atomic

potential plays an important role in the accuracy of the result,

thus some works concentrated on the influence of the atomic

potential on the phenomena of strong field physics.[19,20] For

example, Silaev et al.[20] investigated and compared the struc-

tures of HHG calculated from 1D and two-dimensional (2D)

potentials with the 3D numerical result, and it was found that,

for the structure of HHG, the numerical results calculated from

the 1D and the 2D potentials exhibit similar structures in the

corresponding harmonic spectra. In this work, we investigate

the influence of the 1D model potentials on the ATI spectra.

In order to explore the effects of the model potential, we

first numerically solve the TDSE in 1D and 3D, then com-

pare the results from different 1D model potentials and the 3D

atom, and analyze the influence of the atomic potentials on the

different ATI plateaus. Finally, we propose a modified poten-

tial which can qualitatively reproduce the overall plateau of

the 3D atom, and investigate the ATI spectra of the proposed

atom under the action of laser pulses whose frequencies and

peak intensities are different.
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2. Theoretical method
The ATI spectrum of a system can be obtained by numer-

ically solving the TDSE that describes the interaction between
a model atom and an intense laser pulse. Under the dipole
approximation, in the velocity gauge, the TDSE of an atom
under the action of an intense laser pulse is given by (atomic
units are used throughout unless otherwise stated )

i
∂

∂ t
ψ(r, t) =

[
p̂2

2
+

1
c

A(t) · p̂+V (r)
]

ψ(r, t), (1)

where c is the speed of light in a vacuum, A(t) denotes the
vector potential of the laser field, p̂ = −i∇ refers to the mo-
mentum operator, and V (r) accounts for the potential function
of the atom, which is the Coulomb potential in the 3D case.
While in the 1D cases, there are five potential functions (i.e.,
soft-core, solid-core, pliant-core, supersolid-core, and modi-
fied potentials) describing the model atom, and they can be

described by a general expression[18]

V1D(x) =−
1

(|x|m +n)1/m , (2)

where the values of m and n in the potential function are shown
in Table 1. In this case, it can ensure that the calculated ion-
ization energy of the model atom is 0.5 a.u. (the ground state
energy of a hydrogen atom). In Table 1, we also present the
energy of the first excited state for different potential func-
tions. Using the Crank–Nicholson difference scheme, we nu-
merically solve Eq. (1) and obtain the time-dependent wave
function of the system at any moment.[21] Adopting the calcu-
lation scheme of Javanainen et al.,[22] we firstly calculate the
continuous state wave function of the system, then project it
onto the time-dependent wave function at the end of the laser
pulse, and eventually calculate the ATI spectrum.

Table 1. Energy of the first excited state calculated from different potential functions.

Potential function Soft-core Solid-core Pliant-core Supersolid-core Modified H atom
(m,n) (2.00, 2.00) (1.00, 1.00) (1.50, 1.45) (0.50, 0.60) (1.75,1.70) –
Energy –0.2329 –0.1804 –0.2135 –0.1163 –0.2247 –0.1250

In order to analyze the influence of the ionization prob-
ability on the ATI spectra, we also calculate the bound state
wave functions and project them onto the time-dependent
wave function, thus obtaining the population amplitude of the
bound state at any moment

bn(t) = 〈ϕn(x)/ψ(x, t)〉 . (3)

Then the ionization probability of the system can be obtained
as

pion = 1−
Nmax

∑
n=0
|bn(t)|2. (4)

While in the 3D case, the wave function in the momentum
space can be obtained from the wave function in the coordi-
nate space through the Fourier transformation

Φ(k, t) =
1

(2π)3/2

∫
ψ(r, t)exp(−ik · r)dr. (5)

Substituting Eq. (5) into Eq. (1), we can obtain the TDSE in
the momentum space. This equation can be solved by the time-
dependent generalized pseudospectral scheme.[23] Using the
calculated time-dependent wave function of the system, we
calculate the information about the ATI utilizing the scheme
proposed by Dionissopoulou et al.[24] At the end of the laser
pulse, we can obtain the population of each state by project-
ing the eigen-state wave function in the field-free case onto the

final-state wave function. By projecting the scattered contin-
uum state

Ψ
− = 4π

√
π

2k ∑
l

l

∑
m=−l

il e−iδl Y∗lm(𝑘)Ylm(𝑟)Rkl(r) (6)

onto the wave function at the end of the laser pulse, if cl(ε, t)
is the population amplitude of the normalized continuum state,
the angular distribution of photoelectrons can be obtained as

d2Pε(𝑘, t)
d𝑘dε

=

∣∣∣∣∣∑l

l

∑
m=−l

(−i)l e iδl Ylm(𝑘)cl(ε, t)

∣∣∣∣∣
2

. (7)

For the case of a linearly polarized laser pulse, it can be re-
duced to

d2Pε(ϑ , t)
dϑ dε

=

∣∣∣∣∣∑l
(−i)l e iδl Yl0(ϑ)cl(ε, t)

∣∣∣∣∣
2

. (8)

For the 3D case, if one knows the probability amplitude
cl(ε) of the continuum state whose energy is ε and partial is l,
then one can obtain the single differential cross section

dPε

dε
= ∑

l
|cl(ε)|2. (9)

The photoelectron energy–angular distribution can be calcu-
lated by the double differential cross section

∂ 2P
∂E sinθ∂θ

= 2π

(
∂ 3P

∂E∂Ω

)
. (10)
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In order to compare with the 1D result, we calculate the
ATI spectrum in the direction of the laser electric field and
name it the axial ATI spectrum in this paper. Here, the ax-
ial ATI spectrum is defined as the number of photoelectrons
that can be obtained in a given energy range by integrating the
momentum in the direction perpendicular to that of the laser
field. As for the measurement of the ATI spectrum of the high
energy electron, the collection angle should be chosen to be
a very small angle, which should be 3◦–5◦. However, in our
calculation, the momentum is chosen in a 2D plane, and in this
plane, we integrate the momentum in the direction perpendic-
ular to that of the electric field, and the range of momentum
integration is set from 0 a.u. to 0.866 a.u. (in effect, the result
will be close to the axial one if a small range of integration is
used, however, in order to reduce the jitter of the curve of the
ATI spectrum, we choose the above range) corresponding to
the energy range from 0 a.u. to 0.375 a.u. The linearly polar-
ized laser pulse is selected to have a Gaussian shape, and its
electric field is

E(t) = E0 exp
(
−4ln2

t2

τ2
p

)
sin(ωt), (11)

where E0 and ω are the peak amplitude and the central fre-
quency of the laser pulse, respectively. Here, τp = πNp/ω is
the full width at half maximum (FWHM) of the laser pulse,
Np = 5 refers to the number of the optical cycles and is used
throughout this paper.

3. Results and discussion
In the 1D case, Silaev et al.[20] chose four kinds of po-

tential functions, i.e., soft-core potential, solid-core poten-
tial, pliant-core potential, and supersolid-core potential, to de-
scribe the model atom, whose general expression is given by
Eq. (2). In Fig. 1(a), we present the ATI spectra of these
model atoms irradiated by an ultrashort laser pulse, whose
peak amplitude of the electric field and central wavelength are
E0 =0.067 and 800 nm, respectively, and the corresponding
Keldysh parameter[25] γ =

√
Ip/(2Up) is 0.85. It can be seen

from the figure that there are two plateaus in the ATI: one ends
at 2Up and the other ends at 10Up, where Up = E2

0/4/ω2 is
the pondermotive energy of the laser pulse. The lower energy
plateau has a higher intensity, and is generated from the direct
ionization of the atom. The high energy plateau has a lower
intensity, and is generated from the rescattering of the ionized
electron. For the cutoff energy of the ATI spectra, these atomic
potentials are almost the same. Large derivations present in the
intensities of the ATI spectra calculated from the four atomic
potentials.

For the purpose of comparison, we calculate the 3D and
the corresponding axial ATI spectra, and find that they both

exhibit the two plateaus. Under the action of a low frequency
linearly polarized laser pulse, the main population of ATI lies
in the direction of the laser electric field (axial direction), and
many experiments only collect the ionized electrons in the ax-
ial direction, thus we also present the axial ATI spectra in
Fig. 1. We can see from Fig. 1(a) that the 1D and the 3D
ATI spectra have the same energy cutoffs, i.e., 2Up and 10Up;
however, there exists a difference between them, the yields are
different. It can be seen from Fig. 1(b) that at a shorter dis-
tance (near the nuclear zone), the potential well is deep, the
supersolid-core potential is closer to the exact one, while at a
longer distance (far away from the nuclear zone), the soft-core
potential is much closer to the exact one. Therefore we can
say that, for the overall structure of the ATI spectra, the 1D
results are not completely identical to the 3D one. However,
the 1D ATI spectra are qualitatively analogous to the 3D axial
one. The results show that the non-axial population also plays
an important role under this laser condition.
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Fig. 1. (color online) (a) ATI spectra of the model atom calculated from
the 3D potential function and different 1D potential functions, (b) model
potential functions under the action of a laser field, where the magenta
curve denotes the ground state energy of the system.

In order to obtain a result which qualitatively agrees with
the 3D axial one using an adaptive 1D model potential, we
separately analyze the ATI spectra in high energy and low en-
ergy. In low energy, it is found that the intensity profiles of
the low energy plateau in the 1D ATI spectra calculated from
soft-core potential (dotted black curve), pliant-core potential
(short-dashed green curve), and solid-core potential (dash-
dotted red curve) are in good agreement with each other, while
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the result from the solid-core potential (dash-dotted red curve)
is lower in intensity compared to that from the other two. The
1D ATI spectrum calculated from the supersolid-core poten-
tial has a much lower intensity compared to the three former
ones, and its structure is quite different from that of the three
former ones. There exists a big difference between the 1D ATI
spectra in these cases and the axial ATI spectrum, and only the
ATI spectrum calculated from the supersolid-core potential is
identical to the axial ATI spectrum in intensity.
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Fig. 2. (color online) Low energy plateaus of the axial and the 1D ATI
spectra of the model atom.

In order to find out the causes of the above phenomena,
i.e., under the same incident laser, a distinct difference exists
between the low energy plateaus of the ATI spectra calculated
from different potential functions, we analyze the classical
three-step model.[26] In the ionization stage, there exists a big
difference in the potential barriers consisting of the laser field
and different atomic potentials. Though under the action of
the same laser pulse, the potential barrier which the electron
will penetrate widens and heightens gradually and from the
soft-core potential, the pliant-core potential, the solid-core po-
tential, and the supersolid-core potential to the actual Coulomb
potential of the hydrogen atom, leading to the gradual decrease
of the ionization probability. To verify this conclusion, we cal-
culate the change of the ionization of the atom with time in the
intense laser field according to Eq. (4) and show it in Fig. 3.
The parameters of the laser pulse are the same as those adopted
in the previous part. It can be seen from Fig. 3 that the ion-
ization probabilities calculated from the supersolid-core po-
tential, the solid-core potential, the pliant-core potential, and
the soft-core potential increase in sequence. Particularly, the
ionization probability calculated from the supersolid-core po-
tential is closer to the 3D result, which can be attributed to the
fact that the structure of the supersolid-core potential is closer
to that of the actual Coulomb potential of the H atom. In order
to verify this conclusion, we calculate the energy of the first
excited state in different model potentials. Obviously, we can

see from Table 1 that the energy of the first excited state cal-
culated from the supersolid-core potential is also close to that
of the H atom. We can arrive at the same conclusion by calcu-
lating the probability of ionization and the energy of the first
excited state. The ionized electron will move in the laser field
after ionization, and get out of the potential well at the same
time for different potential functions due to the same incident
laser field; as a result, the generated effects like dispersion are
in agreement and the influence of this process on the atom
is the same for different potential functions. The low energy
plateau of the ATI spectrum comes from the direct ionization,
therefore, in the low energy region, the 3D ATI spectrum of the
H atom can be replaced by the 1D result from the supersolid-
core potential, which can be clearly seen in Fig. 2.
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Fig. 3. (color online) Time evolution of the ionization probability cal-
culated from different potential functions.

As for the high energy plateau (i.e. the rescattering
plateau), the intensities of the axial ATI spectrum and the ATI
spectra calculated from the soft-core potential, the pliant-core
potential, the solid-core potential, and the supersolid-core po-
tential increase gradually and only the 1D ATI spectrum from
the soft-core potential is close to the axial one (see Fig. 1). The
elastic cross section of the soft-core potential is much smaller
than that of the other potential functions,[8] which can be at-
tributed to the fact that the change of the soft-core potential
is slower than that of the other potentials and the force acted
on the atom is smaller. As a result, for the soft-core poten-
tial, the electron has less opportunity to be scattered elastically
compared to the solid-core potential, the pliant-core potential,
and the supersolid-core potential. Therefore, in the case that
the ionization probability is the same, the intensity of the ATI
spectrum in the rescattering plateau corresponding to the soft-
core potential is lower than that corresponding to the pliant-
core potential, the solid-core potential, and the supersolid-core
potential, and is in agreement with that of the 3D H atom. For
this reason, in the high energy region of the ATI spectrum, the
3D result of the H atom can be replaced by the 1D one from
the soft-core potential.
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Through the analysis of low energy and high energy
plateaus, we find that there is no 1D ATI spectrum calculated
from the potential functions given in Fig. 1 that can fit well
the overall axial and 3D ATI spectra, and only the 1D ATI
spectrum calculated from the pliant-core potential is relatively
close to the axial one. For this reason, we need to build a po-
tential function with which we can obtain the ATI spectrum
closer to the overall axial one, thus investigating the 3D ATI
spectrum through the 1D one. Here, we choose the same pa-
rameters as those in Fig. 1, and build a modified function (its
expression is given in Eq. (2) and the corresponding values of
m and n are shown in Table 1) through which we can use the
obtained 1D result to investigate the overall structure of the
axial ATI spectrum. As shown in Fig. 4, the 1D ATI spectrum
calculated from the modified potential is much closer to the
overall axial one compared to that calculated from the pliant-
core potential, and the main difference is that its intensity is
one order of magnitude larger than that of the axial result. As
has been discussed above, we can utilize the 1D ATI spectrum
obtained from the modified function to replace the overall 3D
one in calculation, thereby greatly reducing the computational
time.
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Fig. 4. (color online) Axial ATI spectrum and the 1D ones of the model atom
calculated from the modified potential and the pliant-core potential.

Figure 5 shows the 1D and the axial ATI spectra in dif-
ferent laser fields: (a) E0 = 0.0713, (b) E0 = 0.0671, (c)
E0 = 0.0633, and (d) E0 = 0.0475, and the wavelength is
still 800 nm. The corresponding Keldysh parameters are 0.80,
0.85, 0.90, and 1.20, which transit from the tunneling regime
to the multiphoton one. It can be seen from the figure that at
different intensities, the overall structure of the 1D ATI spec-
trum calculated from the modified potential is still in good
agreement with that of the axial one, and they are more iden-
tical to each other in the tunneling regime. Hence, we can use
the modified potential to investigate the 1D and the 3D ATI
spectra at different incident intensities.

Can the 3D ATI spectrum be reproduced by the modi-
fied potential we built when the frequency of the laser pulse
changes? In the following, we investigate this issue. Here, the

frequencies of the laser pulses are chosen as (a) ω0 = 0.057,
(b) ω0 = 0.114, (c) ω0 = 0.228, and (d) ω0 = 1, and we ad-
just their intensities to ensure that the corresponding Keldysh
parameters are 0.85. Figure 6 shows the 1D ATI spectrum cal-
culated from the modified potential and the axial one of the
hydrogen atom. It can be seen from the figure that the 1D and
the axial ATI spectra are still in agreement with each other,
however a difference in the structure appears as the frequency
increases.
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Fig. 5. (color online) Axial ATI spectra and the 1D ones from the modi-
fied potential at different incident intensities, the corresponding electric
field strengths are (a) E0 = 0.0713, (b) E0 = 0.0671, (c) E0 = 0.0633,
and (d) E0 = 0.0475.

As for the difference in the structures of 1D and axial ATI
spectra shown in Fig. 6, we can analyze from the perspective
of the photoelectron energy–angular distribution, as shown in
Fig. 7. It can be known from the definition of the transverse
momentum that the transverse momentum is the component
of the momentum which is perpendicular to the polarization
direction of the electric field. In the results of our 3D cal-
culation, for the low frequency case, the transverse momen-
tum is very small; whereas, for the high frequency case, the
effect of the transverse momentum is distinct, which can be
clearly seen from Fig. 7. For this reason, we can say that
the result comes from the influence of the transverse momen-
tum. Under the action of a high frequency laser pulse, the
photoelectron energy–angular distribution displays complex
interference patterns, which consist of a series of rings (see
Fig. 7(b)). The rings represent the angular distribution of the
photoelectron, which indicates that the photoelectron emission
is almost independent of the direction. As has been stated in
the theoretical method part, the axial ATI spectrum contains
only the component in the direction parallel with the electric
field, and the non-axial component is not included, as a result,
there exists a difference between the axial ATI spectrum and
the ATI spectrum that contains all the information about the
ATI process. However, the peak structure of the ATI spectrum
can still be described by the axial ATI spectrum, as shown in
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Fig. 6(d). Under the action of a low frequency laser pulse,
we can see that the intensity of the photoelectron emission
in the direction parallel with the electric field of the incident
laser pulse is much larger than that in other directions (see
Fig. 7(a)). Therefore, we can say that in the low frequency
laser field, the axial component basically contains the informa-
tion about the ATI process, which has already been observed
in the experiments.[27] Consequently, under the action of a low
frequency laser pulse, the ATI spectrum can be accurately de-
scribed by its axial component.
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Fig. 6. (color online) Axial ATI spectra and the 1D ones calculated from
the modified potential under the laser pulses whose frequencies are (a)
ω0 = 0.057, (b) ω0 = 0.114, (c) ω0 = 0.228, and (d) ω0 = 1.
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Fig. 7. (color online) Energy–angular distribution of the photoelectron
at the frequencies of (a) 0.057 and (b) 1, where the pulse duration of the
incident laser is five optical cycles. The laser field amplitudes are (a) E0
=0.067 and (b) E0 =1.176.

4. Conclusion
In this paper, we systematically investigate and compare

the ATI spectra in 1D and 3D cases by numerically solving the
TDSE that describes the interaction between the model atom
and the ultrashort laser pulse. It is found that, under the ac-
tion of a low frequency laser pulse, we fail to obtain the ac-
curate 1D ATI spectra that are identical to the 3D results by
utilizing the existing potentials. However, the 1D ATI spectra
calculated from the supersolid-core potential and the soft-core
potential can reproduce the direct ionization plateau and the
rescattering plateau of the 3D ATI spectrum, respectively. By

analyzing the ionization probability, the energy of the first ex-
cited state, and the rescattering cross section, we verify the
conclusion that the direct ionization plateau and the rescatter-
ing plateau of the ATI spectrum depend on the energies of the
first excited state and the rescattering cross section, respec-
tively. By adjusting the two factors that affect the structure
of the ATI spectrum, we build a modified potential which can
reproduce the overall 3D ATI spectrum. In addition, under
the action of the incident laser with different intensities and
frequencies, the 3D result can still be well reproduced by the
modified potential in the 1D case.
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