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Probing dynamic interference in high-order harmonic generation
from long-range molecular ion: Bohmian trajectory investigation∗

Wang Jun(王 俊)a), Wang Bing-Bing(王兵兵)b), Guo Fu-Ming(郭福明)a), Li Su-Yu(李苏宇)a), Ding Da-Jun(丁大军)a),
Chen Ji-Gen(陈基根)c), Zeng Si-Liang(曾思良)d)e), and Yang Yu-Jun(杨玉军)a)†

a)Institute of Atomic and Molecular Physics, Jilin University, Changchun 130012, China
b)Beijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China

c)Department of Physics and Materials Engineering, Taizhou University, Taizhou 318000, China
d)Science and Technology Computation Physics Laboratory, Institute of Applied Physics and Computational Mathematics, Beijing 100088, China

e)Data Center for High Energy Density Physics, Institute of Applied Physics and Computational Mathematics, Beijing 100088, China

(Received 27 November 2013; revised manuscript received 20 December 2013; published online 25 March 2014)

Using Bohmian trajectory (BT) method, we investigate the dynamic interference in high-order harmonic generation
from diatomic molecular ions. It is demonstrated that the main characteristics of the molecular harmonic spectrum can be
well reproduced by only two BTs which are located at the two ions. This happens because these two localized trajectories
can receive and store the whole collision information coming from all of the other re-collision trajectories. Therefore,
the amplitudes and frequencies of these two trajectories represent the intensity and frequency distribution of the harmonic
generation. Moreover, the interference between these two trajectories shows a dip in the harmonic spectrum, which reveals
the molecular structure information.
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1. Introduction

When atoms and molecules are irradiated by an intense
laser pulse, high-order harmonics of the laser’s frequency
may be generated.[1–4] The mechanism of high-order har-
monic generation (HHG) is a recombination of an ionized
electron with its parent ion in the laser field.[5,6] HHG of-
fers us a new way to detect this microscopic process with
sub-angstrom spatial and attosecond temporal resolution.[7–9]

HHG can also be applied to image molecular orbits,[10–12] and
probe the electronic or nuclear dynamical behavior with at-
tosecond resolution.[13–15]

The response of single atom or molecule of HHG
has been studied theoretically by solving time-dependent
Schrödinger equation (TDSE).[16,17] The TDSE calculation
can provide an accurate result to simulate the experiment mea-
surement. However, it is difficult to extract the dynamic infor-
mation of the HHG process from the time-dependent wave-
function and to uncover the physical mechanism behind the
process. To overcome this difficulty, one can adopt the BT
scheme. Recently, this scheme has been used in research on
the interaction between matter and a strong field. For exam-
ple, by using this method, Takemoto et al.[18] investigated the
attosecond electron dynamics of molecular ions, and Lai et
al.[19] studied the correspondence between quantum and clas-

sical processes in strong field ionization. Furthermore, this
scheme has been successfully applied to investigate the atomic
HHG processes.[19–21] It is found that the result of the atomic
HHG by solving the TDSE agrees well with that by the BT
scheme.[21]

In this work, the BT method is applied to study the dy-
namic interference process in the molecular HHG processes.
For the HHG of small linear molecules, there is a minimum in
the harmonic spectra due to the interference of many atomic
centers.[22–27] This minimum in the molecular HHG spec-
trum was first predicted theoretically by Lein et al.[16,17] and
confirmed experimentally by Kanai et al.[23] The interference
structure changes with the internuclear distance, the symme-
try of molecular orbit, and the multi-orbit effect.[27,28] Thus, it
is necessary to figure out the physical mechanism behind the
interference structure in the molecular HHG spectrum.

To understand the interference mechanism, we investigate
the HHG of H+

2 molecular ion by using the BT scheme. It is
found that the HHG can be reproduced qualitatively by using
only two BTs, whose initial positions are located at the two
atomic centers in the molecular ion. More importantly, the
accurate interference structure in the molecular HHG spec-
trum can be illustrated through the dynamic analysis of the
Bohmian particles’ acceleration. These Bohmian particles
play the role of an ‘antenna’ that can well reflect dynamic in-
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formation about the electron in the molecule.

2. Theoretical methods

We take the electron probability density as a fluid, and
its flow can be analyzed by the Bohmian mechanics of
many Bohmian particles whose trajectories are guided by the
quantum wave-function.[17,29–31] The quantum wave-function
ψ(x, t) was obtained from the numerical solution of the one-
dimensional TDSE (atomic units are used throughout this pa-
per, unless otherwise stated): i∂ψ(x, t)/∂ t = Hψ(x, t), where
H = −∂ 2/2∂x2 +V (x,R, t) is the Hamiltonian of the H+

2

molecular ion. Here R is the distance between two protons,
and x is an electronic coordinate in the molecular frame. Under
dipole approximation and in length gauge, the time-dependent
potential is

V (r,R, t) =V (x,R)+E(t)x,

where the soft-core potential

V (x,R) =−1/
√
(x−R/2)2 +α−

√
(x+R/2)2 +α

is chosen to represent the interaction between the electron
and the nuclei, where α is the soft core parameter. The
laser–electron interaction potential is E(t) ·x, where the laser’s
electric field is E(t) = E0 f (t)sin(ωt) with ω and E0 being
the frequency and peak amplitude of the laser pulse, respec-
tively. The envelope of the laser’s electric field is f (t) =
exp[−4ln2((t − T/2)/σ)2] with the total width being T =

400.
The TDSE is solved numerically by using the sym-

metrically splitting fast Fourier transformation scheme.[32,33]

By using the time-dependent wave-function, the BTs
{xk(t) |k = 1, . . . ,NTra } are propagated by solving the follow-
ing equation:

ẋk(t) = Im
[ 1

ψ(x, t)
∂

∂x
ψ(x, t)|x=xk(t)

]
. (1)

The initial positions of the Bohmian particles are selected
by the electron probability density of the ground state of H+

2 ,
and for each trajectory we assign the same weight. The follow-
ing positions of these Bohmian particles are calculated from
the integration of Eq. (1).[28] Furthermore, we can obtain the
acceleration ak(t) = ẍk(t) of the Bohmian particles by taking
the derivative of Eq. (1). It should be noticed that, from a clas-
sical viewpoint, the square of the particle’s acceleration is pro-
portional to the instantaneous power of the radiation. Hence,
the harmonic spectrum of each particle can be obtained by us-
ing the Fourier transformation scheme

Pk(ω) =
∣∣∣ 1
tf− ti

1
ω2

∫ tf

ti
ak(t)e−iωt dt

∣∣∣2, (2)

where ti and tf are the initial and final instants of the laser
pulse, respectively. The whole HHG of the molecular ion can
be calculated from the Fourier transform of the acceleration of
the total BTs

P(ω) =
∣∣∣ 1
tf− ti

1
ω2

∫ tf

ti
aBT(t)e−iωt dt

∣∣∣2, (3)

where aBT(t) =
NTra
∑

k=1
ak(t)/NTra.

For the purpose of comparison, we also calculate the
HHG from TDSE using the time-dependent acceleration
dipole

Pk(ω) =
∣∣∣ 1
tf− ti

1
ω2

∫ tf

ti
a(t)e−iωt dt

∣∣∣2, (4)

where

a(t) =
〈

ψ(x, t)
∣∣∣ dV (x,R)

dx
−E(t)

∣∣∣ψ(x, t)
〉
. (5)

3. Results and discussion
In order to explore the generation mechanism of the min-

ima structure in the H+
2 molecular HHG spectrum, we first

calculate the BTs using Eq. (1). In the inset of Figure 1(a),
we present the initial position of the Bohmian particles that
are sampled from the electronic density distribution of the
ground state, which is calculated from the H+

2 molecular po-
tential with α = 0.4 and R = 8.5. In our calculation, the laser’s
frequency is ω = 0.057, and the peak amplitude of the laser’s
electric field is E0 = 0.1, where the shape of the laser’s electric
field is shown in the inset of Fig. 1(b). The BTs are shown in
Fig. 1(a), where we may find that most of these trajectories are
still located around the two atomic nuclei and a few trajectories
are ionized after the laser pulse. In order to clearly distinguish
the trajectories, we only present 400 trajectories in Fig. 1(a).
One may ask: can these un-ionized trajectories play a role in
HHG? If the answer is yes, then how do these bound BTs play
roles in HHG? To answer these questions, we select two typi-
cal BTs which are initially located at −R/2 (BT(N)) and R/2
(BT(P)). The trajectory BT(N) is expressed in the cyan curve,
and BT(P) is expressed in the green line in Fig. 1(a). We also
present a re-collision trajectory (the red curve) in Fig. 1(a). For
the purpose of comparison, in Fig. 1(b) we present the time-
evolution picture of electronic probability density distribution
by solving TDSE. We can find that the time-dependent elec-
tronic probability density agrees well with the evolution of the
BTs. Under the dominance of the laser’s electric field, the ion-
ization mainly occurs at two moments (t = 200 and t = 250),
which correspond to the peak positions of two half cycles of
the laser electric field. Moreover, only for the ionization at
about t = 200, the ionized electron has chance to come back
to the nucleus (red line in Fig. 1(a)).
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Fig. 1. (color online) (a) Time evolution of BTs; (b) time evolution of the
electronic probability density and selected BTs: BT(N) and BT(P).

Using the two selected trajectories BT(N) and BT(P),
we calculate the corresponding harmonic spectra by Eq. (2).
The results are presented in Fig. 2(a), where the solid black
line is the harmonic spectrum calculated from the trajectory
BT(N), and the dotted red line is the harmonic spectrum calcu-
lated from the trajectory BT(P). It can be seen from Fig. 2(a)
that the two harmonic spectra have almost the same intensi-
ties but they have different cutoffs. For the low-order region
of the harmonic spectra, their harmonic structures are simi-
lar to each other. As the harmonic order is larger than 30,
the difference between these two harmonic spectra increases
with the harmonic order. As we calculate the total harmonic
spectrum by summing up the contributions of these two tra-
jectories, a clear minimum at about 33rd-order harmonic ap-
pears in the HHG spectrum caused by the interference between
these two trajectories, as shown by the blue arrow in Fig. 2(b).
This result qualitatively agrees with the numerical results from
TDSE and that by summing up the contributions of all the BTs
(NTra = 50000), as shown by the dash-dotted green line and
dotted red line in Fig. 2(b), respectively.

In order to explain why only two BTs can simulate the
structure of the whole HHG spectrum, we investigate the dy-
namic behaviors of the two corresponding Bohmian particles
and their accelerations. The time evolution of BT(N) and
BT(P) is presented in Fig. 3(a). From Fig. 3(a) we can see
that two particles oscillate with time, whose oscillation am-
plitudes are proportional to the change of electric field ampli-
tude. The behaviors of the two Bohmian particles are similar
at the beginning of the laser pulse and exhibit the difference at
the moment of about t = 200. At this moment, in the trajec-
tory BT(P) appears a fast oscillation with a frequency of about
10ω , while BT(N) moves smoothly. Furthermore, at moment
t = 250, BT(P) moves smoothly while BT(N) oscillates. These

oscillation mainly contributes to the low-order harmonics in
the HHG spectrum, and its generation mechanism has been
explained by Wang et al.[34]
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Fig. 2. (color online) Harmonic spectra from the diatomic molecule ion
irradiated by the driving laser pulse, whose parameters are E0 = 0.1 and
ω = 0.057: (a) calculated from the BT(N) and BT(P); (b) calculated from
the TDSE and coherent sum of two or all Bohmian particles.
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Fig. 3. (color online) Evolution of BTs BT(N) and BT(P): (a) time-
dependent trajectories; (b) acceleration; (c) detailed acceleration.

Because the radiation of a particle is proportional to the
module square of its acceleration,[35] we present the corre-
sponding acceleration of two particles in Fig. 3(b). It can be
clearly seen from Fig. 3(b) that around the instant 200, only
BT(P) oscillates with a non-negligible amplitude, whose fre-
quency is about 10ω . However, in the period of t = 230–300, a
fast oscillation with high amplitude appears for both Bohmian
particles with almost the same amplitude. In order to clearly
investigate the dynamic interference profile of the HHG, we
focus on the accelerations of the two Bohmian particles in the
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period of t = 230–300, as shown in Fig. 3(c). From this fig-
ure we can see that the dipole accelerations of two particles
have similar magnitude and oscillation frequency at every in-
stant. However, their relative phase changes with time. In the
regions ‘A’, ‘C’, and ‘E’, their accelerations exhibit opposite
phases, while in the regions ‘B’ and ‘D’, their accelerations
exhibit the same phases. From the viewpoint of the quantum
interference, we may predict that when two oscillations have
the same phases, the corresponding harmonic emission should
be coherently enhanced. On the contrary, when the two oscil-
lations have the opposite phases, the corresponding harmonic
emission should be coherently reduced. To confirm our pre-
diction, we perform the time-frequency analysis using wavelet
transform for the Bohmian particles

Aω(t0,ω) =
∫ tf

ti
ak(t)wt0,ω(t)dt, (6)

where the wavelet kernel is wt0,ω(t) =
√

ωW (ω(t− t0)). Mor-
let wavelet[36,37] is used in this work.

It should be noticed that the dynamic emission profile of
the harmonic can be clearly observed from the corresponding
acceleration of the Bohmian particle. In Fig. 4(c), we present
the time–frequency profile of the harmonic generated from the
summation of BT(P) and BT(N). For the higher-order harmon-
ics, in the period of t = 230–300, the interference pattern be-
tween these trajectories can be observed. Compared with time-
dependent acceleration in Fig. 3(c), we find that in the time
region of ‘A’, ‘C’, and ‘E’, where the two particles are out of
phase, the harmonic intensity is low. On the contrary, in the
period of ‘B’ and ‘D’, the Bohmian particles’ accelerations are
in phase, and hence the corresponding harmonic emission has
higher intensity. Thus, we can clearly observe the dynamic
interference profile of molecular HHG through the analysis of
BTs. The time–frequency profiles of the harmonics generated
from two Bohmian particles are shown in Figs. 4(a) and 4(b).
In Figure 4(d), we calculate the time–frequency profile from
the dipole calculated from the TDSE. Comparing Figures 4(d)
with 4(c), we can find that, in the high-energy part, this dy-
namic profile of HHG agrees well with the result by the coher-
ent summation of the two BTs.

The reason why the main characteristics of the molecular
harmonic spectrum can be generated by only two BTs that are
located respectively at the two ions is that the two localized
trajectories can receive and store the whole collision informa-
tion coming from all of the other re-colliding trajectories. The
motion of Bohmian particle is not affected by classical force
but is affected by the quantum force.[21] Therefore, using the
information about the two BTs, we can detect the re-colliding
process.
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Fig. 4. (color online) Time-frequency behavior of harmonic emission cal-
culated from: (a) BT(N); (b) BT(P); (c) coherent sum of BT(P) and BT(N);
(d) TDSE.

4. Conclusion
In conclusion, utilizing a BT scheme, the dynamic coher-

ent process of the molecular high-order harmonic generation
is investigated in this paper. By analyzing the temporal char-
acteristics of BTs, we find that the minimum in the molecu-
lar HHG spectrum is attributed to the interference of the BTs
located at the two centers of molecule. The BT scheme can
clearly reflect the dynamic process of harmonic interference,
and can be taken as a detector to explore the dynamic process
of complicated molecular system.
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