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Complex solutions and novel complex wave localized excitations for
the (2+1)-dimensional Boiti–Leon–Pempinelli system∗
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With the help of the symbolic computation system Maple, the Riccati equation mapping approach and a linear variable
separation approach, a new family of complex solutions for the (2+1)-dimensional Boiti–Leon–Pempinelli system (BLP) is
derived. Based on the derived solitary wave solution, some novel complex wave localized excitations are obtained.
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1. Introduction
Mathematical modelling of physical systems often leads

to nonlinear partial differential equations (NPDEs).[1–3] The
exact solutions of such equations play an important role in
nonlinear science, especially in nonlinear physics, since they
can provide much physical information and more insight
into the physical aspects of the problem and thus lead to
applications.[4–9] The exact solutions of NPDEs are an inter-
esting and popular topic in nonlinear mathematical physics,
and various methods for obtaining the exact solutions of non-
linear systems have been proposed, for example, the bilin-
ear method, the standard Painlevé truncated expansion, the
method of “coalescence of eigenvalue” or “wavenumbers”,
the homogenous balance method, the hyperbolic function
method, the Jacobian elliptic method, the variable separation
method, the (G′/G)-expansion method,[10–22] and the map-
ping method.[23–32] The mapping approach is a kind of clas-
sic, efficient, and well-developed method to solve nonlinear
evolution equations. In Ref. [23], Mei and Zhang have ob-
tained exact traveling wave solutions for a nonlinear evolution
equation with the Riccari equation mapping method. In this
paper, we will extend this method to construct complex so-
lutions with q = lx+my+nt +R (R = χ(x, t)+ϕ(y)) for the
famous (2+1)-dimensional Boiti–Leon–Pempinelli (BLP) sys-
tem

uty = (u2−ux)xy +2vxxx,

vt = vxx +2uvx. (1)

This system has been studied by many scholars with different
methods, for example, Dai and Wang obtained periodic struc-
tures based on the variable separation solution of the (2+1)-
dimensional BLP equation.[33]

As is well known, to search for the solitary wave so-
lutions for a nonlinear physical model, we can apply differ-
ent approaches. One of the most efficient methods of find-
ing the soliton excitations of a physical model is the so-called
mapping approach with variable coefficients. The basic ideal
of the algorithm is as follows. For a given nonlinear par-
tial differential equation with independent variables x = (x0 =

t,x1,x2, . . . ,xm) and dependent variable u,

P(u,ut ,uxi ,uxix j , · · ·) = 0, (2)

where P is in general a polynomial function of its arguments,
and the subscripts denote the partial derivatives, the solution
can be assumed to be in the form

u = A(x)+
n

∑
i=1
{Bi(x)φ i[q(x)], (3)

with

φ
′ = a0 +a1φ +a2φ

2, (4)

q = lx+my+nt +R, R = χ(x, t)+ϕ(y), (5)

where a0, a1, a2, l, m, n are constants, χ ≡ χ(x, t) and
ϕ ≡ ϕ(y) are two arbitrary functions of (x, t) and y, respec-
tively. Substitute Eqs. (3)–(5) into the given NPDE and collect
coefficients of the polynomials of φ , then eliminate each coef-
ficient to obtain a set of equations of A, Bi, and q, and solve
these equations to obtain A, Bi, and q, finally, as Eq. (4) is
known to possess the solutions,[23] one obtains the complex
solutions of the given NPDE.

2. Complex solutions of the BLP system
Now we apply the Riccati mapping approach to Eq. (1).

By the balancing procedure, ansatz (3) becomes

u = A1(x,y, t)+B1(x,y, t)φ(q(x,y, t)),
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v = A2(x,y, t)+B2(x,y, t)φ(q(x,y, t)), (6)

where A1,B1,A2,B2, and q are functions of (x,y, t) to be deter-
mined. Substituting Eqs. (6) and (4) into Eq. (1) and collecting
the coefficients of the polynomials of φ , then setting each co-
efficient to zero, we have

A1 =−
1
2

q2
xa1−qt +qxx

qx
,

B1 =−qxa2, A2 = 0, B2 =−qya2, (7)

q = lx+my+nt +R, R = χ(x, t)+ϕ(y). (8)

Based on the solutions of Eq. (4), we can derive the following
complex wave solutions of Eq. (1).

Case 1 Solitary wave solutions:

u1 =
1
2

qt −qxx +2q2
x tanh(q)

qx
, (9)

v1 = qy tanh(q), (10)

u2 =
1
2

qt −qxx +2q2
x coth(q)

qx
, (11)

v2 = qy coth(q), (12)

u3 =
1
2
(qt −qxx)sinh(q)+q2

x(1− cosh(q))
qx

, (13)

v3 =
1
2

qy(cosh(q)+1)
sinh(q)

, (14)

u4 =
1
2
(qt −qxx)(1+ tanh2(q))+8q2

x tanh(q)
qx

, (15)

v4 = 4
qy tanh(q)

1+ tanh2(q)
, (16)

with q = lx+my+nt +R and R = χ(x, t)+ϕ(y).
Case 2 Periodic wave solutions:

u5 =
1
2

qt −qxx−2χ2
x tan(q)

qx
, (17)

v5 =−qy tan(q), (18)

u6 =−
1
2
−qt +qxx−2q2

x cot(q)
qx

, (19)

v6 = qy cot(q), (20)

u7 =
1
2
(qt −qxx)(1+ sin(q))+q2

x cos(q)
(1+ sin(q))qx

, (21)

v7 =
1
2

qy cos(q)
1+ sin(q)

, (22)

u8 =
1
2
(qt −qxx)(1+ cos(q))+2q2

x(−1+ cos(q))
(1+ cos(q))qx

, (23)

v8 =
1
2

qy cot(q)
1+ cot(q)

, (24)

with q = lx+my+nt +R and R = χ(x, t)+ϕ(y).
Case 3 Variable separated solution:

u9 =−
1
2
−qt +qxx−2aq2

x/(aq+ k)
χx

, (25)

v9 =
aqy

aq+ k
, (26)

with q = lx+my+nt +R and R = χ(x, t)+ϕ(y), here a and k
are two constants.

3. Novel complex wave excitations in the BLP
system

Due to the functions q = lx + my + nt + R and R =

χ(x, t)+ϕ(y) included in the above cases, the physical quan-
tities u and v may possess rich local structures. In this section,
we mainly discuss some complex wave localized coherent ex-
citations from the potential of the solitary wave solutions de-
termined by Eqs. (25) and (26) in Case 3 and rewrite it in a
simple form as

U = u9y = v9x =−
a2(m+ϕy)(l +χx)

(alx+amy+ant +aχ +aϕ + k)2 . (27)

3.1. Complex wave excitations

According to solution (27), if we choose χ and ϕ as

χ = 1+ tanh(x− t), ϕ = 1+ tanh(y), (28)

we can obtain a complex wave excitation for the physical
quantity U under condition (28) as presented in Fig. 1(a) with
fixed parameters a = 0.1, k = 0.5, l = 0.5, m = 0.1, n = 0.5
at time t = 0.
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Fig. 1. Three types of complex wave localized excitations for field U
defined by Eq. (27) under (a) condition (28), (b) condition (29), and (c)
condition (30).
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Furthermore, if we choose χ and ϕ as

χ = 1+ sech(x− t), ϕ = 1+ sech(y), (29)

and

χ = 1+ exp(x− t), ϕ = 1+ exp(y), (30)

we can obtain another two types of complex wave excita-
tions for the physical quantity U under conditions (29) and
(30) as presented in Figs. 1(b) and 1(c) with fixed param-
eters a = 0.1, k = 0.5, l = 0.08, m = 0.08, n = 0.08 and
a = 0.1, k = 0.8, l = 0.8, m = 0.1, n = 0.05 at time t = 0.

3.2. The evolution of complex waves

Now we focus our attention on the intriguing evolution
of the complex waves for the solution U . For instance, if we
choose χ , ϕ and parameters a, k, l, m, n as those in Fig. 1(a),
we can derive the time evolution of the complex wave for the
physical quantity U , as presented in Fig. 2 for different times:
(a) t = −3, (b) t = 0, (c) t = 3. From Fig. 2, we can see that
the dromion soliton moves in a line solitary wave, and the am-
plitude of the dromion does not change with time.

Furthermore, if we choose χ and ϕ as

χ = 1+ tanh(x+ t)+0.5tanh(x− t), ϕ = 1+ tanh(y), (31)

we can derive the time evolution of two solitary complex
waves, as presented in Fig. 3 with fixed parameters a =

0.01, k = 0.5, l = 0.5, m= 0.1, n= 0.5, for different time: (a)
t =−5, (b) t =−2, (c) t = 0, (d) t = 2, (e) t = 5. From Fig. 3,

one finds that the interactions of the two complex waves are
completely elastic since their amplitudes, velocities, and wave
shapes do not undergo any change after their collision.
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Fig. 2. Evolutional profile of single complex wave for solution U de-
fined by Eq. (27) under condition (31) at different times: (a) t =−3, (b)
t = 0, (c) t = 3.
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Fig. 3. Evolutional profile of two complex waves for solution U defined by Eq. (27) under condition (31) at different times: (a) t =−5,
(b) t =−2, (c) t = 0, (d) t = 2, (e) t = 5.

4. Summary and discussion

The projective equation method is a kind of classic, ef-

ficient, and well-developed method to solve nonlinear evo-

lution equations. In the past, Mei and Zhang have obtained

the exact traveling wave solutions for the nonlinear evolution
equations such as the Gross–Pitavskii equation with the Ric-
cari equation mapping approach.[23] In this paper, we extend
this approach and construct complex solutions of the (2+1)-
dimensional Boiti–Leon–Pempinelli system. Based on the de-
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rived solution U , we obtain three types of complex wave local-
ized excitations and study the time evolution of the complex
waves, which are different from the ones in the previous work.
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