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Synchronization transition of a coupled system composed of neurons
with coexisting behaviors near a Hopf bifurcation∗
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The coexistence of a resting condition and period-1 firing near a subcritical Hopf bifurcation point, lying between
the monostable resting condition and period-1 firing, is often observed in neurons of the central nervous systems. Near
such a bifurcation point in the Morris–Lecar (ML) model, the attraction domain of the resting condition decreases while
that of the coexisting period-1 firing increases as the bifurcation parameter value increases. With the increase of the
coupling strength, and parameter and initial value dependent synchronization transition processes from non-synchronization
to compete synchronization are simulated in two coupled ML neurons with coexisting behaviors: one neuron chosen as the
resting condition and the other the coexisting period-1 firing. The complete synchronization is either a resting condition or
period-1 firing dependent on the initial values of period-1 firing when the bifurcation parameter value is small or middle
and is period-1 firing when the parameter value is large. As the bifurcation parameter value increases, the probability of the
initial values of a period-1 firing neuron that lead to complete synchronization of period-1 firing increases, while that leading
to complete synchronization of the resting condition decreases. It shows that the attraction domain of a coexisting behavior
is larger, the probability of initial values leading to complete synchronization of this behavior is higher. The bifurcations of
the coupled system are investigated and discussed. The results reveal the complex dynamics of synchronization behaviors
of the coupled system composed of neurons with the coexisting resting condition and period-1 firing, and are helpful to
further identify the dynamics of the spatiotemporal behaviors of the central nervous system.
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1. Introduction
Spatio-temporal behavior is ubiquitous in nature and

spreads all over fields such as biology, ecology, physics, so-
ciology, and so on.[1–12] Synchronization in nervous systems
such as the mammalian visual cortex, the human thalamo-
cortical area and the stomatogastric ganglion of the spiny
lobster,[13–15] which is the collective behavior of interact-
ing neurons or functional units, has been paid much atten-
tion. Synchronization behaviors play important roles in in-
formation processing and motion coordination, such as the vi-
sual sense and learning, cognition, perception and movement
control.[13–19] Moreover, the transition between different syn-
chronization patterns induced by the difficulty degree of odd-
ball tasks in visual sensing[20] and auditory sensing[17] were
observed. Identification of the dynamics of synchronization
and synchronization transition in coupled systems is very im-
portant for neuroscience.

In recent years, the investigation of synchronization has
been extended from monostable dynamical systems to multi-
stable dynamical systems.[21–23] As is well known, a single
neuron can exhibit the resting condition or firings that can
be roughly classified into spiking and bursting patterns.[24]

Recently, coexisting behaviors, as a representative nonlinear
phenomenon, have been widely studied in real nervous sys-

tems and theoretical models, which is due to the potential
functions as mechanisms for memory storage or information
processing.[24–36] The coexistence of the resting condition and
period-1 firing, of the bursting and spiking, and of the period-
1 bursting and period-2 bursting was simulated in many mod-
els with sub-critical Andronov–Hopf,[24,27] in a cortical neu-
ron model and a leech neuron model,[28–30] and in the Chay
model,[31,32] respectively, and experimentally demonstrated in
an axon,[35] in neuron R15 of aplysia[36] and in an experimen-
tal neural pacemaker,[31,32] respectively. Theoretically, the co-
existence of the resting condition and period-1 firing appears
near a sub-critical Hopf bifurcation point, which has been re-
lated to the type II excitability in the nervous system.[24,27]

Type II excitability or Hopf bifurcation has been simulated in
several theoretical models and observed in real nervous sys-
tems, especially in the central nervous systems,[33,37,38] for ex-
ample, neurons in layers of 2/3 of slices of somatosensory cor-
tex and CA1 hippocampal pyramidal neurons of a rat. Other
than type II excitability, type I excitability and saddle-node
bifurcation is another popular phenomenon near a threshold
observed in nervous systems.[34] In this paper, we focus on a
subcritical Hopf bifurcation point.

The synchronization behaviors of a coupled system with
coexisting behaviors are as follows. Different synchronization
states, such as the intermittent, phase, and anticipated synchro-
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nization, were observed in two undirectionally coupled iden-
tical systems with coexisting chaotic attractors.[39] Synchro-
nization of unidirectionally coupled optical bistable systems
with coexisting attractors (fixed point and chaos, fixed point
and one periodic orbit, and two periodic orbits with different
periods) was reported.[39] Recently, synchronization transition
has been simulated in two coupled leech neurons with coexist-
ing spiking and bursting.[28,40] The two coupled neurons man-
ifest different synchronization transition process with the in-
crease of the coupling strength when the two neurons were
chosen as different combinations of bursting or spiking pat-
terns. When one neuron was spiking and the other coexisting
was bursting, complete synchronization of spiking was sim-
ulated when the coupling strength was strong.[28] In a recent
study, the complete synchronization corresponding to strong
coupling strength was further identified to be either spiking
or bursting, which is dependent on the bifurcation parameter
that controls the coexisting behaviors.[40] These investigations
provided a primary evaluation of two coupled neurons with
coexisting spiking and bursting.

In the present study, we employ the Morris–Lecar neuron
model with coexistence of the resting condition and period-1
firing near a sub-critical Hopf bifurcation point,[27] and pay
attention to the parameter-dependent synchronization transi-
tion processes with respect to the coupling strength and ini-
tial value-dependent complete synchronization of the two cou-
pled ML neurons. As the first step, the coupled system with
only two neurons is investigated. The results indicate that the
two coupled neurons with coexisting behaviors can exhibit
different synchronization transition processes dependent on
the bifurcation parameter values and initial value-dependent
complete synchronization corresponding to strong coupling
strength. The present paper provides a particular study of syn-
chronization behaviors of the two coupled neurons with coex-
isting behaviors of the resting condition and period-1 firing.

2. Morris–Lecar (ML) model and the coexisting
behaviors

2.1. ML model

The ML model, a well-known conductance-based neu-
ron model, has been frequently employed in the studies of
Hopf bifurcation and saddle-node bifurcation, and of neuronal
networks.[7–12] The ML model is as follows:[27]

dV
dt

=
1
C
[−gl(V − vl)−gCam∞(V )(V − vCa)

−gkω(V − vk)+ I], (1a)
dω

dt
= φ

ω∞(V )−ω

τω(V )
. (1b)

Here, t is time; V is the membrane potential; ω represents
the recovery variable; C is the membrane capacitance; I is the
background current; gCa, gk, and gl are maximal conductance

for corresponding ionic currents and leakage current, respec-
tively; vCa, vk, and vl are the corresponding reversal poten-
tial, respectively; m∞, ω∞, and τω are the steady-state calcium,
potassium activation, and the rate constant of potassium ionic
channel open probability, respectively. They are functions of
V defined as: m∞(V ) = 0.5{1+ tanh[(V − v1)/v2]}, ω∞(V ) =

0.5{1+ tanh[(V − v3)/v4]}, τω(V )= 1/{cosh[(V − v3)/2v4]},
respectively. The units of time, voltage and current are ms,
mV, and µA, respectively. The ML model is solved by the 4-
th Runge–Kutta integration method with time step of 0.1 ms.

In the present paper, the parameter values are as fol-
lows: C = 20 µF/cm2, gCa = 4.4 mS/cm2, gk = 8.0 mS/cm2,
gl = 2.0 mS/cm2, vCa = 120 mV, vk =−84 mV, vl =−60 mV,
v1 = −1.2 mV, v2 = 18 mV, v3 = 2 mV, v4 = 30 mV, and
φ = 0.04.

2.2. Bifurcations and coexisting behaviors of the ML
model

As pointed out in a previous study,[27] the ML model with
parameter values used in this paper manifests a unique equi-
librium whose values are dependent on I. Firstly, we calculate
equilibrium denoted by E0(V0, ω0) satisfying

1
C
[−gl(V0− vl)−gCam∞(V0)(V0− vCa)

−gkω0(V0− vk)+ I] = 0, (2a)

φ
ω∞(V0)−ω0

τω(V0)
= 0. (2b)

Equations (2a) and (2b) can be simplified into equations
as follows:

−gl(V0− vl)−gCam∞(V0)(V0− vCa)

−gkω0(V0− vk)+ I = 0, (3a)

ω0 = ω∞(V0). (3b)

Substituting Eq. (3a) into Eq. (3b), we can acquire a nonlinear
equation

−gl(V0− vl)−gCam∞(V0)(V0− vCa)

−gkω∞(V0)(V0− vk)+ I = 0. (4)

We introduce a function

f (V ) = −gl(V − vl)−gCam∞(V )(V − vCa)

−gkω∞(V )(V − vk)+ I. (5)

The value of d f (V )/dV , i.e., the derivative of function
f (V ), is negative when V is between −200 mV and 200 mV,
as shown in Fig. 1(a) (I = 89.5) , showing that f (V ) mono-
tonically decreases with respect to the increase of V , as shown
in Fig. 1(b) (I = 89.5). Because I is a constant, the value of
f (V ) is dependent on I while the monotonically decreasing
characteristic of f (V ) is independent of I.
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Fig. 1. (a) Changes of derivative of function f (V ) with respect to V
when I = 89.5; (b) changes of f (V ) with respect to V when I = 89.5.

For a given value of I, V0 is the root of f (V )= 0, and ω0 =

ω∞(V0). For example, when I = 88.4, V0 =−27.14102, ω0 =

0.12535; when I = 89.5, V0 = −26.76724, ω0 = 0.12811;
when I = 93, V0 =−25.56721, ω0 = 0.13731. The change of
V0 with respect to I is shown by the thin solid and thin dotted
line in Fig. 2.
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Fig. 2. The bifurcation structure of the ML model with respect to I near
a sub-critical Hopf bifurcation point.

Secondly, we calculate the stability of the equilibrium E0.
We linearize the ML model near E0 with a fixed I value and
the corresponding Jacobian matrix 𝐵 is written as

𝐵 =

(
a11 a12
a21 a22

)
=


1
C

[
−gl−gCam∞(V )−gCa(V − vCa)

∂m∞(V )

∂V
−gkω

]
1
C
[−gk(V − vk)]

−φ(−ω +ω∞(V ))

τω(V )2
∂τω(V )

∂V
+

φ

τω(V )

∂ω∞(V )

∂V
− φ

τω

 |E0

=


1
C

[
−gl−gCam∞(V0)−gCa(V0− vCa)

∂m∞(V0)

∂V
−gkω0

]
1
C
[−gk(V0− vk)]

−φ(−ω0 +ω∞(V0))

τ2
ω(V0)

∂τω(V0)

∂V
+

φ

τω(V0)

∂ω∞(V0)

∂V
− φ

τω(V0)



=


1
C

[
−gl−gCam∞(V0)−gCa(V0− vCa)

∂m∞(V0)

∂V
−gkω0

]
1
C
[−gk(V0− vk)]

φ

τω(V0)

∂ω∞(V0)

∂V
− φ

τω(V0)

 .

The characteristic polynomial of matrix 𝐵 is given by

f𝐵(λ ) =
∣∣ λ𝐼−𝐵

∣∣= ∣∣∣∣ λ −a11 −a12
−a21 λ −a22

∣∣∣∣
= λ

2 +(−a11−a22)λ +(a11a22−a12a21). (6)

If roots of f𝐵(λ ) = 0, labeled as λ1 and λ2, are nega-
tive real numbers or complex numbers with negative real parts,
correspondingly, the equilibrium E0 is a stable node or a stable
focus. For example, when I = 88.4,

(
a11 a12
a21 a22

)
=

(
0.0188279 −22.7436

0.000327527 −0.0448112

)
,

λ1,2 =−0.0130±0.0802i; when I = 89.5,(
a11 a12
a21 a22

)
=

(
0.0235971 −22.8931

0.000332747 −0.0446863

)
,

λ1,2 =−0.0105±0.0803i; when I = 93,(
a11 a12
a21 a22

)
=

(
0.0399195 −23.3731

0.000349814 −0.0442967

)
,

λ1,2 = −0.0022± 0.0800i. The equilibria corresponding to
I = 88.4, 89.5, and 93 are all stable focuses.

An alternative method to analyze the stability of equi-
librium E0 is to calculate the trace (a11 + a22) and deter-
minant (a11a22 − a12a21) of the matrix 𝐵. The necessary
and sufficient condition that E0 is stable is a11 + a22 < 0

050510-3



Chin. Phys. B Vol. 23, No. 5 (2014) 050510

and a11a22 − a12a21 > 0. The matrices 𝐵 corresponding to
I = 88.4, 89.5, and 93 satisfy this condition.

Through calculation of the eigenvalues of Jacobian ma-
trix 𝐵 with respect to I, a sub-critical Hopf bifurcation point
of E0 happens near I = I1 ≈ 93.86. When I < I1, E0 is a stable
focus, as shown by the thin solid line in Fig. 2. When I > I1,
E0 is an unstable focus, as shown by the thin dotted line in
Fig. 2. An unstable periodic orbit appears at I = I1, as illus-
trated by the dashed lines in Fig. 2. The upper (lower) dashed
line represents the maximum (minimal) value of the unstable
limit cycle. With decreasing I, the amplitude of the unstable
limit cycle increases. When I = I2 ≈ 88.29, a fold bifurcation
of the limit cycle appears. The unstable limit cycle and a sta-
ble limit cycle merges and disappears. When I > I2, the stable
limit cycle appears as a period-1 firing, as shown by the bold
solid lines in Fig. 2. The upper (lower) bold solid line repre-
sents the maximum (minimal) value of the stable limit cycle.
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Fig. 3. The trajectory of the stable limit cycle (solid line), the unstable
limit cycle (dotted line), and the stable focus (circle point) at different I
values: (a) I = 88.4; (b) I = 89.5; (c) I = 93.

When I2 < I < I1, a stable focus, an unstable limit cycle,
and a stable limit cycle coexist. The stable focus corresponds
to the resting condition and the stable limit cycle corresponds
to the period-1 firing. The bifurcation structure is shown in
Fig. 2. The unstable limit cycle is the border separating the
attraction basins of the stable focus and the stable limit cycle.
The coexistence structures in the (V , ω) plane corresponding
to I = 88.4, 89.5, and 93 are shown in Figs. 3(a)–3(c). If the
initial values of V and ω are chosen to be located outside the
unstable limit cycle, the system will evolve to and stay along
the stable limit cycle. If the initial values of V and ω are
inside the unstable limit cycle, the system will evolve to the
stable focus. With I increasing, the attraction domain of the
stable focus (resting condition) decreases while that of the sta-
ble limit cycle (period-1 firing) increases. In the present study,
the synchronization behaviors of the two coupled neurons cor-
responding to I = 88.4, 89.5, and 93 are investigated in the
following sections.

3. Model of the two coupled neurons
3.1. Model

The model composed of two coupled ML neurons is as
follows:

dV1

dt
=

1
C
[−gl(V1− vl)−gCam∞(V1)(V1− vCa)

−gkω1(V1− vk)+ I]+gc(V2−V1), (7a)
dω1

dt
= φ

ω∞(V1)−ω1

τω(V1)
, (7b)

dV2

dt
=

1
C
[−gl(V2− vl)−gCam∞(V2)(V2− vCa)

−gkω2(V2− vk)+ I]+gc(V1−V2), (7c)
dω2

dt
= φ

ω∞(V2)−ω2

τω(V2)
. (7d)

Here, the subscripts 1 and 2 are respectively used to indicate
the neuron with resting condition (labeled as neuron 1) and
with period-1 firing (neuron 2), gc is the coupling strength be-
tween neurons 1 and 2. In this paper, gc ≥ 0.

3.2. Bifurcations of equilibrium of the coupled system with
respect to gcgcgc

3.2.1. Bifurcations of equilibrium related to E0E0E0

When E0(V0, ω0) is an equilibrium of a single neuron
model, we can easily identify that (V0, ω0, V0, ω0) is an equi-
librium of the coupled system described by Eqs. 7(a)–7(c).
The equilibrium (V0, ω0, V0, ω0) is labeled as E00, related to
the E0 of the single neuron model.

To determine the stability of equilibrium E00, we linearize
the coupled system near E00, and the corresponding Jacobian
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matrix 𝐴 can be written as

𝐴=


a11−gc a12 gc 0

a21 a22 0 0
gc 0 a11−gc a12
0 0 a21 a22

 .

The characteristic polynomial is given by

f𝐴(λ ) =
∣∣ λ𝐼−𝐴

∣∣
=

∣∣∣∣∣∣∣∣
λ − (a11−gc) −a12 −gc 0
−a21 λ −a22 0 0
−gc 0 λ − (a11−gc) −a12

0 0 −a21 λ −a22

∣∣∣∣∣∣∣∣
,

∣∣∣∣ 𝐶 −gc𝛤
−gc𝛤 𝐶

∣∣∣∣ ,
where

𝐶 =

(
λ − (a11−gc) −a12
−a21 λ −a22

)
, Γ =

(
1 0
0 0

)
.

According to the theory of blocked determination, we obtain

f𝐴(λ ) =
∣∣𝐶2−g2

c𝛤
∣∣= ∣∣𝐶−gc𝛤

∣∣ · ∣∣𝐶+gc𝛤
∣∣

, ∆1(λ )∆2(λ ),

where

∆1(λ ) =
∣∣𝐶−gc𝛤

∣∣= ∣∣∣∣ λ −a11 −a12
−a21 λ −a22

∣∣∣∣
= λ

2 +(−a11−a22)λ +a11a22−a12a21,

∆2(λ ) =
∣∣𝐶+gc𝛤

∣∣= ∣∣∣∣ λ −a11 +2gc −a12
−a21 λ −a22

∣∣∣∣
= λ

2 +(−a11−a22 +2gc)λ

+a11a22−a12a21−2a22gc.

Theorem 1 If E0 of the single neuron model is stable and
gc ≥ 0, then E00 of the coupled system is stable. It is equiv-
alent to that if a11 + a22 < 0 and a11a22 − a12a21 > 0, then
a11 +a22−2gc < 0 and a11a22−a12a21−2a22gc > 0.

Proof Firstly, it is noticed that ∆1(λ )= f𝐵(λ ) and ∆1(λ )

is independent of gc. Therefore, ∆1(λ ) and f𝐵(λ ) = 0 of ma-
trix 𝐵 have identical eigenvalues λ1 and λ2. If E0 is stable, λ1

and λ2 of ∆1(λ ) = 0 are also negative real numbers or complex
numbers with negative real parts.

Secondly, the roots of ∆2(λ ) = 0 can be identified as
negative real numbers or complex numbers with negative real
parts, ∆2(λ ) is the characteristic polynomial of a matrix la-
beled as

𝐷 =

(
a11−2gc a12

a21 a22

)
,

where a22 = −φ/τω(V ) < 0, because φ = 0.04 > 0 and
τω(V ) = 1/{cosh[(V − v3)/2v4]}−1 > 0. In the present study,
gc ≥ 0, therefore, the trace and determinant of matrix D are as
follows:

a11 +a22−2gc ≤ a11 +a22 < 0, (8a)

a11a22−a12a21−2a22gc > a11a22−a12a21 > 0. (8b)

Therefore, λ1 and λ2 of ∆2(λ ) are also negative real num-
bers or complex numbers with negative real parts.

Combined λ1 and λ2 of ∆1(λ ) and ∆2(λ ), the equilib-
rium E00 of the coupled system is stable when the correspond-
ing equilibrium E0 of the single neuron model is stable and
gc > 0. The result shows that no bifurcation happens in E00

when I = 88.4, 89.5, and 93 with respect to gc when gc > 0.

3.2.2. No other equilibrium different from E00E00E00

It is an important characteristic that the coupled system is
invariant if indices 1 and 2 are interchanged. Therefore, if (V10,
ω10, V20, ω20) is a root of the coupled system, then (V20, ω20,
V10, ω10) will be a root of the coupled system. We consider
the existence of (V10, ω10, V20, ω20) satisfying:

1
C
[−gl(V10− vl)−gCam∞(V10)(V10− vCa)

−gkω10(V10− vk)+ I]+gc(V20−V10) = 0, (9a)

φ
ω∞(V10)−ω10

τω(V10)
= 0, (9b)

1
C
[−gl(V20− vl)−gCam∞(V20)(V20− vCa)

−gkω20(V20− vk)+ I]+gc(V10−V20) = 0, (9c)

φ
ω∞(V20)−ω20

τω(V20)
= 0. (9d)

Substitute Eq. (9b) into Eq. (9a), and Eq. (9d) into
Eq. (9c), two equations are obtained as follows:

1
C
[−gl(V10− vl)−gCam∞(V10)(V10− vCa)

−gkω∞(V10)(V10− vk)+ I]

+gc(V20−V10) = 0, (10a)
1
C
[−gl(V20− vl)−gCam∞(V20)(V20− vCa)

−gkω∞(V20)(V20− vk)+ I]

+gc(V10−V20) = 0. (10b)

We label ∆V = V20−V10, considering the function f (V )

labeled as Eq. (5), Eqs. (10a) and (10b) can be written as

f (V10)+gc∆V = 0, (11a)

f (V20)−gc∆V = 0. (11b)

By taking the sum and difference of Eqs. 11(a) and 11(b),
the equations can be obtained as follows:

f (V10)+ f (V10 +∆V ) = 0, (12a)

f (V10 +∆V )− f (V10) = 2gc∆V. (12b)

For a given value of ∆V , V10 can be acquired from the first
Eq. (12a), and then the corresponding gc can be acquired from
Eq. (12b). Label Y (∆V ) = f (V10 +∆V )− f (V10). Based on

050510-5



Chin. Phys. B Vol. 23, No. 5 (2014) 050510

the fact that f (V ) is a monotonically decreasing function, we
can acquire

Y (∆V ) = f (V10 +∆V )− f (V10)> 0, ∆V < 0, (13a)

Y (∆V ) = f (V10 +∆V )− f (V10)< 0, ∆V > 0, (13b)

Y (∆V ) = f (V10 +∆V )− f (V10) = 0, ∆V = 0. (13c)

The curve of function Y (∆V ) in the plane (∆V , Y ) passes
through the second quadrant, origin of coordinates (∆V = 0,
Y = 0) and the fourth quadrant. The function 2gc∆V is a lin-
ear line passing through the origin (∆V = 0, Y = 0) and with a
slope being as 2gc. For example, the curve of function Y (∆V )

when I = 89.5 is shown by the bold solid curve in Fig. 4. Two
lines of function 2gc∆V , one with a positive slope (gc = 0.05)
and the other a negative slope (gc =−0.07), are shown by the
thin solid lines in Fig. 4.
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Fig. 4. Changes of function Y with respect to ∆V when I = 93.

The intersection points of the linear line corresponding to
the function 2gc∆V and the curve of the function Y (∆V ), i.e.,
the root of Eq. (12b), are related to equilibria of the coupled
system. The intersection point (∆V = 0, Y = 0, i.e., the ori-
gin) that exists for all gc corresponds to the equilibrium E00

(∆V = 0, V10 =V20), which has been investigated particularly.
With the exception of E00, there exist equilibria that are differ-
ent from E00 only when gc < 0. For example, there exist four
equilibria that are different from E00 when gc =−0.07. In the
present study, we do not address the equilibria and bifurcations
when gc < 0. When gc > 0, with exception of the origin, there
exist no other intersection points of the curve of the function Y
and the liner line of the function 2gc∆V , showing that with the
exception of E00, no other equilibrium appears in the coupled
system.

3.3. Criteria for synchronization degree

To characterize the synchronization degree of the two
coupled neurons, a cross-correlation coefficient of the mem-
brane potential of the two neurons (ρ) is introduced as

follows:[28,40]

ρ =

N
∑

k=1
[(V k

1 −〈V k
1 〉)(V k

2 −〈V k
2 〉)][

N
∑

k=1
(V k

1 −〈V k
1 〉)2

N
∑

k=1
(V k

2 −〈V k
2 〉)2

]1/2 , (14)

where V k
1 (V k

2 ) represents the samples of the membrane poten-
tial V1(t) (V2(t)), k = 1, . . . ,N (N represents the total number
of samples), and 〈·〉 denotes the average over the number of
samples.

The larger the cross-correlation coefficient ρ , the higher
the correlation degree between the two coupled neurons. In
general, |ρ| <0.8, 0.8≤ |ρ| < 1, and |ρ| =1 represent low,
high, and complete correlations, respectively.[40] In this pa-
per, the larger ρ , the more synchronization of the two coupled
neurons. In the present study, the degrees of ρ are divided into
ρ < 0.8, 0.8≤ ρ < 1, and ρ = 1, employed to describe differ-
ent synchronization degrees, non-synchronization, nearly syn-
chronization, and complete synchronization, respectively.

4. Synchronization states and synchronization
transitions in the coupled neurons

4.1. I = 88.4I = 88.4I = 88.4

Synchronization behaviors of the two coupled neurons
corresponding to I = 88.4 are investigated. The stable values
of V and ω of the stable focus are −27.14102 and 0.12535,
respectively.

4.1.1. Synchronization transition to complete synchro-
nization of period-1 firing

When the initial values of the resting and period-1 fir-
ing neurons are taken as (−27.14102, 0.12535) and (1.36163,
0.21568), respectively, the two coupled neurons manifest the
transition from non-synchronization (0< gc ≤ 0.0005), to
complete synchronization of the resting condition (0.0005 <

gc ≤ 0.04), and to complete synchronization of period-1 firing
(0.04 < gc ≤ 1) with gc increasing, as shown in Fig. 5.
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Fig. 5. Correlation coefficient between the two coupled neurons with
initial values (−27.14102, 0.12535) and (1.36163, 0.21568) with gc in-
creasing when I = 88.4.
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The two coupled neurons manifest non-synchronization
with ρ = 0.53 when gc = 0.0003, as shown in Fig. 6(a). Neu-
ron 1 exhibits subthreshold oscillation and neuron 2 manifests
firing. When gc = 0.03, the two coupled neurons manifest
complete synchronization of the resting condition, as shown
in Fig. 6(b). When gc = 0.5, the coupled neurons exhibit com-
plete synchronization of period-1 firing with ρ = 1, as shown
in Fig. 6(c).
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Fig. 6. Synchronization states of the two coupled neurons with initial
values (−27.14102, 0.12535) and (1.36163, 0.21568) when I = 88.4.
(a) Non-synchronization when gc =0.0003; (b) complete synchroniza-
tion of the resting condition when gc =0.03; (c) complete synchroniza-
tion of period-1 firing when gc = 0.5.

4.1.2. Synchronization transition to complete synchro-
nization of resting condition

When the initial values of neurons 1 and 2 are taken
as (−27.14102, 0.12535) and (−19.19939, 0.14056), respec-
tively, the two coupled neurons manifest the transition from
non-synchronization (0.0< gc≤ 0.0004) to complete synchro-
nization of period-1 firing (0.0004 < gc ≤ 1) with increasing

gc, as shown in Fig. 7. The non-synchronization behaviors
when gc = 0.003 and the complete synchronization of the rest-
ing condition when gc = 0.5 are similar to those shown in
Fig. 6.
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Fig. 7. Correlation coefficient between the two coupled neurons with
initial values (−27.14102, 0.12535) and (−19.19939, 0.14056) with gc
increasing when I = 88.4.

4.1.3. Initial value-dependent complete synchroniza-
tion

When gc = 0.5, the complete synchronization can be of
either period-1 firing when the initial value of period-1 firing is
(1.36163, 0.21568) or resting condition when the initial value
of period-1 firing neuron is (−19.19939, 0.14056). The de-
pendence of complete synchronization on the initial values of
period-1 firing is as follows.
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Fig. 8. The initial values within a period of the stable limit cycle of
period-1 firing that lead to the complete synchronization of the rest-
ing condition (smaller cycle points) and the complete synchronization
of period-1 firing (larger cycle points) when I = 88.4. Time interval
between two continuous points is 2 ms.
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As shown in Fig. 8, 59 initial values of period-1 firing

neuron are chosen within a period of the stable limit cycle of

period-1 firing with time interval 2 ms and the first values were

(−50.08395, 0.22133). The time series of initial values of V

and discrete points of (V , ω) lying in the trajectory of period-1

firing are shown in Figs. 6(a) and 6(b), respectively. The initial

value of the resting neuron is chosen to be identical to the sta-

ble equilibrium point (−27.14102, 0.12535). When gc = 5, the

39th–46th initial values (larger cycle points) shown in Fig. 8

lead to the complete synchronization of period-1 firing, while

1st–38th and 47th–59th ones (smaller cycle points) lead to the

complete synchronization of the resting condition.

4.2. I = 89.5I = 89.5I = 89.5

4.2.1. Synchronization transition to complete synchro-
nization of period-1 firing

When the initial value of period-1 firing neuron

is (−48.65168, 0.37861) and of the resting neuron is

(−26.76724, 0.12811), the behavior of the coupled neurons

is from non-synchronization (0 < gc ≤ 0.006), to the complete

synchronization of the resting condition (0.006 < gc ≤ 0.1),

and to the complete synchronization of period-1 firing (0.1 <

gc ≤ 1), as shown in Fig. 9.
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Fig. 9. Correlation coefficient between the two coupled neurons with
initial values (−26.76724, 0.12811) and (−48.65168, 0.37861) with gc
increasing when I = 89.5.

Non-synchronization of the two coupled neurons when

gc = 0.005 is shown in Fig. 10(a). The firing neuron exhibits

firing behavior and the resting neuron manifests subthresh-

old oscillation. The complete synchronization of the resting

condition when gc = 0.05 and the complete synchronization

of period-1 firing when gc = 0.5 are shown in Figs. 10(b)

and 10(c), respectively.
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Fig. 10. Synchronization states of the two coupled neurons with initial
values (−26.76724, 0.12811) and (−48.65168, 0.37861) when I = 89.5.
(a) Non-synchronization when gc =0.005; (b) complete synchroniza-
tion of the resting condition when gc =0.05; (c) complete synchroniza-
tion of period-1 firing when gc = 0.5.

4.2.2. Synchronization transition to the complete syn-

chronization of the resting condition

When the initial value of period-1 firing neuron is
(−30.55347, 0.10361), the behavior of the coupled system is
from the non-synchronization (0< gc≤ 0.008) to the complete
synchronization of the resting condition (0.008 < gc ≤ 1), as
shown in Fig. 11. The non-synchronization and the complete
synchronization of the resting condition are similar to those
shown in Figs. 11(a) and 11(b), respectively.
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Fig. 11. Correlation coefficient of the two coupled neurons with ini-
tial values (−26.76724, 0.12811) and (−30.55347, 0.10361) with gc
increasing when I = 89.5.

4.2.3. Initial value-dependent complete synchroniza-
tion

When gc = 0.5, the complete synchronization can be of
either period-1 firing when the initial value of period-1 firing
neuron is (−48.65168, 0.37861) or the resting condition when
the initial value is (−30.55347, 0.10361). The dependence of
complete synchronization on the initial values is as follows.
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Fig. 12. The initial values within a period of the stable limit cycle of
period-1 firing that lead to the complete synchronization of the resting
condition (smaller cycle points) and the complete synchronization of
period-1 firing (larger cycle points) when I = 89.5. Time interval be-
tween two continuous points is 2 ms. (a) Spike train and (b) trajectory.

The first initial value of the period-1 firing neuron is cho-
sen as (22.00802, 0.43173) and the subsequent 52 initial val-
ues within a period of the stable limit cycle of period-1 firing
with time interval 2 ms are shown in Fig. 10. The initial value

of the resting neuron is chosen as a value identical to the stable
equilibrium point (−26.76724, 0.12811). When gc = 5, 14th–
45th initial values (larger cycle points) lead to the complete
synchronization of period-1 firing, while 1st–13th and 46th–
53th ones (smaller cycle points) lead to the complete synchro-
nization of the resting condition, as shown in Fig. 12.

4.3. I = 93I = 93I = 93

4.3.1. Synchronization transition to the complete syn-
chronization of period-1 firing

When the initial value of the firing neuron is
(−39.58738, 0.13392) and of the resting neuron is
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Fig. 13. Correlation coefficient between the two coupled neurons with
initial values (−25.56721, 0.13731) and (−39.58738, 0.13392) with gc
increasing when I = 93.
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Fig. 14. Synchronization states of the two coupled neurons with initial
values (−25.56721, 0.13731) and (−39.58738, 0.13392) when I = 93.
(a) Non-synchronization when gc = 0.0009; (b) complete synchroniza-
tion of period-1 firing when gc = 0.5.
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(−25.56721, 0.13731), the behavior of the coupled system
is from non-synchronization (0 < gc ≤ 0.00192) to complete
synchronization of period-1 firing (0.00192 < gc ≤ 1), as
shown in Fig. 13.

The non-synchronization of the two coupled neurons
when gc =0.0009 is shown in Fig. 14(a). Neuron 1 mani-
fests subthreshold oscillation and neuron 2 exhibits firing. The
complete synchronization of period-1 firing when gc = 0.5 is
shown in Fig. 14(b).

4.3.2. Complete synchronization

The initial value of the resting neuron is chosen as
(−25.56721, 0.13731), which is identical to the value of the
stable equilibrium point. The first initial value of the period-1
firing neuron is chosen as (−51.4513, 0.30603) and the subse-
quent 47 initial values within a period of the stable limit cycle
of period-1 firing with a time interval of 2 ms are shown in
Fig. 15. When gc = 0.5, all 48 initial values lead to the com-
plete synchronization of period-1 firing.
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Fig. 15. The initial values within a period of the stable limit cycle of
period-1 firing that lead to the complete synchronization of period-1 fir-
ing when I = 93. Time interval between two continuous points is 2 ms.
(a) Spike train and (b) trajectory.

4.4. The dependence of complete synchronization on the
initial value

When I = 88.4, I = 89.5, and I = 93, the probability
of the initial values of period-1 firing that lead to the com-
plete synchronization of period-1 firing are 8/59 ≈ 13.6%,
32/53≈ 60.4%, and 48/48 = 100%, respectively. With bifur-
cation parameter I increasing, the probability of the initial val-

ues leading to the complete synchronization of period-1 firing
increases, correspondingly, the probability of the initial values
leading to the complete synchronization of the resting condi-
tion decreases. The changing trends of the probability of initial
values with respect to the bifurcation parameter are similar to
those of the attraction domain.

5. Conclusion and discussion
Synchronization behaviors of the coupled systems

with coexisting behaviors are one of the important
issues.[19,21–23,26] In the two coupled neurons with co-existing
behaviors near a sub-critical Hopf bifurcation point, one neu-
ron is chosen as the resting condition and the other as the
period-1 firing. Different synchronization states including
non-synchronization and complete synchronization are simu-
lated, dependent on the bifurcation parameter, the initial values
of the two neurons and the coupling strength. With the in-
crease of the coupling strength, the synchronization transition
process from non-synchronization to compete synchronization
is dependent on the bifurcation parameter value and initial val-
ues. The complete synchronization states corresponding to a
strong coupling strength are dependent on both the bifurcation
parameter and the initial values. If the coexisting behavior
is close to the resting condition, the complete synchroniza-
tion can be of either the resting condition or period-1 firing.
The probability of the initial value locating at the stable limit
cycle within a period of the period-1 firing that leading to
the complete synchronization of the period-1 firing is higher
than that leading to the complete synchronization of the rest-
ing condition. With the increase of the bifurcation parameter
value, the probability of the initial values within a period of
the stable limit cycle of the period-1 firing leading to com-
plete synchronization of the resting condition decreases while
that leading to complete synchronization of period-1 firing in-
creases. The dependence of the complete synchronization on
the initial values resembles that of the attraction domain with
changing bifurcation parameter. The results are instructive to
understand synchronization behaviors of the coupled system
with coexisting behaviors.

When the coupling strength is large, the complete syn-
chronization behaviors of the two coupled neurons are depen-
dent on the initial values, showing that the synchronization
behaviors manifest coexisting behaviors. Stochastic or coher-
ence resonances have been identified appearing at the coex-
isting condition.[41] When noise is introduced, stochastic be-
haviors transiting between the coexisting states and an opti-
mal cooperation between the system and noise are induced.
This maybe one of the important potential factors that can lead
to complex spatiotemporal behaviors in the real nervous sys-
tem. In addition, chemical coupling between neurons, hetero-
geneous neurons and multiple neurons are also important fac-
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tors which can induce complex spatio-temporal behaviors and
need to be studied further.

Compared with the numerous numerical simulations,
there exist far fewer investigations of the bifurcation analy-
sis to the coupled system. The bifurcation of equilibrium of
the coupled system has been studied,[42] while the bifurcation
of periodic behavior has not been investigated, due to the dif-
ficulty of the bifurcation analysis to the limit cycle in the au-
tonomous system.[43] In the present study, the existences and
possible bifurcations of the equilibrium of the coupled sys-
tem are also investigated. When gc ≥ 0, an equilibrium E00 of
the coupled system, related to E0 of the single neuron model,
is identified. As gc is increased from zero, the equilibrium
E00 that is determined by the stable E0 remains stable and
no bifurcation happens. The complete synchronization of the
rest condition corresponding to the stable E00 can be achieved
with a suitable gc. In addition, no other equilibrium differ-
ent from the equilibrium E00 has been identified in the cou-
ple system when gc ≥ 0. Like E00 related to E0, there exists
a stable period-1 firing in the coupled system, related to the
coexisting one of the single neuron model, due to the sym-
metry of the coupled system. The complete synchronization
of the period-1 firing is achieved when gc is chosen as a suit-
able value. In fact, the complete synchronization of the resting
condition and the period-1 firing can be achieved at different
initial values, showing that the rest condition and period-1 fir-
ing are the coexisting behaviors of the coupled system. When
gc was small, the non-synchronization behaviors manifest the
non-resting condition or non-period-1 firing. The bifurcations
underlying the non-synchronization behavior and the transi-
tion between synchronization states need to be further studied.

In the previous studies, the synchronization transition of
the two coupled neurons with coexisting spiking and bursting
was primarily investigated.[28,40] In the present paper, the syn-
chronization behaviors of the two coupled neurons with co-
existing resting condition and period-1 firing are investigated.
The parameter-dependent synchronization transition and ini-
tial value-dependent complete synchronization are the focus,
manifesting synchronization behaviors more complex than the
coupled neurons with monostable behavior. The synchroniza-
tion transition of the coupled system with monostable behavior
are not influenced by the initial values. In future, synchroniza-
tion behaviors of the two coupled neurons with other kinds
of coexisting behaviors should be further investigated to iden-
tify more complex synchronization behaviors in nonlinear sys-
tems. In addition, the behaviors of neurons in many different
parts of the central nervous system are type II excitability cor-
responding to the subcritical Hopf bifurcation. The synchro-
nization behaviors of the coupled system with more neurons
and synaptic connections, which resemble the actual nervous
system, should be investigated to reveal the spatiotemporal dy-
namics similar to those observed in actual nervous systems.
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