Chin. Phys. B Vol. 23, No. 5 (2014) 050508

Linear and nonlinear generalized consensuses of multi-agent systems™
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Consensus in directed networks of multiple agents, as an important topic, has become an active research subject.
Over the past several years, some types of consensus problems have been studied. In this paper, we propose a novel type
of consensus, the generalized consensus (GC), which includes the traditional consensus, the anti-consensus, and the cluster
consensus as its special cases. Based on the Lyapunov’s direct method and the graph theory, a simple control algorithm is
designed to achieve the generalized consensus in a network of agents. Numerical simulations of linear and nonlinear GC

are used to verify the effectiveness of the theoretical analysis.
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1. Introduction

During the past decades, consensus problems for net-
works of dynamic agents have been extensively studied by re-
searchers from distinct points of view, partly due to a broad
application of multi-agent systems, including wireless sen-
sor networks, satellite formation,[!! the directions of fish and
birds, ! and distributed sensor filtering values.'*! One criti-
cal issue arising in multi-agent systems is to develop control
strategies based only on relatively local information that can
guarantee the whole system to evolve to have a coordinated
behavior.

Classically, the agent dynamics in the multi-agent system
is described as

T; = u;, :E,',u,'ERn, i=1,2,...,N, (1)
where «; is the state of agenti (i =1,2,...,N), and w; is the
interconnected consensus protocol, which is only based on the
information of the neighbors of agent i. This multi-agent sys-
tem solves a consensus problem if for any given initial states
andany j,i=1,2,...,N, lim;_. ||2(f) —;(r)|| = 0. A typi-
cal consensus control algorithm is

N
ui(t) = o ;aij[wj(t) — ()],

where a;; is the (i, j)-th entry of the corresponding adjacency
matrix, and « is the control parameter. Some types of consen-

s,15-7] the anti-consensus,

suses, such as the classical consensu
the phase consensus, 3% and the cluster consensus, have been
studied. Vicsek et al.l'%!!1 proposed a simple model for the
phase transition of a group of self-driven particles and numer-
ically depicted the evolution of the model. Some literatures

further investigated the cluster consensus!!?~131 of multi-agent
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systems with different subgroups.
On the other hand, in nonlinear science, the generalized

[16-221 phenomena of chaotic systems have

synchronization
been intensively studied recently. In complete synchroniza-
tion, the dynamics of two coupled systems totally coincide
with each other; in generalized synchronization, a certain
known or unknown functional relation exists between the dy-
namics of two coupled systems which are usually nonidenti-
cal. The generalized synchronization has been deeply studied

23241 In fact, the generalized synchro-

for complex networks. !
nization is more natural to describe some phenomena of coher-
ence in biological and physical systems consisting of multiple
interacting components.

Inspired by the above works, we propose the definition
of a generalized consensus of multi-agent systems, which in-
cludes the traditional consensus, the anti-consensus, and the
cluster consensus as its cases. The corresponding control al-
gorithms are designed to achieve linear and nonlinear gener-
alized consensuses of the multi-agent systems. Under the up-
dated distributed protocols, it is meaningful and practical that
each agent moves to the average of the functional relation of
states of its neighbors. Furthermore, if there is a leader in a
network, each agent moves to the functional relation of the
state of the virtual leader.

The paper is organized as follows. Section 2 introduces
some background on the algebraic directed graph theory. The
definition of a new type of generalized consensus and a de-
signed control algorithm are presented in Section 3. General-
ized consensuses in networks with different connected topolo-
gies are discussed in Section 4. Some simulation examples
are shown to illustrate the linear and the nonlinear generalized
consensuses in Section 5. Section 6 concludes the paper.
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2. Preliminaries: algebraic directed graph the-
ory

The detailed preliminaries are similar to those in
Ref. [25]. A directed graph G(V,€,A) consists of a set of
vertices V = {vi,v2,...,vn} and a set of directed edges € =
{(i,j) :i,j € V}. A weighted adjacency matrix A = [a;j]nxn
has non-negative entries. An edge e;; € € if and only if a;; > 0.
A directed graph is strongly connected if and only if there
is a directed path between any pair of distinct vertices. Fur-
thermore, a directed graph contains a directed spanning tree
if there exists a vertex. The Laplacian matrix L = [l;j]yxn
of G(A) is defined as l;; = ¥ ;+;a;j, lij = —a;j for i # j. For a
directed graph, the Laplacian matrix L has the following prop-
erties.

Lemma 1% Suppose that a directed graph G(A) is
strongly connected, then, its Laplacian matrix L is irreducible
and satisfies L1y = 0. Furthermore, there exists a positive
vector € = (£1,&,...,En)T such that €TL =0 and €71y = 1.

Lemma 2 (Frobenius normal form)!?’! There exists a
permutation matrix W with order N and integer m > 1, such
that

1:;11 _() e 0

T Ly Ly --- 0
wizw =" @

-Eml Lml me

where EU € R =1, 1_122 € R22xa2 | I_/mm € RIm>dm
are irreducible square matrices, and ¢g; are uniquely deter-
mined within a simultaneous permutation of their lines with
Y il gk = N, but their ordering is not necessarily unique.

The process of permuting the Laplacian matrix L of
G(A) into its Frobenius normal form is a standard problem
in graph algorithms, which can be solved by the depth-first
search algorithm in linear time.!?8!

Suppose that G(A) is a directed network and its
Laplacian matrix L is in the Frobenius normal form and
G1,Gy,...,Gy, are the strongly connected components of
G(A) with the adjacency matrices A; = diag(L;) — Ly,
A, = diag(Ly) — Ly, ..., A, = diag(Lun) — Ly, then,
G*(A*) =0 is called a condensation network of G(A). If
there is a connection from a node in V(G;) to a node in
V(Gi), i # j, then weight Aj; > 0; otherwise, Aj; = 0 for
i,j=1,2,...,m; A} —0f0r1—12 Jm. Furthermore for
eachi=123,...,m, there is an integer j <isuch that A}; >0
if and only if the directed network G(A) contains a directed
spanning tree.

3. Generalized consensus model

Consider the multi-agent system (1), we will investigate
the following generalized consensus phenomenon.

Definition 1 System (1) or protocol w; is said to achieve
the generalized consensus or agreement if for any initial con-
ditions,

tim ([ e ()) — h(aei(1) | = O, @)

where h,-(w,-): T, = (xil s Xigs  eees xi,,) e R* —
(hi(mil ),h,-(a:,-z), .. .,hi(.’llin)) € R” (i = 1,2,... ,N) are
smooth and invertible functions. If h;(x;) = x;/k; (ki #0
are constants) for all i = 1,2,...,N, then system (1) achieves
the linear generalized consensus; if at least one of h;(x;) (i =
1,2,...,N) is nonlinear, then system (1) achieves the nonlinear
generalized consensus.

Remark 1 In fact, the generalized consensus is a more
general concept in comparison with the traditional consensus.
When k; =1 (i = 1,2,...,N), the linear generalized consen-
sus reduces to the normal consensus; if a;; # 0, for k; = —k;,
the linear generalized consensus reduces the anti-consensus;
ifki=c¢,ieN,1l=1,...,p, Uf:lNl ={1,2,...,N}, p <
N, ¢; are the cluster parameters, it reduces to the cluster
consensus.[1>~13]

Correspondingly, we put forward an updating protocol of

system (1)

u;(t) = a(hi(z;)) -1 Za,j —hi(zi(r))], &)
where o denotes the control strength factor, (h}(zx;))~! =
diag((Ri(x;,)) 1, (Ri(xi,)) L., (Ri(xi,)) " 1)s.  Substituting
Eq. (4) into system (1) yields

h/ wl ! Zal] h,‘(CCi(f))],
1—1,2,...,N. )

Clearly, if the generalized consensus can be achieved, it
is natural to require a generalized consensus state z(t) € R"
of system (5) satisfying h;(x;(t)) — @o(z). Especially, if
hi(x;(t)) = x;(t)/k; for all i = 1,2,...,N, the protocol u; is
linear as follows:

N
@ = ok Y aijlx(t) /kj—

=1

zi()/k], i=12,....N. (6)

4. Main results

4.1. Generalized consensus in strongly connected net-
works

Let e;(t) = hi(x;(t)) — xo(r) represent the position vector

of the i-th agent relative to the weighted average position of all

L1 Eihj((r)). and

Ey) is the positive left eigenvector of Lapla-

the agents in system (5), where x((¢) =

= (81,82,

cian matrix L associated with its zero eigenvalue, satisfying
£€T1y = 1. Then, one has the following error dynamical sys-
tem:

é,’(l‘)

N
hi(i(1))&i(t) - ; &b (1) (1)

N N N

= —OtZlijhj(:Bj(l‘))— Zél {—OClekhk(a?k(t))}
= =1 k=1
N

= -0 Z:llij(hj(mj([))—ﬂ?()(l)). @)
j=
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Let e(t) = [e](t),eX(¢),...,e}(t)], then system (7) can be
written as

é(t)=—a(LeI,)e(r). (3)

Theorem 1 Suppose that the network topology G(A)
is strongly connected, then the generalized consensus in sys-
tem (5) is globally asymptotically achieved.

Proof Construct the following Lyapunov—Krasovskii
functional:

V(t) =€ () (Iy @ I,)e(t). ©)

Taking the time derivative of V (¢) along the trajectories of sys-
tem (5) gives

V(t)=—ae"(t)[(L+ L)@ L,)e(t). (10)

It is easy to verify that all the eigenvalues of L 4 LT are posi-
tive, except for the single zero eigenvalue. Since S = {e(t) =
leT(r),el(t),...,eL(t)] e RN : V <V, } is a compact invariant
set, according to the LaSalle invariance principle, all e;(¢) — 0
ast — oo, i.e., all z;(t) asymptotically converge to h; ' (x(t))
as t — +oo. This implies that the generalized consensus is
globally asymptotically reached.

4.2. Consensus in networks containing a directed spanning
tree

Consider multi-agent system (5) whose topology contains
a directed spanning tree. According to Lemma 2, without loss
of generality, we assume that the Laplacian matrix L is in its
Frobenius normal form. Furthermore, let L; = L; + A; (i=
1,...,m), where L; is a zero-row-sum matrix, and A; > 0 is
a diagonal matrix. By Lemma 1, there exists a positive vector
& = (f_]],...,f_qu )T such that EITI_/I =0 and Elrlql =1.

Theorem 2 Suppose that the communication topology
G(A) contains a directed spanning tree, then the generalized
consensus in system (5) is globally asymptotically achieved.

Proof It is obvious that the condensation network of
G(A), indicated by G*(A*), itself is a directed spanning tree.
The dynamics of the agents belonging to the vertex set of the
root of G*(A*) will not be affected by the others, and the
local topology among them is strongly connected. By The-
orem 1, the states of these agents will reach the generalized
consensus asymptotically, that is, there exists €; > 0 such that
hii(z;(1)) =2()+0@F ™), i=1,2,...,q1, where &(t) rep-
resents the asymptotic generalized consensus state.

Based on the above analysis, consider the dynamics of the
agents denoted by v;1,vi2,...,Vig;, 2 < i < m belonging to the
i-th vertex in G*(A*). It is only affected by the vertices which
have directed paths to v;, s = 1,2,...,¢;. Suppose that such
agents excluding vi5, s = 1,2,...,g; are vj1,vj2,...,vj;. Fur-
thermore, assume that the states of agents v;1,vj2,...,v; have
already achieved the generalized consensus, and the general-
ized consensus position state is &(z). Let &;,.(t) = h;, (x;, (1)) —
Z(t). Simple calculations give the following error dynamical

system:
bult) = —at }q;'lzi,ixhi,.(mij (1)) b (3 (1))
ki
~a Y 1, (a(0) iy (1) +0(e ).
L

=1,2,....q:. (11)

é(t) = —a(L;®1I,)é(t)+0(e™ ). (12)
According to Eq. (12) and following the proof of Theorem 1,
one can show that the states of agents v;1,vi2,...,Vig, 2 <i<m

will reach the generalized consensus asymptotically, converg-
ing to h;,' (2(1)).

4.3. Generalized consensus in networks with a leader

Consider how to guarantee the position states of multi-
agent system (5) to achieve the generalized consensus, i.e.,
limy e ||Ri(2i(7)) — x*|| = O, forall i = 1,2,...,N, where the
communication topology does not contain any directed span-
ning tree. One way to achieve this goal is to assume that there
is a virtual leader and a fraction of agents inform the state of
the leader so that a navigational feedback term could be added

to each of them. We have
N

; ~1 «
@ = (hj(@) [~ ¥ lhy @;(0) =i (hu(i(r) —a* (1))
j=1

i=1,2,...,N, (13)
where ¢; = 1 if agent i is informed and O otherwise. When
h;(x(t)) = x;(t) /k;, the linear form is

N
T = —kio leij(mj(t)/kj)*kicz'ﬁ(mi(t)/kﬁw*(t)),
j=

i=1,2,...,N. (14)
Let &; = h;(x;(t)) — =", then by Eq. (13), one has
&) = —(L® L)é(), (15)

where &(t) = (&1 (¢),...,2%(t)), L = aL+ Bdiag{cy,...,cn}.

Theorem 3 Suppose that there exists a directed path from
the virtual leader to each agent, then the generalized consensus
in system (13) is globally asymptotically achieved.

Obviously, (LT + L) > 0, the proof is similar to that for
Theorem 2 and omitted here for brevity.

5. Simulations

Example 1 (linear case) Consider linear multi-agent sys-
tem (6) with topology G(A;) as shown in Fig. 1. Topol-
ogy G(A)) contains a directed spanning tree. Let the cou-
pling strength be o = 0.50, the linear projective parame-
ters are k = (ky,k,...,k10) = (1,-3,0.5,5,6,7,—1,3,0.2,2).
The projective position states of all agents are obtained
as shown in Fig. 2, where the given initial condition is
x(0) =(1.25,1,—1,0.5,0,2,10,3,4,0.65). The stable state is
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z(t) — (2.0127, —6.0382, 1.0064, 10.0637, 12.0764, 14.0892,
—2.0127,6.0382,0.4025,4.0255) as t — oo, i.e., 2(t) — xo(t) -
k, here the weighted average position xo(¢) — 2.0125 as t —
+oo. Figure 3 indicates that the global error
Vk§5<320)__an+1@))2_%0’
i=1 ki ki+l

and the linear generalized consensus is achieved.

Fig. 1. Communication topology G(A}).

20 Tk /
— x/ky . xg/kg
B YA — @7/ ky
e wafky o @)k
oo xy/ky . xmg/ky
— w5/ks w x10/ k10
-
s
8
—10L o
0 10 20 30 40 50

Fig. 2. Linear generalized consensus is achieved for example 1.

30
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10t
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t

Fig. 3. Evolution of global error /X [(xi(¢) /ki) — (v (1)/ (ki ).

Example 2 (nonlinear case) Consider multi-agent sys-
tem (13) with topology G(A;) as shown in Fig. 4, topol-
ogy G(Aj) does not contain any spanning tree.  Sup-
pose that there is a virtue leader labeled V in system (13),
where agents 1 and 4 belonging to the first and the sec-
ond strongly connected components are informed agents,
as indicated in Fig. 4. Let x*(¢) = 4, hi(x) = 4x, hp(x) =

x%, h3(x) = 4x/3, h4(x) = 2x — 4, hs(x) = v/x+ 11, with
the given initial condition x(0) = (1.25,1,—0.5,0.5,0).
Figure 5 shows that the designed stable state is
() = () () () () () =
(1,2,3,4,5) as t — o, ie., all z;i(t) — b '(x"), i =
1,2,3,4,5. Figure 6 indicates that the global error
VI (ilxi(6)) — hisa (i1 (1)) = 0. and the nonlinear
generalized consensus is achieved.

/@\
/s ~
, N
N
’

\® o

Fig. 4. Communication topology G(A3).

15 20 25 30
¢

Fig. 5. Nonlinear generalized consensus is achieved for example 2.

10

Error

0 5 10 15 20 25 30
t

Fig. 6. Evolution of global error \/ Y (hi(xi(6)) = hig1 (xip1 ()2

6. Conclusion

In summary, we have given a new concept of consensus:

the generalized consensus in continuous-time multi-agent sys-
tems. A general simple distributed control scheme has been
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proposed for the GC of multi-agent systems in directed net-
works. Based on the Lyapunov—Krasovskii functions, we have
theoretically proved the generalized consensus in strongly
connected networks, the topology contains and does not con-
tain a directed spanning tree, respectively. Simulation exam-
ples of linear and nonlinear cases have been reported to verify
the theoretical results. Our future works will focus on the gen-
eralized consensus behaviors of more practical models, such
as multi-agent systems with nonlinear dynamics and second-
order multi-agent systems. Continued research would be de-
sirable.
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