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We develop an online adaptive dynamic programming (ADP) based optimal control scheme for continuous-time
chaotic systems. The idea is to use the ADP algorithm to obtain the optimal control input that makes the performance index
function reach an optimum. The expression of the performance index function for the chaotic system is first presented.
The online ADP algorithm is presented to achieve optimal control. In the ADP structure, neural networks are used to
construct a critic network and an action network, which can obtain an approximate performance index function and the
control input, respectively. It is proven that the critic parameter error dynamics and the closed-loop chaotic systems are
uniformly ultimately bounded exponentially. Our simulation results illustrate the performance of the established optimal

control method.
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1. Introduction

Chaotic systems have been widely applied in the areas
of biological engineering, communication, chemical process-
ing, and secure information processing.!!*! Researchers have

5,6

studied the control problem of chaotic systems,>®! such as

impulsive control method!”~'%! and adaptive synchronization

(11 1t is noted that optimal control is a very

control method.
important aspect in the control field. In Ref. [12], an opti-
mal tracking control scheme was established using the iter-
ative approximation-error-based adaptive dynamic program-
ming (ADP) algorithm for a class of discrete-time chaotic sys-
tems. In this paper, we will continue to study the continuous-
time chaotic systems via an online adaptive ADP algorithm.
The ADP was proposed by Werbos in Ref. [13] in or-
der to obtain approximate solutions of optimization problems.
A detailed discussion and progress regarding the ADP can be
found in Refs. [14]— [16]. For the optimal control problems of
discrete-time nonlinear systems, most work has adopted an it-

17-201 1t is challenging to prove the sta-

erative ADP algorithm. !
bility and convergence of ADP-based optimal controllers for
continuous-time systems. In Ref. [21], the Hamilton—Jacobi—
Bellman (HIB) framework was used to construct a stable iter-
ative ADP algorithm. In Ref. [22], a general multiple-input-
multiple output ADP structure was developed and its applica-
tion in the looper system of a hot strip mill was discussed. In
Ref. [23], only measured system input/output data were used

to implement the ADP algorithm. In Ref. [24], a practical de-
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sign method was developed for the cooperative tracking con-
trol of higher-order nonlinear systems with a dynamic leader.
None of the aforementioned approaches consider the optimal
control problem of continuous-time chaotic systems, which is
very important for nonlinear control systems.

In this paper, we propose an online ADP algorithm to deal
with the optimal control problem for continuous-time chaotic
systems for the first time. First, the performance index func-
tion is presented for the chaotic system. Then, the critic and
action networks are constructed by neural networks, to obtain
the approximate performance index function and control in-
put. The critic parameter error dynamics exponential conver-
gence is proven. Furthermore, it is also proven that the closed-
loop chaotic system is uniformly ultimately bounded. Next,
the detailed implement process of the online ADP algorithm
for chaotic systems is introduced. Finally, two chaotic sys-
tems are given, and the effectiveness of the proposed optimal
control algorithm for chaotic systems is validated by the sim-
ulation results.

The rest of this paper is organized as follows. In Section
2, we present the problem statement. In Section 3, the opti-
mal control scheme that has been developed and the conver-
gence proof is given. In Section 4, two examples are given to
demonstrate the effectiveness of the proposed optimal control

scheme. In Section 5, the conclusion is drawn.
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2. Problem statement

Let us consider the following nonlinear continuous-time
chaotic systems:

(1) = f(®(1)) + gu(a(1)), (1)

where the system state x(¢) € R", the constant control gains
g € R and the control input u(x(¢)) € R™. We assume
that function f(x(z)) is Lipschitz continuous on a set R| € R”"
and f(0) =0.

We aim to find the control input u(x) of chaotic sys-
tem (1), which optimizes the following performance index
function:

I(@(t) = [ Ue(@)utx(z)dr, @

where U (z(7),u(z(7))) =xT(7)Qz(7) +u' (x(7)) Ru(x(1))
is the utility function. Note that the performance index func-
tion (2) can be expanded as follows:

T
J@() = [ U(@)ula(n)dr
+/:U(a:(r),u(m(1)))dr

_ /ZTU(w(r),u(m(f)))df-l-J($(T))a 3)

where T > t.

Remark 1 In fact, many chaotic systems can be de-
scribed by Eq. (1), such as the Chen system, Lorenz sys-
tem, Rossler system, Lii system, van der Pol oscillator, uni-
fied system, several variants of Chua’s circuits, and Duffing
oscillator. 6!

The infinitesimal version of Eq. (3) is the nonlinear Lya-
punov equation

0=U(x,u)+J; (f(z)+gu(z)), )

where J, = dJ /dx is the partial derivative of the performance
index function J.
Hence, we can define the Hamiltonian function as

H(z,u,Jy) = Ulz,u)+ J; (f(x) +gu(x)), ()
and the HJB equation
OZInGiI){H(Qi,u,J;)}, (6)

where u is a set of admissible policies, and the optimal perfor-
mance index function J* is defined as

J*(x) = min /th(w(T),u(ac(r)))dr. )

uciu

Furthermore, we obtain the optimal feedback control as
* 1 *
u'(x) = _ER lgTgr. (8)
Then, we have the following HIB equation:

H(z,w'J}) = J;(f+gu)+Ul@u’) =0. ()

3. Optimal control based on the online ADP al-
gorithm

In this section, the optimal control design method using
the ADP will be established. As we know, the critic net-
work and the action network are two vital modules of the ADP
method that are used to obtain the performance index function
J (x) and the control input u (), respectively. Two neural net-
works are used as the critic network and the action network.
The whole structure is shown in Fig. 1.
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Fig. 1. The whole structure of the proposed online ADP algorithm.

In the neural network, if the number of hidden layer neu-
rons is L, the weight matrix between the input layer and hid-
den layer is Y, the weight matrix between the hidden layer
and output layer is W, and the input vector of the neural net-
work is X, then the output of a three-layer neural network is
expressed as

Fy(X,)YW)=WTs(Y X), (10)

where & (Y X)) is the activation function. For convenience of
analysis, only the output weight W is updated during the train-
ing, while the hidden weight is kept unchanged. Hence, in the
following part, the neural network function (10) can be sim-
plified into

Fy(X,W)=WTe(X). (1)

3.1. Design method of the critic network and the action
network

The critic network is used to obtain the performance in-
dex function J () in the form of

J(x) = W (x) +ec(x), (12)

where W, is the ideal constant weight, ¢ (x) is the activation
function of critic network, and e¢(x) is the approximation er-
TOr.

Hence, we can have the derivative of the performance in-
dex function J(x) with respect to x

J.=VoIW, + Ve, (13)
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where Vo = d¢.(x)/dx and Ve, = de.(x)/dx.
Eq. (13), the Hamiltonian function (5) can be expressed as

From

H(x,u,W,) = U(z,u)+ WCTV¢C(f(a:)
+gu(x)) —epn(x), (14)

where ez (x) = — Vel (f(x) +gu(x)).
If we define the estimation of W, as Wc, then we can
have the estimation .J(x) of J (x) as

Jx) =

and the corresponding estimation of J, is given by

Wl e(x), (15)

J.=VolWw,. (16)

Then we have the approximate Hamiltonian function derived
by
H (@, u, W) =U (x,u) + W Ve (£ (x) + gu(x). (17)

If we let the weight estimation error of the critic network
be

We =W, - W,, (18)
the estimation error of the Hamiltonian function be
ec = H(z,u,W,) — H(x,u, W,). (19)

Furthermore, as H (x,u, W;) = 0, from (14) we have

en(¥) = Ulxu) + WIV(F () +gu(x).  (0)

Then we have

= WV (f(x)+gu(x)) —en(x)
~WIVoe(f(x)+gu(x))
= —U(z,u) - WIVo(f(x) +gu(x). (@21

The weight update law for the critic network is a gradient
descent algorithm that aims to minimize the squared residual

error B, = e e.. Hence, we obtain the weight update law of
W, as
A o (pl T4
Wc = *Bcﬁ ((pl WC+U), (22)
(prp1+1)
where @1 = V. (f + gu) and the adaptive parameter 3. > 0.

Thus, from Eq. (22), we have

Wc = ﬁc T 2l 2 (901 (WC_WC>+U)
(‘P]‘Pl"‘l)
P1 %
= —Pc T QSOTWC
(pip1+1)
B (PT W +U). (23)

As a result, equation (23) can be rewritten as

W, = _ﬁc%¢TWc+ﬁc T 2l 5€H. (24)
(pip1+1) (ple1+1)
Define 2 = @i + 1 and @3 = TL, then equa-
prer+1
tion (24) can be changed into
Wc = _ﬁc(PSSOFgWC +Bc%€H~ (25)

In the following, it is desired to give the detailed method
for action network weights updating. First, the expression of
the action network is introduced as

u(x) = Wl (x) + e, (26)

where W, is the ideal constant weights, ¢, (x) is the activation
function of action network, and &, (x) is the approximation er-
IOr.

Let the estimation of W, be Wa, and the estimation of
u(x) be

a(x) = W, ¢a(x), 27)

then the error between the actual output of the action network
and the feedback control input exists, which is expressed as

A 1 -
s =W+ R'g' Vo We. (28)

The objective function to be minimized by the action network
is defined as

1
E,= Eezea. (29)

The weight update law for the action network weight is a gra-
dient descent algorithm, which is given by

. 1 T
W= —fus (WE $ut SR ‘gTV¢IWc) SNE)
where f3, > 0 is the adaptive parameter. Define
W =W, - W, 3D
then from Eq. (30), we have
& 2 N\T
W, = ﬁa¢a ((Wa - Wa) ¢a
1 T
+5 R 1TVl (W, WC)>
1 __
= Batha (W3T¢a + ER IQTV¢EWC
. 1 - \T
~W/é.— 3R ‘gTV¢ZWc) SN )

According to Egs. (13) and (26), equation (8) can be written
as

1. 1
W;rqﬁa(x)Jrea:fER 1gTV¢>CTWCf§R 19TVe., (33)
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which means

1__ 1
Wi a(x)+ ;R g' VO We = —e,— SR 'g'Vee. (34)

Hence, equation (32) can be expressed as

. 1 . T
Wa=—PBacha (WdTQba + ERflgTv‘chWc - Ew) , (35)

1 T
where ey, = — (sa + 2R1gTVsc) .

3.2. Stability analysis

In this subsection, theorems are presented to indicate the
closed-loop system state and network weights estimation er-
rors are uniformly ultimately bounded. First, the assumption
will be presented.

Assumption 1 i) The approximation errors of the critic
network and action network, that is, . and &,, satisfy ||e.|| <
eem and ||e,|| < eam. The gradient of the critic network ap-

€cM, EaM, and gqp are non-negative numbers.

enm, ®am < ||w3]| < 3m. and pom < [|w2|]. €aM, P3ms P2ms
and (3 are non-negative numbers.

iii) The vectors of the activation functions of the action
network satisfy ¢am < ||@a|| < ¢pam. The gradient of the acti-
vation function vector for the critic network is upper bounded,
that is, ||V c|| < dpam- Pam> Pam, and Pgy are non-negative
numbers.

Theorem 1 If the critic network weight updating method
is provided by Eq. (22), then the critic parameter error dynam-
ics (25) converges exponentially.

Proof We define the Lyapunov function candidate as

Vi(r) = Z%Ctr{WCTWC} : (36)

and, hence, the derivative of Eq. (36) as

Vi(t) = tr {WCT(—goy,ogWC + ?EH)}

s (Ed-zD- e

|| < enm. Thus, if || (o] /) Wel| > €.
then V; (t) < 0. This means that V; (¢) decreases and |1 W,||
is bounded. Therefore, in the light of Ref. [25] and Techni-
cal Lemma 2 in Ref. [26], the estimation error W converges

EH

| /\

exponentially.

The proof is completed.

We now present the main theorem, which provides the up-
dating methods for the actor and critic networks that guarantee
convergence of the ADP algorithm to the optimal controller,

and meanwhile guarantees the stability of closed-loop chaotic
systems.

Theorem 2 Let the chaotic system dynamics be given by
Eq. (1), the critic network be given by Eq. (14), and the action
network be given by Eq. (27), respectively. If the weight up-
dating methods are given by Egs. (21) and (30), and there exist
the parameters B, B., and / such that

4B, 0>
B. < _PuPsm . 38)
2B, (£20) + IR PllglP 03y
4?2
< am , (39)
P 3¢y + 419112 P2y
and
llg||? 2k+3}
> , 40
ma"{xmmm) Fonn(Q) (40)

then the closed-loop chaotic system (1), the weight estimation
errors W, and W, are uniformly ultimately bounded.
Proof Define the Lyapunov function as

V(1) =Vi(t) +Va(t) +Va(1), (41)
where V (¢) is given by Eq. (36),

ﬁ

Va(t) = = tr{WTWa} (42)

and
Va(t) = Befa (z"z +1J(2)) 1 > 0. (43)
Take the partial derivative of V(¢), then we have
V(t) =Vi(e) + V(1) + V3 (0). (44)

In the following, we will deduce the expressions of Vi(t),
Vz(t), and V';(l‘)
First, according to Eq. (25), we can obtain

Vi) = tr{v”vf <—¢3¢§Wc+feﬁ>}

AWl + B (£

IN

2
— &M 45
2p, )
Next, according to Assumption 1, &, in Eq. (35) satisfies

Ew < EwM; (46)

1
where €yM = €M + EHR*IHHgTHe‘dM. Furthermore, from
(35) we obtain

V2 (t)

- - I - '
—ﬁctr{WJ @(Wf ¢a+2R‘gTV¢ZWC—eW> }

T
= _ﬁc tr{WaT¢a (W;d)a—‘,— ;ngTV¢)ZWC> }
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+ B tr { W ey }
Bl Wl - B [Wiu(R g VT
+ B tr { W ¢qe T}

\ /\

< Bt Wil + Leit LR oW
LA (47
At last, as
i =W, gy =(Wa— W) s =u—e,— W] o, (48)
then we have
&=f+ga=f+glu—e.—~W/ ) (49)
and thus
Va(t) = BB (27 + 1)

= ZﬁcﬁawT(f—i—gu —gé€a —gWaqua) —1B.BU
= 2Bc/3amT.f +2ﬁcl3angu - Zﬁcﬁangsa
- ZﬁCﬁangWaqua —1BBaU. (50)
Since f(x) is Lipschitz, that is, ||f(x)|| < L||x||, we

have

2B.Bux” f < 2BBuL|||*. (51)

Furthermore, we have

2BeBar” gu < Befa(| || * + [|gul[*), (52)
—2BPar” gea < BeBall|x||*+ Ig|Peam), (53)
_2ﬁ6ﬁangv~VaT¢a < ﬁcﬁa(Htz + ||QH2HWcH2¢§M); (54)

and

- lﬁcBaU < *lﬁcﬁalmin(Q)Hw”z - lﬁcﬁazfmin(R)Hu| |2' (55)

Then we have

2B:Ball|||? + BeBa(ll| | + gl ||| *)

+ BeBa(l[]|* + 1191 *em)
+BeBalll[2 +[1g] 2| W #2w)

— 1BeBatmin(Q)|| > — 1B BaAmin (R)[ue]|*
(2BeBaL+ 3BePa — IB:Batmin (Q)) |||

+ (BBal|g|* — 1BeBatmin (R)) | u] |

+BeBallgl P2 || W | + BeBallgl Pedu.  (56)

V3 (l‘)

IN

Therefore, we have
V()
< (2BeBaL + 3Bea — 1BeBaemin(Q)) |||
+ (ﬁcﬁa| ‘g| ‘2 - lﬁCﬁalmin(R))”u‘ |2

3 -
+ (~Betim + S BaPetin + BeBal 91 &%) [ W |
< o2 BC (9031\4)2+ Be 1 TH2¢2 >HW ||2
311‘1 2 (p2m 4ﬁa dM C

1 B
+ 57 25 &im+ 2[; am + BeBallgl*€u- (57)
Let

K= 2ﬁcﬁaL+ 3ﬁcﬁa - lﬁcﬁalmin(Q)a
Yu = Bcﬁa”gnz - lﬁcﬁalmin(R)»

3
=B §m+*ﬁaﬁC¢ZM+ﬁCﬁa||gH2¢a21M7
ﬁc(sosM)z Be || o1 T2 42
m T — ) + - ||R )
Y= (P3 P 4Ba” g || dam
and

Vo = %l 2+ Yal [l + W P + %] W

1 B
&y = 25 EHM+2E am + BeBallg|* €

)

then equation (57) can be written as
V([) <V, +é&y. (58)

From Egs. (38)—(40), we have V;, < 0. Therefore, accord-
ing to the standard Lyapunov extension theorem,?®! the above
analysis demonstrates that the state and the weight errors are
uniformly ultimately bounded.

The proof is completed.

3.3. Online ADP algorithm implement

On the basis of the above theoretical analysis, we intro-
duce the following detailed online ADP algorithm implement
process.

1) Give the values of Q and R, and the initial chaotic sys-
tem state;

2) Give an arbitrary admissible control input for chaotic
system (1);

3) Construct the structure of the critic network and the
action network, that is, the adaptive parameters 8. and 3,, and
the activation functions of the critic network and the action
network;

4) Give the initial weights of critic network and action
network, and update WC and Wa according to Egs. (22) and
(30), respectively;

5) Compute J(x) and @ (x) according to Egs. (15) and
(27), respectively; and,

6) Return the control input 4 (x).

4. Simulation results

To evaluate the online ADP algorithm for chaotic sys-
tems, we consider two nonlinear chaotic systems.
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4.1. Example 1

Consider the following Chua circuit:[1?]
&1 = 01 (x2 —h(x1)) +ui,
Ty = X1 — X2+ X3+ Uy, (59)

&3 = —6x2 +u3,

where the nonlinear characteristic i(x;) = mjx; + %(mo —

my)(|x1 + 63] — |x; — 63]), and the parameters 8; =9, 6, =

2

14.28, 63 =1, my = —%, and m; = 5. Figure 2 depicts the

chaotic attractor of the system (59).

Fig. 2. (color online) The chaotic attractor of Chua’s circuit (59).

In this paper, we select adaptive parameters of the critic
and action networks as . = 3, = 0.02. The activation func-
tions in the critic network and the action network are hyper-
bolic tangent functions. The structures of action network and
critic network are 3—10—1 and 3-3-1, respectively. The initial
weights W, and W, are selected arbitrarily from (—0.5,0.5),
respectively. For the performance index function, Q and R in
the utility function are identity matrices of appropriate dimen-
sions. After 120 time steps, we obtain that VVC converges to
W, = [—0.1477; 0.4399; 0.3774], and W, converges to W, =
[—0.0982, —0.0090, —0.4034; —0.4240, —0.0107, —0.3680;
—0.2601, —0.1623, 0.4421; —-0.3767, 0.4001, 0.4561;
—0.3161, —0.1308, 0.0752; —0.2600, —0.3888, —0.4402;
—0.0827, 0.2803, —0.2652; —0.4503, —0.1103, —0.1468;
0.4027, —0.2584, 0.3211; 0.4448, —0.0961, —0.4846]. From
the initial state [0.2; 0.13; 0.17], we obtain the simulation fig-
ures shown in Figs. 3—4. From the two figures, we can see
that the state and the control of system (59) are convergent. It
is clear that the optimal control method in this paper is very
effective and feasible.

1

. \
-7 --uw
— d — uy
= /
Q /
O —2t .
/
I
—3h
I
—4
0 40 80 120
Time step

Fig. 3. (color online) The control trajectories of system (59).

0.20
— T
0.15 o
s 0.10
g
o]
n
0.05
0
—0.055 ' 0 80 120

Time step
Fig. 4. (color online) The state trajectories of system (59).
4.2. Example 2
The well-known Lorenz system is given by

X = O'(XQ —x1) + 10u,,
Xp = px1 —x1x3 —x2 + 10uy, (60)
X3 = x1xp — Bxs + 10us,

where the parameters 3 = 8/3, p = 28, and o = 10. The
chaotic figure is shown in Fig. 5.

50
40

. 30
8

Fig. 5. (color online) The attractor of Lorenz system (60).

The structures of action network and critic network are
3—6-1 and 3-3-1, respectively. The initial weights of the two
networks are selected from (—0.5, 0.5). Adaptive param-
eters of the critic and action networks are f. = B, = 0.02.
The activation functions in the critic network and the ac-
tion network are hyperbolic tangent functions, as in Exam-
ple 1. For the performance index function, Q and R in the
utility function are identity matrices of appropriate dimen-
sions. After 200 time steps, we obtain that W, converges
to W, = [0.0968; 0.0717; 0.0570], and w, converges to
W, = [0.0629, —0.0442, 0.0913; 0.0811, 0.0093, —0.0029;
—0.0746, 0.0915, 0.0599; 0.0826, 0.0929, —0.0715; 0.0264,
—0.0684, —0.0156; —0.0804, 0.0941, 0.0831]. The initial
state of the chaotic system (60) is [0.5; — 0.5; 0.9]. The ob-
tained figures are shown in Figs. 6 and 7. We can see that the
closed-loop system state and control inputs converge to zero
as the time step increases. Thus, the proposed optimal control
method for chaotic systems in this paper is very effective.
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Fig. 6. (color online) The control trajectories of system (60).
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Fig. 7. (color online) The state trajectories of system (60).

5. Conclusions

This paper has developed an optimal control scheme
based on an online ADP algorithm for continuous-time chaotic
systems. The ADP algorithm is used to obtain the optimal
control input that makes the performance index function reach
an optimum. First, we presented the performance index func-
tion of the chaotic system. Then, the online ADP algorithm is

presented, in which the neural networks are used to construct
the critic network and action network. The approximate per-
formance index function and control input are obtained by an
online ADP algorithm. It is proven that the iterative perfor-
mance index functions can converge to a finite neighborhood
of the lowest bound of all performance index functions. Two
simulation examples are given to show the effectiveness of the
proposed optimal control approach.
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