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We propose the schemes for implementing hyperentangled state analysis and generating four-electron high entan-
gled states (including cluster state, |x) state, and symmetric Dicke state) based on the charge detection of free electrons.
These schemes are deterministic and rely only on charge detection and single-spin rotations. This method, which uses
noninteracting electrons, is not only efficient but also saves on quantum resources.
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1. Introduction

Entanglement plays an important role in quantum infor-
mation processing (QIP). It has been widely used in quantum
teleportation,!!! quantum cryptographic schemes,>3! quan-

[8-11

tum secret sharing,[*7! quantum key distribution, I and

quantum secure direct communication.!'>2!) Moreover, the
2227

e,27 |x)

occupy an impor-

multi-particle entangled states, e.g., cluster stat
state,[?8] and symmetric Dicke state, [29]
tant position in one-way quantum computation due to their

1301 Hyperentanglement is the simultane-

high entanglements.
ous entanglement in more than one degree of freedom, such
as polarization—-momentum, polarization—spatial, spatial—spin,
and so on. It provides an effective and practical capacity-
increased way to manipulate qubits in QIP in comparison
with the normal entanglement and is widely used in Bell-state

31-36]

analysis, ! entanglement purification, ¥”*3! and quantum

5.1 Kwiat and Weinfurter demonstrated that a com-

repeater:
plete Bell-state analysis can be achieved with additional de-
grees of freedom, such as time and momentum. B11 Walborn
et al. proposed a linear optical scheme for Bell-state mea-
surement by using hyperentangled states in 2003.1?] Sheng
et al. proposed a scheme for implementing a complete
hyperentangled-Bell-state analysis (HBSA) in the polariza-
tion and spatial-mode degrees of freedom with the help of

[331 Ren et al. also proposed an HBSA

cross-Kerr nonlinearity.
scheme with a photon system assisted by quantum dot spins in
optical microcavities.**

The charge detector is a powerful instrument and plays
a key role in the QIP of free electrons, which can be real-

ized by using a point contact made of a quantum dot with a
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resonant conductance.!*>! Free-electron quantum computation
can be accomplished by encoding quantum information in the
spin degree of freedom of the conduction electrons. Simi-
lar to photons, electrons can also act as flying qubits. Since
Beenakker et al. constructed a deterministic CNOT gate be-
tween flying electronic qubits based on charge detection and
showed that QIP with electrons could be simpler than that with

5,14 charge detection has drawn much attention. For

photon
example, in 2005, Feng ef al. proposed an entanglement pu-
rification scheme for the mixed entangled states of electrons
with the aid of charge detection.[*”) Sheng et al. proposed
an entanglement concentration protocol for electrons based on
their spins and charge,*3 later, they implemented a multi-
particle entanglement purification scheme.!**! Wang et al. im-
plemented the fermionic quantum swap and Fredkin gates for
spin qubits based on charge detection.!*°! Zhou implemented
an entanglement concentration for the electron-spin W state
with charge detection.[!]

In this paper, we implement an HBSA based on charge
detection. This HBSA scheme can be divided into two steps.
The first step is used to distinguish the Bell state in the
spatial-mode degree of freedom, and the second step is used
to distinguish the Bell state in the spin degree of freedom.
Subsequently, we suggest schemes for generating the multi-
particle entangled states, including four-electron cluster state,
|x) state, and symmetric Dicke state based on charge detec-
tion. Comparing with the other schemes, our scheme does not
require an auxiliary system, and only relies on charge detec-
tion and single-spin rotations.

The remainder of the paper is organized as follows. In
Section 2, a scheme is proposed for deterministically distin-
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guishing a hyperentangled Bell state in the electron spin de-
gree of freedom and the spatial modes. In Section 3, we pro-
pose schemes for generating a four-electron cluster state, a | )
state, and a symmetric Dicke state. Finally, a discussion and a
summary are given in Section 4.

2. HBSA in spatial mode and electron spin de-
gree of freedom

A two-path parity meter for electron spatial mode is in-
troduced, which is composed of two charge detectors and two
electronic polarizing beam splitters (PBS), as shown in Fig. 1.
The P, and Py are normal charge detectors used to distinguish
the occupation states of the upper and the lower paths, respec-
tively. They can distinguish the occupation number 1 from 0
or 2 in a nondestructive way, but cannot distinguish between 0
and 2. The PBS is a polarizing beam splitter which transmits
the electrons with spin up and reflects those with spin down.
The parity P of the two spatial modes is determined by the
measurement results of P, and Py according to the following
relation: P =1 for {P, =0,Py =1} or {P, = 1,Py =0}, and
P=0for {P,=0,Ps =0} or {P, =1,Py=1}. Two electrons
in an arbitrary spin Bell state passing through this parity meter
will not be changed in path and spin. When the two electrons
are input from the upper and the lower paths, respectively (this

situation corresponds to P = 0), their parity of spin can be
identified. Namely, the result P, = Py = 1 implies two identi-
cal spins (1 or /), while P, = Py = 0 implies two different
spins (1] or | 1). If only one path has an input electron (P = 1),
the result { B, =0, Py = 1} implies a spin up (down) input from
the upper (lower) path, and {P, = 1,Py = 0} implies a spin up
(down) input from the lower (upper) path. These features can
be applied to entangled state analysis.

Fig. 1. A two-path parity meter P for electronic spatial mode consists of
two normal charge detectors (P, and Py) and two PBSs which transmit
spin-up electrons and reflect spin-down ones.

The schematic diagram of the HBSA is shown in Fig. 2,
where P; and P, are two two-path parity meters, P; and P4 are
two normal charge detectors, the BS is a 50 : 50 beam split-
ter, and the PBS is a polarizing beam splitter which transmits
spin-up electrons and reflects spin-down ones.

Fig. 2. Schematic diagram of the HBSA. The BS is a 50 : 50 beam splitter, P; and P, are two two-path parity meters, and P; and Py are
two normal charge detectors. The SW is a switch controlling the path of a electron, SW; and SW3 should be switched simultaneously
to the upper or lower path to keep entanglement in the spatial-mode degree of freedom, and SW; and SW4 should also be switched

simultaneously.

The initial state of two electrons entangled simultane-
ously in spatial-mode and spin degrees of freedom can be ex-
pressed as

o) = li)1 @i)2, ¢))

where i={ ®*,¥*}, subscripts 1 and 2 represent spatial-mode
and spin degrees of freedom, respectively. We denote the four
Bell states in the spatial-mode degree of freedom as

&%) = \%(|albl>i|a2bz>),
1wy, = %(\alb2>i|azbl>)v @

and the four Bell states in the spin degree of freedom as

1

D), = M=),

1
pEy, — + , 3
[P7)2 ﬁom [41) ©)
where a; (ay) and by (by) are different spatial modes, and | 1)
and | |) denote spin up and spin down of the electrons, respec-
tively. We can distinguish states |®*); from [¥*); by using
P;. Then the two electrons pass through two 50 : 50 BSs, re-

spectively, which accomplish the following transformation in
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the spatial modes

) =+ s(en) +fea).
a2) =+ =(ler) =)
1) = (1) + ),
)~ (i) — ). @

Then equation (2) evolves as

D7) = —=(|le1dy) +|c2da)),

>
7)1 = 5 lends) +feah).
)= 5 ) o).
)= s lleads) ). )

By using Py, we can distinguish state |®7); from |®~); and
state [T from |¥™);.

Table 1. Measurement results and the corresponding Bell states.

Py P P Py Initial Bell state
0 0 0 0 [DF)1 @ ¥ )2
0 0 0 1 [DF) @ [¥H)a
0 0 1 0 |®1)) © D)2
0 1 0 0 |[&7) @ ¥ )2
1 0 0 0 [P @ %),
0 0 1 1 @7 ®|PT),
0 1 1 0 |&~) @D )a
1 1 0 0 P ) ®|P )
0 1 0 1 [P )1 @ [¥H),
1 0 1 0 [¥) @D )2
1 0 0 1 [P, @ [P,
0 1 1 1 |o7) @|Dt),
1 1 1 0 |‘P NPT
1 1 0 1 YY) @ W),
1 0 1 1 |‘P+>1®\‘D+>2
1 1 1 1 [P) @@,

The method to distinguish the four Bell states |®*),
and |¥*), in the spin degree of freedom is similar to that
in Ref. [22].
ations are used to recover the initial Bell state in spin, and
H = (0, + 0;)/V/2, whose actions are given by {| 1) — (| 1
Y[ I /V2 14 = (1) —11))/V2}. The switches are used

to control the paths of the electrons. It is necessary to switch

As shown in Fig. 2, the two Hadamard oper-

SW; and SW3 simultaneously to the upper paths c¢; and cy/
or the lower paths ¢, and ¢y to keep the entanglement in the
spatial-mode degree of freedom. In the same way, SW; and
SW, should also be switched simultaneously to paths d; and

dy or dy and dy. For example, if we obtain the Bell state
|®F) = (|e1d1) +|cada)) /v/2 according to P; and P>, we need
to switch SW; and SW, simultaneously to paths c¢; and d,
SW3 and SW4 simultaneously to paths ¢y and dy, after that,
switch SW1 and SW,, to paths ¢, and d5, and SW3 and SWy4 to
paths ¢ and dy. We can properly adjust the path lengths of
¢2, do, c11, and dys to make the electrons reach the output at the
same time. The corresponding measurement results are shown
in Table 1. By this means, all of the hyperentangled Bell states
can be distinguished and the initial hyperentangled state is not
destroyed.

3. Generation of multi-particle entanglement
states

3.1. Four-electron cluster state

The cluster state is a type of high entangled state of multi-
particle, which has special applications in measurement-based
quantum computation. Now we propose a scheme to generate
a four-electron cluster state using PBS; (i=1,2,...,6), charge
detectors P; (i = 1,2,3), and Hadamard transformation. The

schematic diagram of our scheme is shown in Fig. 3.

electron 1

electron 2

electron 3

electron 4

Fig. 3. The schematic diagram of cluster state preparation. The PBS;
(i=1,2,...,6) are polarizing beam splitters which transmit spin-up
electrons and reflect spin-down ones, P; (i = 1,2,3) are the charge de-
tectors, and H is the Hadamard transformation.

We assume that all of the electrons are in state |@); = (| 1
Y4+ 4))/v2, (i=1,2,3,4). So the input state of the whole
system is

[W)o=10)1 @[0)2®@|0)3 D [@)s. (6)

After a series of setups shown in Fig. 3, the charge detectors
P (i =1,2,3) record the electronic bunching (P; = 0) or an-
tibunching (P, = 1), then a four-electron cluster state can be
obtained in a deterministic fashion by applying a local single-
qubit spin rotation to the qubits according to the measurement
results of the charge detectors. For example, if P =P, =1
and P; =

i(\ DDA HTIDAD + DA +1)

0, the evolution can be written as follows:
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SUDHHEDAD+HIAD +14)

S

A=

D +HINAN D 11D = DA D +11)
SN AT 1110 = [ WD) (1) + 1)

F
[
4
‘_. P

S

F
Il
(==}
N = N

() +THAD H D = L)

|cluster state). 7

Table 2. The obtained output states and the single-qubit local rotation
operations required for achieving the four-electron cluster states corre-
sponding to different measurement values of charge detectors Py, P,
and P3. Here G,f are Pauli operators on the spin qubit, and / is the iden-
tity operator.

P, P, P; Output state Operations
Lor b JOMM) D) + L) = [ 1) 1
L0 0 JOMM) UMD+ NN —[1HY)  oledl
Lor 0 JOMM) D)+ L) — [ 1) N
L0 1 JOUM) D+ 1) = [1H4) a!

0 1 1 S(IND+IMM Y - UM) ool
0 0 0 J(UND+WIH)+[TUD-INN) oo
0 1 0 SN+ M)+ LD =] L) a;

0 0 1 J(IMD+IID -+ =11 olecieo)
electron 1

electron 2

electron 3

The other measurement results and the corresponding lo-
cal single-qubit spin rotations are listed in Table 2. Note
that Zhang et al. and Tang also proposed some schemes for
preparing the cluster state by using parity and controlled-phase
gates,[?>?3] and Ionicioiu implemented cluster state fusion
deterministically with parity measurements.>>! Compared to
those schemes, the present one is simpler due to there being

no requirement for ancilla.

3.2. Four-electron |y) state

A four-electron |) state is written as

+UDDFTDIDIDID]- ®)

This state has been proved to be optimal, violated a new
Bell inequality, and has been used to carry out quantum
communication,®¥ so it is very important for QIP. The
schematic diagram for preparing the |x) state is shown in
Fig. 4, which includes the PBSs, charge detectors P; (i =
1,2,3), and Hadamard operations.

electron 4

Fig. 4. The schematic diagram of | ) state preparation.

Initially, all of the four electrons are in the state
(| 1) +11))/V2. After a series of setups shown in Fig. 4, ac-
cording to the measurement results of the charge detectors, a
four-electron |)) state can be obtained in a deterministic fash-
ion by applying local single-qubit spin rotation operations. For
=P =1and P;

example, for P| =0, the evolution can be writ-

ten as follows:

1(I DHIEINADHTDAD +TINA D +1)
(T +HEHNAD +INA D + 1)

~
I

2\f

Ly ST = HA D+ D)D)
= #umwmwﬂm>—\¢u>><w>+|¢>>
= F<|m>+|m>+\m>+\m>><|¢>+|¢>>
B2 2O P+ L) +] 41))

Z . ©)

The other measurement results and the corresponding local
single-qubit rotations are listed in Table 3.
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Table 3. The obtained output states and the single-qubit local rotation
operations required for achieving the four-electron |y ) state correspond-
ing to different measurement values of charge detectors Py, P, and P3.
Here o7 and o‘zi are Pauli operators on the spin qubit, and / is the identity
operator.

P, P, P Output state Operations
U1 1 SO+ )+ 1) I
Lor 0 JOMM) D + [ ) + 1) N
L0 1 JUMM =t =) + 1) oled?
Lo 1 MY — 1) - [4D + [ 1) ol ec?ec)
0 1 1 LMD+t - D - U)  ofed?
0 1 0 S(MMD+IHN) - IND-|UN) o?eciedt
0 0 1 LA = [T + ) — [ 1) o?

0 0 0 I —[tUN+IND-1U))  o?eod

3.3. Four-electron symmetric Dicke state

The Dicke state is an important multi-particle entangled
state, and represents a particularly interesting set of quantum
states associated with high robustness against particle loss and

5134561 We pro-

nonlocal properties of genuine entangled state
pose a network for the preparation of a novel four-electron en-
tangled state |D§2)> based on the CNOT gate in Ref. [23] as

shown in Fig. 5, which can be written as

1
S TH+ 1)+ 1)

LD+ L)+ H). (10)

This state with two excitations is symmetric under all permu-

2
DY) =

tations of the qubits.

control

ancilla

target

Va n)
v >

N
A\ >

< =
8 hy
P2y
A"
——o

H—0

[4)34 )23 [¥) 1234

(b)

Fig. 5. The quantum circuit (a) for generating state |D£‘2)) based on the
CNOT gate proposed in Ref. [23] (b), where R; (i = 1,2,3) is a single-
qubit rotation.

The R; (i = 1,2,3) is a single-qubit rotation defined by
Ri(0)| 1) =cos 8| 1) +sinb| ),

R(O)[ ) = —sin@| 1) +cos6] ). (A1)

As shown in Fig. 5, electrons 1, 3, and 4 are prepared in state
| 1), and electron 2 is prepared in state (| 1) + | }))/v/2. After
the first part of the circuit, the state [¥)34 is constructed as

|¥)34 = R3(63)C43R2(62)C34R1(61)] 171)34

1
$(|N>+HT>+H¢))> (12)

where C,, is a CNOT gate with x as the controlling qubit and

v as the target qubit, and 6; = 63 = arcsiny/1/2+ \@/10 and

6, = —arcsiny/1/2++/5/6 have been chosen. After the sec-

ond part, we obtain the following state:
[¥)234 = C34Ca2Co3|WP)2|W)34
1
=MD+ )+ 1)

V6
LD ). a3)

After the third part, we obtain

DY) = ) 1234 = CarC31Cot [#)1| )34

1
S L)+ 41

D + D)+ [1HD). (14)

The success probability of obtaining the symmetric Dicke state
in our present scheme is 100%, which exceeds the probabil-
ity of 3/8 obtained by applying the cross-Kerr nonlinearity in
Ref. [57].

4. Discussion and summary

Charge detection has been realized by means of point con-
tacts in a two-dimensional electron gas and using a quantum
dot with a resonant conductance.°8-%3] For instance, Field er
al. used the effect of the electric field of the charge on the
conductance of an adjacent point contact to realize charge de-
tection in 1993.05%1 Elzerma et al. reported their experimental
results that the current achievable time resolution for charge
detection is ps in 2004.1990 Their realization of such a de-
vice can be seen as a specific example of the general class
of mesoscopic quadratic quantum measurement detectors. (]
The mesoscopic electron BS used in the present scheme can
be realized by using a lithographically patterned metallic split
gate[%%] or by applying a small bias voltage to tune the split-
ting ratio. %3] In the charge detection process, the qubit inter-
acts with a detector, and no qubit—qubit interaction occurs, so
the detection is nondestructive. In addition, the success prob-
abilities of the present schemes can reach unity under ideal
conditions.

In summary, we have proposed schemes for implement-
ing the HBSA and generate three kinds of four-electron high
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entangled states based on charge detection of free electrons.

The present schemes do not need an auxiliary system because

the charge detection does not require interaction between the

qubits. The HBSA and the generation of high entangled states

with free electrons provide a promising way forward for quan-

tum information processing.
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