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Doppler shift of a laser pulse beam scattered
by a rotating cone and cylinder∗
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Based on laser radar equations, a Doppler shift model of a laser pulse beam scattered by a rotating arbitrary convex
target is reported in this paper. The boundary relations between an incident pulse beam and the detected area elements are
analyzed by geometric methods. The Doppler shift characteristics of the rotating cone and cylinder are discussed and the
difference between the laser pulse beam and the plane wave scattered from the same rotating target is compared accordingly.
Numerical simulations show that the Doppler shift is tightly relevant to their dimensions, speeds, and so on. In the same
incidence conditions, the pulse beam and plane wave have difference peak values and the same Doppler shift bandwidth. If
the waist radius of the pulse beam is larger, the peak value is higher, and the Doppler shifts are proportional to the speed of
the rotating target. By virtue of our theoretical model, we probe into the scattered characteristics of the Doppler shifts of a
laser pulse beam, which would benefit target identification in national defense.
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1. Introduction
Lasers can be distinguished from other light sources by

their coherence, which enables them to be ubiquitous and
have various applications in the modern world, especially
in the fields of aerospace, national contravallation, and the
military.[1–7] With the development of laser detection tech-
nologies, the scattered characteristics of laser beams from tar-
gets with a rough surface has been an increasingly interesting
research subject. To boost the laser radar imaging technol-
ogy, there is an urgent need of relevant theories and the ex-
periments in the past several decades.[8–17] In the early period,
the plane wave was replaced by the incidence laser in theo-
retical detection models.[18,19] The Kirchhoff approximation
method has been used to discuss the scattered cross sections
for arbitrarily shaped dielectric objects with rough surfaces in
the optical and infrared laser frequencies.[20,21] However, ac-
cording to the electromagnetic theory, a laser light is described
as a Gaussian beam.[22] Some researchers have investigated
the scattered characteristics of Gaussian beams from dielec-
tric and conducting targets.[23–26] In recent years, the rapid de-
velopment of laser detection technologies has created a great
demand for theoretical models. As a result, the pulse beam,
as the closest theoretical model of the laser, has been brought
forward in order to obtain more precise models in Lidar engi-

neering applications. For the pulse beams scattered by a static

target, we have derived equations to describe the light scat-

tering of a rigid body,[27,28] and carried out laser high-range

resolution profile (LHRRP) simulations.[29]

It is very significant to study the motions of rough targets

such as ballistic missiles, namely, translation, rotation, and vi-

bration. In theoretical and experimental work, laser Doppler

velocimetric techniques have been used to determine the ve-

locity of large-sized rough targets as well as the angular veloc-

ity of rotating surfaces.[30] Bankman used a plane wave as the

incident laser to present an analytical model of Doppler spec-

tra in the backscatter from cones and cylinders rotating around

their axes, and compared the model spectra of a cone with

the observed experimental spectra in Ref. [31]. In Ref. [32],

when a plane wave was used as an incident laser, the Doppler

spectra of rotating convex bodies such as superspheroids, su-

perspheroid cylinders, and their combinations of cylinders and

cones have been reported.

Based on the above research background, we build a more

desired model to further study the Doppler shift characteristics

by replacing a plane wave with a pulse beam.
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2. The Doppler shift model of a laser pulse beam
scattered by a rotating convex target

2.1. Scattering theory: laser radar equation

As the laser is scattered from the target by using models
of the plane wave, the laser radar equation reads[15,33]

Ps =
Pi

4πr2
r

σ

4πr2
r

πD2

4
ηAtmηSys, (1)

where Ps is the received backscattered power, Pi is the trans-
mitter laser power, σ is the effective target scattering cross
section, rr is the distance between the target center and the
transmit-receive system, D is the receiver aperture diameter,
ηAtm is the attenuation factor of the atmosphere, and ηSys is
the system efficiency. Using the Gaussian beam, the ampli-
tude of the incidence laser can be written as[34]

u(𝑟′,z) = E0
ω0

φ(z)
exp
[
−g0(𝑟

′)

φ(z)2

]
, (2)

where ω0 is the waist radius, φ(z) is the beam radius, 𝑟′ is the
position between the point of the target and the target center,
and g0(𝑟

′) is the square of the distance between any point of
the target and the band center axis. According to the scattering
theory of rough surfaces, Eqs. (1) and (2), Cheng and Wang
presented the laser radar equations of a pulse beam, which
have been continuously revised in Refs. [27] and [28]. The
power Ps(t) of the pulse beam scattered by the unit area ∆As

of the target are given by

∆Ps(t) =
PiTA1ηt

4πφ 2ρ2
0

w2
0 exp

[
−2g0(𝑟

′)

φ 2ρ2
0

]
× σ(𝑟′)

TA2

4πρ2
0

πD2ηr

4
∆As. (3)

From Eq. (3), the backward power Ps(t) of the pulse beam
scattered by the target is expressed as

Ps(t) =
∫

dS′
PiTA1ηt

4πφ 2ρ2
0

πw2
0 exp

[
−2g0(𝑟

′)

φ 2ρ2
0

]
× σ(𝑟′)

TA2

4πρ2
0

πD2ηr

4
, (4)

where Ps(t) is the including coherent, Pc(t) and incoherent
Pf(t), the laser radar equation of a pulse beam scattered by
an arbitrary convex target can be expressed as

Ps(t) = Pc(t)+Pf(t), (5)

Pc(t) =
k2

0w4
0σg

64πρ4
0
|R(0)|2 |χ(−2k0)|2 exp

[
−

k2
0w2

0g0(𝑟
′
0)

2ρ2
0

]
× Pi(t−2ρ0/c+2𝑘s ·𝑟′0/c), (6)

Pf(t) =
k2

0w4
0

64πρ4
0

∫
dS′ exp

[
−

k2
0w2

0g0(𝑟
′
0)

2ρ2
0

]
× σ

0
p (𝑟
′)Pi(t−2ρ0/c+2𝑘s ·𝑟′0/c), (7)

where φ = 2/k0w0, φ is the width of the pulse, ρ0 is the de-
tected distance, and w0 is the beam waist radius, and σ(𝑟′)

is the pulse beam scattered cross section which includes two
parts: coherent σ0

c (𝑟
′) and incoherent σ0

p (𝑟
′) scattered sec-

tion. D is the aperture of detector, TA1 and TA2 are the rates
of the average atmospheric transmission, and ηt and ηr are the
optical efficiency of the emission and receiver system

2.2. The Doppler shift model of a laser pulse beam scat-
tered by an arbitrary rotating convex target

In order to discuss the Doppler characteristics, we make
two assumptions: (i) the target rotates around its fixed axis, (ii)
the laser pulse beam incident the convex targets, which means
there is no secondary and multi-scattered from their surface.
The coordinate system of the laser pulse beam scattered from
an arbitrary convex target is shown in Fig. 1. In this target
coordinate system, the origin is located in the centroid of the
target, the target rotating around the z axis with angular ve-
locity ω , incidence optical power Pi, and the incidence and
detector are in the same direction 𝑛2, ∆As is the scattered area
element, β is the angle between the area element normal 𝑛1

and 𝑛2, α is the angle between the instantaneous velocity de-
tector v and 𝑛2, and the received optical power on the surface
area elements ∆As is given by Eq. (3). From the relationship
between the bidirectional reflectance distribution function fr

and per unit area of laser radar cross section σ(𝑟′)[33]

σ(𝑟′) = 4π fr cosθi cosθs, (8)

where θi and θs are respectively the incident and scattered an-
gle under the backward scattered condition.

θ

ω

α

φ

β

DAs

n1

n2

Pi

r

y
x

Fig. 1. Coordinate relations of laser pulse beam scattered from a rotat-
ing arbitrary convex target.

We put Eq. (8) into Eq. (3) and obtain

∆Ps =
PiTA1ηt

πφ 2ρ2
0

πw2
0 exp

[
−2g0(𝑟

′)

φ 2ρ2
0

]
× TA2

4πρ2
0

πD2ηr

4
∆As4π fr cosθi cosθs. (9)
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In the target coordinates, let us suppose that the surface
of the target will satisfy

f (r sinθ cosφ ,r sinθ sinφ ,r cosφ) = 0. (10)

From Fig. 1, as the target rotates around the z axis, the surface
element of the Doppler frequency shift is given by

∆ f =
2ωr cosθ cosα

λ
, (11)

where λ is the laser wavelength, and r is the position vector
of the scattering surface element. From the above equations, x
and ∆ f satisfy the following relationship:

x =± λ∆ f
2ω sinλ

. (12)

The area element normal 𝑛1 will be expressed as

𝑛1 =
1

( f 2
x + f 2

y + f 2
z )

1/2 ( fx, fy, fz), (13)

where fx = ∂ f (x,y,z)/∂x, fy = ∂ f (x,y,z)/∂y, and fz =

∂ f (x,y,z)/∂ z. According to differential relations, ∆As and ∆x,
∆z satisfy ∆As = ∆x∆z/cosη , η is the angle between the sur-
face normal 𝑛1 and the y axis. It is defined as

g(x,z) =
1

|cosη |
=

∣∣∣∣∣ ( f 2
x + f 2

y + f 2
z )

1/2

fy

∣∣∣∣∣ . (14)

Then the laser radar equation of a pulse beam scattered by ar-
bitrary scattered targets will be given by

∆Ps =
PiTA1ηt

πφ 2ρ2
0

πw2
0 exp

[
−2g0(𝑟

′)

φ 2ρ2
0

]
× TA2

4πρ2
0

πD2ηr

4

∣∣∣∣∣ ( f 2
x + f 2

y + f 2
z )

1/2

fy

∣∣∣∣∣
× 4π fr cosθi cosθs∆x∆z. (15)

3. The Doppler shift of a rotating cone and cylin-
der

From the scattered equation (13) of a laser pulse beam, we
choose the rotating cone and cylinder and build their Doppler
shift models. For the cone, it rotates within the yz plane, rb is
the cone radius, γ is the angle between the cone rotating axis
and the z axis, α is the half cone angle, and the incident laser
pulse beam is parallel to the z axis. The relationship between
the coordinate systems are shown in Fig. 2. The conical sur-
face satisfies the following function:

x2 + y2 = (z tanα + c)2, (16)

r

b

x

z

yh r v

θ

α

β

DAs

n

Pi

ω

γ

Fig. 2. Laser pulse beam scattered from a rotating cone.

The arbitrary scattered area element ∆As will be given by
∆As = ∆x∆z/cosη . The geometric and the light illuminated
effects of a rotating cone are shown in Fig. 3. From the rela-
tionship between the geometry and the coordinate, the func-
tion g(x,z) will be expressed as

g(x,z) =
1

|cosη |
=

∣∣∣∣∣∣
zsinα cosα cosγ± sinγ sinα

√
x2(sin2

α− cos2 γ)+ z2 sin2
α

cosα(sin2
α− cos2 γ)

√
x2(sin2

α− cos2 γ)+ z2 sin2
α

∣∣∣∣∣∣ . (17)
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Fig. 3. (color online) Coordinate and angle relations and scattered area of the effective model for a rotating cone.
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If the surface of the cone is illuminated by a laser pulse
beam, the area will depend on two boundary conditions. The
first boundary condition requires that the coordinate z will be
changed in the following range:

0 < z <
h

cosγ
− y tanγ. (18)

The second boundary condition is cosβ ≤ 0. Considering the
scattered area element ∆As, rotating radial r and incidence an-
gle β will be expressed by

r =
√

x2 +(ycosγ− zsinγ),

cosβ =
xsinγ√

x2 +(ycosγ− zsinγ)
. (19)

Doppler shift spectra ∆ f and x are satisfied with Eq. (10). Ac-
cording to Eq. (13), the laser radar equation of pulse beam
scattered from an arbitrary scattered target will be given by

∆P(x,z) =
PiTA1ηt

4πφ 2ρ2
0

π exp
[
−2g0(𝑟

′)

φ 2ρ2
0

]
TA2

4πρ2
0

× πD2ηr

4
∆A f (β ) |cosβ |

=
PiTA1ηt

4πφ 2ρ2
0

π exp
[
−2g0(𝑟

′)

φ 2ρ2
0

]
TA2

4πρ2
0

× πD2ηr

4
∆x∆z
|cosξ |

ρ(π−β ) |cosβ | , (20)

where ξ is the angle between the illuminated region edge and
the z axis. The geometry and coordinate of the laser pulse
beam scattered area of a rotating cone target are shown in
Fig. 3.

|cosξ |= sinγ
√
(z tanα + c)2− x2

|z tanα + c|
√

1+ tan2 α
. (21)

According to the scattered area condition cosβ < 0,

cosβ

=
±sinγ

√
(z tanα + c)2− x2− (z tanα + c) tanα cosγ

|z tanα + c|
√

1+ tan2 α

< 0. (22)

Substituting Eqs. (19) and (20) into Eq. (18) yields

∆P(x,z)

=
PiTA1ηt

πφ 2ρ2
0

π exp
[
−2g0(𝑟

′)

φ 2ρ2
0

]
TA2

4πρ2
0

πD2ηr

4
∆x∆zρ(π−β )

×

∣∣∣±sinγ
√
(z tanα + c)2− x2− (z tanα + c) tanα cosγ

∣∣∣
sinγ

√
(z tanα + c)2− x2

.

(23)

In the case of the rotating cylinder, from Eq. (14), that is,
tanα = 0, which are given as the cylinder surface, are satisfied
in the following relationship x2 + y2 = c2.

In this case, the incidence angle cosβ is given by

cosβ =
±sinγ

√
c2− x2

c
< 0. (24)

The range of the angle γ from 0 to π , the geometric and the
light illuminated effects of a rotating cylinder are shown in
Fig. 4. The coordinate argument z will be changed in the fol-
lowing range:

− y tanγ < z <−y tanγ +
h

cosγ
. (25)

x
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z z

y
y

y
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ω

γ

Fig. 4. (color online) Coordinate and angle relations and scattered area
of the effective model for a rotating cylinder.

From Eqs. (13) and (18), the Doppler shift of a laser pulse
beam scattered by a rotating cylinder is given by

∆P(x,z) =
PiTA1ηt

πφ 2ρ2
0

π exp
[
−2g0(𝑟

′)

φ 2ρ2
0

]
TA2

4πρ2
0

πD2ηr

4

× ∆x∆zρ(π−β )

∣∣∣∣∣±sinγ
√

c2− x2

c

∣∣∣∣∣ . (26)

4. Comparison of the Doppler shift between a
laser pulse beam and a plane wave scattered
by a rotating cone and cylinder
In this section, utilizing Eqs. (18)–(25), we simulate the

Doppler spectra of a pulse beam scattered by a rotating cone
and cylinder with an incidence laser wavelength λ = 1.06 µm,
a numerical step of ∆x = 5 mm, and ∆z = 10 µm. The plane
wave calculations and pulse beam results are compared in a
different geometry and rotational speed of cylindrical and con-
ical target Doppler shift characteristics. The numerical results
are shown in Figs. 5 and 6.

For the rotating cone, the half angle α = 5.7◦, 11.3◦,
h= 1 m the rotating speed ω = 1 rad/s, 2rad/s. From Figs. 5(a)
and 5(c), the rotating speed is faster, and the Doppler shift is
higher in the same half angle and height. From Figs. 5(b) and
5(c), the radius is greater, and the Doppler shift is also higher
in the same rotating speed and height.

For the rotating cylinder, the radius c = 1, 2 m, h = 1 m,
and rotating speed ω = 1, 2 rad/s. From Figs. 6(a) and 6(c),
the Doppler shift distribution of the cylinder is the same as the
cone, that is, the Doppler shift is proportional to the radius of
the cylinder at the same rotational speed. At the same time, if
the cylinders have the same radii, the Doppler shift is propor-
tional to the rotating speed.
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Fig. 5. The Doppler shift of the rotating cone compared the pulse beam
with plane wave.
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Fig. 6. The Doppler shift of the rotating cylinder compared the pulse
beam with plane wave.

Figures 5 and 6 also show that the Doppler shift charac-
teristics of detected powers are affected by the waist radius of
the incidence laser pulse beam. It is found that the greater the
waist radius is, the higher the probe power will be.

As the same waist radius of the incidence laser pulse
beam, their laser Doppler shift is proportional to the target
rotating speed. For the rotating cylinder and cone target, in
the same rotating speed, the Doppler spectrum shift is propor-
tional to their dimensions in height and radius.

5. Conclusions
Based on the pulse beam scattered from an arbitrary target

of the rough target, we built a theoretical model to investigate
the Doppler shift of a rotating arbitrary target. As an impor-
tant special case, we choose the rotating cone and cylinder,
and discuss their characteristics of Doppler shift. We find out

the difference between a laser pulse beam and a plane wave
scattered by the same rotating target. Numerical simulations
show that the Doppler shift is tightly relevant to the dimen-
sions, speeds, pulse width, and so on. We present the scatter-
ing characteristics of the Doppler shift of the laser pulse beam,
which enables a refined theoretical model to study the micro-
motion of missiles, and will build a research foundation for
further study of laser detecting targets. Our results could play
an important role in target identification in national defense.
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