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Most studies of the synthetic aperture radar remote sensing of ocean internal waves are based on the solitary wave
solutions of the Korteweg—de Vries (KdV) equation, and the dissipative term in the KdV equation is not taken into account.
However, the dissipative term is very important, both in the synthetic aperture radar images and in ocean models. In this
paper, the traveling-wave structure to characterize the ocean internal wave phenomenon is modeled, the results of numerical
experiments are advanced, and a theoretical hypothesis of the traveling wave to retrieve the ocean internal wave parameters

in the synthetic aperture radar images is introduced.
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1. Introduction

Ocean internal waves play an important role in ocean
dynamics.!!! Through in sifu observations of the Andaman
Sea, Osborne et al.”?! depicted ocean internal waves with the
solitary wave solution of the Korteweg—de Vries (KdV) equa-
tion, and put forward the relationship between the ocean in-
ternal waves and a surface wave model. Alpers®! studied the
ocean internal wave remote sensing mechanism of synthetic
aperture radar images equipped on Seasat. Liu et al.!*! stud-
ied the ocean internal waves in the east of Taiwan. Based on
the solitary wave solution of the KdV equation, Zheng et al.!
theoretically derived the expression of the scattering cross sec-
tion and the internal wave parameters through the synthetic
aperture radar data, and then gave a method for calculating the
half-width and amplitude of the internal waves. Ji et al.[f]
proposed a quick and exact synthetic aperture radar imag-
ing method for one-dimensional layered rough surfaces, and
Song!7! advanced a set of Boussinesq-type equations for the
interfacial internal waves in a two-layer stratified fluid, which
provided a new view on synthetic aperture radar imaging and
internal wave stratification. Yang er al.!®) introduced a numer-
ical model, which consisted of the KdV equation, the spec-
trum equilibrium equation, and the Bragg scattering model, to
study the relationship between different frequencies and syn-
thetic aperture radar internal wave strengths. Jackson!”! ul-
tilized synthetic aperture radar images to determine param-
eters such as the internal wave phase velocity, and used the
retrieved parameters to estimate the high-frequency nonlinear
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wave location. The above studies are based on the solitary
wave solutions of the KdV equation, and do not take the dissi-
pative term in the KdV equation into account. Meanwhile,
Liu’s study!'” showed that the dissipative term impacts on
the ocean internal waves. This paper introduces the existing
hydrodynamic theory of synthetic aperture radar images, and
the imaging mechanism is analyzed through numerical exper-
iments (Section 2). The theoretical model of a traveling wave
to characterize the ocean internal waves is put forward, and
the numerical experiment results are brought forward in Sec-
tion 3. Lastly, for the KdV equation traveling wave solutions, a
theoretical hypothesis to retrieve the internal wave parameters
using synthetic aperture radar images is suggested in Section
4.

2. Solitary wave imaging theory of ocean inter-
nal wave in synthetic aperture radar images

The movement of water particles in ocean internal waves
is bigger near the thermocline and is smaller farther away from
the thermocline. This movement causes the changes of mag-
nitude and direction of the ocean surface flow, and leads to
the divergence and convergence of the surface water particles.
The sea surface roughness changes due to the interaction of
the surface flow and the surface wave. Eventually, the alter-
nately dark and bright internal wave trains are shown in the
synthetic aperture radar images. The theoretical model of the
synthetic aperture radar remote sensing internal wave is intro-
duced, and the relationship between the internal wave and the
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synthetic aperture radar backscatter cross section is revealed
through numerical experiments.

2.1. Theoretical model

The theoretical model of synthetic aperture radar remote
sensing internal wave consists of the KdV equation, the wave
number spectral density of the high-frequency ocean surface
wave field, and the Bragg scattering model.

The evolution of the internal waves is described by the
KdV equation
on 29N 9’0 I’n
§+(Co+om+ocm )a+[3$+xn—eﬁ =0, (1)
where 7n(¢,x) is the wave elevation, ¢ is the time, Cp is the
linear wave speed, parameters o, 0, 3, k, and € are the co-
efficients for the nonlinear, higher-order nonlinear, dispersion,
shoaling, and dissipation effects, and x is the horizontal dis-
placement.

For a two-layer system with a mixed layer i thick and a
bottom layer &, thick, the density difference between the two
layers is Ap = p» — p1, where p is the density of water, and g
is the gravity acceleration.

Due to the complexity, equation (1) is generally solved
after reasonable simplifications. Liu ef al.,[*! Zheng et al.,"!
Lamb et al.,''" Yang et al.,'8! and Li et al.!'l assume o) =
k = € =0, and the KdV equation is simplified to

In an _ ,9°n _
so the solitary wave solution is
() = 1 sech? (x‘f"t) , @

where 1 is the wave amplitude. When the mixed layer is
thinner than the bottom layer, h; < hj, only the depression
waves can be evolved, and 1 (x,#) < 0. When the mixed layer
is thicker than the bottom layer, h; > hy, only the elevation
waves can be evolved, and 1 (x,#) > 0. The wave speed is
given by

3

Co=Cot+ 2R — {Hn”(hz_hl)},

2h1hy
the half width is given by

2hi1hy
V310 hy— |

The horizontal velocity of the surface current induced by the

solitary internal wave is"!
C
ui(x,t) = :I:Z—no s

) ech? {xCpt} ) “4)

/

Yuan!'?! described the wave number spectral density of
the high-frequency ocean surface wave field as

2 U
_ Uy _ _ _
m31 m<q)) 741)](20) lfsaﬁﬁoﬁ‘w I]k 4,
y(k) = , :
_1 u U,
my 2 m<> —4vktw ' -8 o' kK,
4 Cp ap 0

where the dimensionless constant m = 0.04, m3 and my4 are
dimensionless constant coefficients to be determined, ¥ is the
viscosity of the seawater, @ is the angular frequency of the
ocean surface waves, k is the wave number of the ocean sur-
face waves, and u, is the friction velocity. The wind speed
obtained from numerical models, buoys, or the spaceborne
detector generally refers to the wind speed 10 m above the
sea surface. We use the empirical relationship proposed by
Amorocho et al.''3! to obtain the relation between u, and Ujo,
when Ujg < 7 m/s, u, =~ 0.034Uy.

The synthetic aperture radar backscatter cross section can
be expressed as

6°(0);j = 167k |2:j(0)|” (0, 2k, sin 6), )

where 6 is the synthetic aperture radar incidence angle, and
ko is the radar wave number. Synthetic aperture radar imag-
ing satisfies the Bragg resonant scatter and, on the condition
of horizontal and vertical polarizations,

(& —1)cos? 0

gnu(0) = 72
[cos 6+ (& — sin? 6) 2}
(6)
& —1) [& (1 +5in? 8) —sin® 8] cos®
gvv(e)z(r ) [& (1 +5sin®6) sm]}zcos 7
[Er cos 6 + (& — sin? 6) 2}

where & is the relative dielectric constant of the seawater.
Zheng et al.®! gives

S aﬂ_l du
aﬁaxtx_z

ou 2
3,508 @

du Jdv . v . 2
+ (ay + 8x> cos @ sin @ + asm o, (M
where u and v are the velocity components, and ¢ is the wave
direction. From Egs. (3)—(7), Li et al.l"*! derive the formula
for the C-band synthetic aperture radar remote sensing ocean
internal wave

cos’ @

n()]

.(8)

Con x—Cpt
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o°[dB] = 101g | 1= < I ) [
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2.2. Ocean internal solitary wave and its simulation on the

synthetic aperture radar image

A simulation is carried out to test this theoretical model.
Figure 1 shows the elevation solitary wave and its synthetic
aperture radar image intensity variation. Figure 2 shows the
depression solitary wave and its synthetic aperture radar im-
age intensity variation. Let X =x—Cpt, ¢ = 23°, 6 = 23°,
g =9.8 m/s?, p = 1025 kg/m>, Ap =3 kg/m>, 9 = 8 m,
h; =20 m, hy =30m, Ujp = 2 m/s, and assume the synthetic
aperture radar work on the C band and the radar wave number
ko =17.5439 m~ 1.
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Fig. 1. (a) Elevation solitary wave and (b) synthetic aperture radar im-
age intensity variation.

Figure 1(a) shows a typical elevation solitary wave, and
Figure 1(b) shows the corresponding synthetic aperture radar
image intensity variation. The Ac® gradually increases to a
maximum, it then decreases to a very small value, and finally
comes close to zero. When the solitary wave comes to the
maximum, the corresponding Ac® is close to 0 dB, when the
solitary wave is ascending, Ac® comes to the maximum, and
when the solitary wave is descending, Ac® comes to the min-
imum. This is because the ascending solitary wave causes a
convergent surface flow, and Ac® achieves the maximum, thus
a light wave packet presents in the synthetic aperture radar
images. The descending solitary wave causes a divergent sur-
face flow, and Ac® achieves the minimum, thus a dark wave
packet presents in the synthetic aperture radar images. Fig-
ure 2(a) shows a typical depression solitary wave, and Fig-
ure 2(b) shows the corresponding synthetic aperture radar im-
age intensity variation. Apparently, Figure 2 is the reverse of

Figure 1, Ac® gradually decreases to a minimum, and then
comes to the maximum. The imaging mechanism is the same,
the convergency of the solitary wave leads to the bright packet
on the synthetic aperture radar image, and the divergency of
the solitary wave leads to the dark packet on the synthetic aper-
ture radar image.
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Fig. 2. (a) Depression solitary wave and (b) synthetic aperture radar
image intensity variation.

3. The traveling wave theory of the ocean inter-
nal wave

The research above is based on the dissipation coefficient
in the KdV equation approaching to 0. However, ocean dissi-
pation exists, and it is not always a small quantity. The simpli-
fied KdV equation (2) only considers the interaction between
nonlinearity and dispersion, while it ignores the dissipative ef-
fect. Thus, the solitary wave solutions of the KdV equation
cannot fully reflect the ocean internal wave characteristics.

Liu et al.'* advanced a schematic diagram showing non-
linear surface expressions where the wave amplitude increases
gradually along the propagation direction; however, the soli-
tary internal wave cannot explain this phenomenon. In order
to research the internal wave propagation mechanism and the
internal wave trains in the synthetic aperture radar image, we
add ¢ into Formula (2) on the condition of i < h»,

an Pn _ Pn _

2
Tt Cotom L+p5T e

a0 ot 0 O

for hy > hy, the result is similar.
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3.1. The analytical model

We discuss the travelling wave of Formula (9) below. As-
sume

n=U(0)+h, 6=Ct—x, U =dU/de6. (10)
Substituting formula (10) into Eq. (9) yields
[Co—Co—a(U+h)|U' —BU" —eU" =0.

Suppose the property of 8 — 4o, we have U =U' =U" =0
in the infinite point. Integrating the above formulas leads to

(04
-5 (U+h)*—BU" —eU’

(Cp — Co) (U+hy)
(04
= (Cp - CO) hy — zh%a
hence

(Go—Co— ) U~ U] ~BU"—eU' =0. (1)

Asumme

AZCP—Co—OChz,

pe £
ﬁ7
L ey @ (12)
f(U)—B(AU FU%) = ﬁU(U Ur),
2
U =—-A
a
Substituting Formula (12) into Eq. (11) yields
1
v U= g (v - %U2) — F(U),
13
Ule=o =0, (13)
U’ ‘9:0 =0.

For convenience, we assume A = C, —Co — othy >0, s0 ¢ <0,
and

2
U ==A<0. (14)
o

Then, equation (13) becomes an equivalent nonlinear ODES

U'=F (15)
P =—uP+f(U).

And, from Eq. (16), we have

ar__ )

= Ply_o =0.
dUu p o Flu=o

Section 4 will use the initial value

ap e
dUU=0_2 ” u B

to carry out further numerical experiments.

The equilibrium points of Eq. (16) have P = 0 and
) = —%U(U—Ul) = 0, so there are two equilibrium
points (0,0) and (U;,0). Now we will deal with the proper-
ties of the equilibrium points.

The linearized ODES of Eq. (16) near equilibrium point

(0,0) are
(B =(o 20G)

7(0) = % > 0.

And the characteristic equation is A2+ Ay —A/B = 0, with
the characteristic roots being

1 / 4A
— _ | = 24 -
11’2 2( [Ji u +ﬁ>

Since A > 0, the characteristic roots are real with different
signs; therefore, point (0,0) is the saddle point (see Fig. 3),
and is also the saddle point of the nonlinear ODES (14).

U

\:
AN

/1IN

Fig. 3. Schematic diagram of equilibrium point (0,0).

The linearized ODES of Eq. (16) near equilibrium point
(U1,0) are

DG )
() =5 @A-aU)ly >0.

The characteristic equation is

A -1 A
A =A%+ ul+= =0,
5 Atn +u +ﬁ

with the characteristic roots being

3«172=;<—#i\/!12—4?>-

When there is no dissipation, g = 0 corresponds to A =
+i\/A/B, (U1,0) is the center of Eq. (17) (see Fig. 4). When
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there is small dissipation u> > 4A/B, (Uy,0) is the stable fo-
cus of Eq. (17), and is also that of Eq. (16) (see Fig. 5). When
there is large dissipation u?> >4A/B, (Uy,0) is the stable node
of Eq. (17) and of Eq. (16) (see Fig. 6).

iy

Fig. 4. Schematic diagram of equilibrium point (U;,0) in the case of
u=0.

N

(U1,0) U

Fig. 5. Schematic diagram of equilibrium point (U;,0) in the case of
> <4A/B.

(Ulﬁo)
\ U

Fig. 6. Schematic diagram of equilibrium point (U,0) in the case of
u?>4A/pB.

(Uﬂxo)

=

(07U0)

Fig. 7. Schematic diagram of trajectory in the case of 4 = 0: (a) on
plane (U, P), (b) on plane (6,U).

Considering the three cases above, there are three solu-
tions of Eq. (16).

Case 1 There is no dissipation g = 0. Figure 7(a) is a
schematic diagram of the trajectory of the phase plane (U, P)
in the case of u =0, (U;,0) is the center. If P(U) starts
from (0,0), the trajectory will return to (0,0), realizing the
self-connection of the saddle point, which is a homoclinic or-
bit. For the homoclinic orbit, (Up,0) is the minimum point of
U. In the beginning, if 6 increases, then U decreases, until
0 =0, U = Uy is the minimum point, then U gradually in-
creases (Fig. 7(b)). In this case, the solution of Eq. (16) is in
the form of a solitary wave.

Case2 There is small dissipationu? < 44 /. Figure 8(a)
is a schematic diagram of the trajectory of the phase plane
(U,P) in the case of u> < 4A/B, (U,0) is a stable focus. If
P(U) starts from (0,0), the trajectory will twist to stable fo-
cus (Uj,0), realizing the connection of the saddle point and
the focus point. In the beginning, if 0 increases, then U de-
creases, until 0 = 0, U comes to its minimum point, then U
oscillates during travelling, and the amplitude gradually di-
minishes (Fig. 8(b)). In this case, the solution of Eq. (16) is in
the form of an oscillation travelling wave.

(a)
N

(UI’O) U

(0,U1>/\/\/\

Fig. 8. Schematic diagram of trajectory in the case of u? < 44/B: (a)
on plane (U, P), (b) on plane (6,U).

Case 3 There is large dissipation u?> > 4A/B. Figure 9(a)
is a schematic diagram of the trajectory of the phase plane
(U,P) in the case of u*> > 4A/B, (Uy,0) is a stable node. If
P(U) starts from (0,0), then the trajectory will go to the sta-
ble node (U,0), realizing the connection of the saddle point
and the node point. In the beginning, if 0 increases, then U
decreases, until @ — —oo, U comes to its minimum point U
(Fig. 8(b)). In this case, the solution of Eq. (16) is in the form

of a monotone travelling wave.
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P
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\ 0
K

Fig. 9. Schematic diagram of trajectory in the case of u? > 4A /B: (a)
on plane (U,P), (b) on plane (8,U).

3.2. Analysis of the homoclinic orbit
For u =0,i.e., £ =0, (0,0) is the saddle point, and (U;,0)
is the center, the nonlinear ODES (16) is retrograded into

1

U" = f(U) = 3 (AU . %UZ) , (18)
Uy = % (AU _ %Uz) U,

Owing to 9lim U =0 and gim U’ = 0, integrating Eq. (18)
—o0 —o0
yields (Fig. 10)

o3 (q-20) (o) -

G(U)

Uy=3A/«a U

Fig. 10. Schematic diagram of G (U).

Let Uy =3A/a < 0, from (Up, 6), if O increases, U in-
creases. We have

U

/‘ dU _ —ae
p —uJu-0, V3B
0

Assume U — Uy = 2, dU = 2tdt, then

(20)

VU-=Uy
dt
—2 / ==\
0 (lz—\/U())
_ 5 1 | t+v—-Uy ‘m
= 7 0
2 /=0y~ It—v=Uo
1 VU =Uy+ /Uy

= In
V=00 | =TT +v=Ts

o
=,/——0. (21
\/ 3B 2D
aUp /3P, then we can obtain

U —-Uy+ —U():ex (—\/U—Uo-‘r —Uo),

LetX =

SO
X X\ 2
ez —e 2 X
U-Uy= < T x) (—=Uo) = (th2> (—Uo)
ez +e 2
Thus
X X t —
U="U <1 —th22) = Uosechzi = Uosech2 ¢ A x,
where

12
A= 12 (22)
aly
If Up is known, the solitary wave speed is A = SUp = G, —
Co — thy, and

U
cpco+a(3° +h2). (23)
Equation (23) is different from C, = Co + aUp/3, which is the
result of Zheng et al.! and Liu.!'"!

3.3. Analysis of the saddle focus

In this section, we will prove that for 0 < u? < 44/,
there exists a unique oscillation travelling wave with (0,0) be-
ing the saddle point and (U;,0) being the stable focus. We use
the idea from Refs. [15]-[17].

Theorem 1 For 0 < u? < 4A/f, there exists an oscilla-
tion travelling wave and lim U(0) =0, lim U(0)="U;.

60— —co 60— +oo

As mentioned above, for 4 = 0, there exists a homoclinic
orbit Py (U). First, if 4y < up, P (U) < Py (U) near the point of
(0,0) in the third quadrant, where U € (—8,0), P, (0) = P, (0),
and 0 is a sufficiently small positive number. Because

dP (V) A
SR w1, (24)
then
d(P—P Y
thus

a4 U emm} =~ (1~ o)exp < ; Pfgdf>'
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Let v
W (U) =exp < s {)f;jdr)
(P —P)W(U)=Z(U),
then
PO) (- myw (o). 05)

Since f(t) <0and P, (1) <Ofort € (—98,0) and P, (7) P (1)
has a second-order zero point at T = 0, Ll/iglo W (U) = 0, that
is, W(0) = 0. From Eq. (25), we know Z(U) < 0, (U €
(—=98,0), ie, P (U) <P (U),(U € (—0,0))), then P, (U) is
monotonously increasing within U € (—§,0) with respect to
W. Thus, for U € (—9,0), the trajectory of u € (u;,H2) has

Py(U) <Py (U) <Py (U) <Py, (U).

Therefore, the trajectory of P, (U) intersects with the AB seg-
ment (Fig. 11), and is contained in Py (U).

P
(Uo,0) 6 A—§
PM(U) (0,0) U
B
(UL B) p=0

Fig. 11. The P (U) in the phase plane.

Second, the trajectory of P, (U) cannot intersect with, or
be tangent to, Py (U) within the third quadrant. If the trajectory
intersected with, or was tangent to, Py (U) at (Uy, P;) (Fig. 11),
then

dpy (U)
dUu

_ f(Ur) f(Ur) _ dPy (U)
ey = b+ P(U) “P(U) dU

|(Ur~Pr) ’

which cannot hold, so P, (U) cannot intersect with, or be tan-
gent to, Py (U) within the third quadrant.

Third, the trajectory of Py, (U) cannot intersect with the
P axis for U € (U, —§), we draw a line L from (U;,0), such
that P = —y(U-U;), (0<y<1), U € (U;,—9), in which
Y is a sufficiently small number. Line L intersects with AB
(U =—-8) at C. We put A as the zone surrounded by L and
P =0, x = —0, then within P =0 and x = — 90, we have

P fU) 1)
7 7] R e (V7Y
_ @i v
S (7377 B Y 7

Since U < —6 and U > — a8, hence

a s

dUu — 2By
The 7y should follows dP/dU > 0, thatis, —u — a6 /2By > 0,
orfor0 < y< —od/2pu, dP/dU |4 > 0, that is, the trajec-
tory cannot intersect with P = 0.

For P > 0, after the trajectory intersects with U = 0,

U’ > 0, and the trajectory is within the second quadrant. By
using the same method, we can prove that P, (U) cannot in-
tersect with the U axis (see Fig. 12). Therefore, for 8 — oo,
P, (U) moves to the point of (Uy,0), thus the oscillation trav-
elling wave solution exists, and its wave pattern is shown in
Fig. 8. We can also prove that for u?> > 4A/f, there exists a
unique monotone travelling wave. Since € is a small number
in the ocean, the monotone travelling wave will not generally
appear, so we do not prove it in this paper.

P
(U1,0) A—§
Al [
B \L

Fig. 12. Schematic diagram of P (U).

3.4. Numerical experiments

Next, we will carry out a numerical experiment to jus-
tify the oscillation travelling wave. Liu!'"l pointed out that

0.10

(2)

—0.05

—0.10

—20 —15 —10 -5 0
U/m

0 10 20 30 40
0/m

Fig. 13. Numerical experiment fore = 1.0 m2/s: (a) P-U, (b) U-6.
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the dissipation coefficient in Sulu sea is about 10 m?/s, and
about 1.0 m?/s in New York bight, here we assume £=1.0 m?/s.
Let hy =30m, hp = 110 m, Cp = 0.5 m/s, o = —0.018 s~!,
B =275m%s, Cp, = —1.38 m/s, we have A = C, — Co— 0ty =
0.10 m/s from Eq. (12), and |U)| = [2A] = 11.1 m, p = 5=
0.00364 m~!. We can calculate the oscillation travelling wave
solution from Eq. (16), see Fig. 13.

Figure 13(a) resembles the schematic diagram of Fig. §,
the minimum point of U is —15 m, and its focus is —11.1 m.
If 6 increases, the U oscillation travels with the amplitude de-
crease, this phenomenon matches the case of wave trains in

the synthetic aperture radar image.

4. Synthetic aperture radar images of remote
sensing ocean internal wave parameters

Li et al.,l!! Yang, 8] and Jackson®! advanced the method
of derivation internal wave amplitude, half width, and the
depth of stratification from synthetic aperture radar images.
However, it is very difficult to retrieve the parameters from the
oscillation travelling wave solution, which is more complex
than the solution of solitary wave. We can regard the oscilla-
tion travelling wave in Fig. 13(b) as a multi-solitary wave, that
is, regard ab in Fig. 13(b) as an ascending part of the elevation
solitary wave, bc as a descending part of the depression soli-
tary wave, and cd as another ascending part of the elevation
solitary wave, and analogically retrieve parameters of every
solitary wave. Because of the limited data, we have not uti-
lized real data to retrieve the internal wave parameters, only a
concept is advanced, and we look forward to having a positive

effect on the internal wave parameter’s retrieval.

5. Conclusion

The solitary wave solutions of the KdV equation with-
out a dissipative term cannot explain the phenomenon of wave
trains in the synthetic aperture radar images, which are caused
by the convergence of the sea surface roughness. We put for-
ward a concept in which the dissipation coefficient is taken
into account when we solve the KdV equation. The numerical
experiment shows that the solution of an oscillation travelling
wave can explain the internal wave trains in the synthetic aper-
ture radar images; thus, the dissipation coefficient should not
be ignored. Moreover, a new concept is advanced to retrieve
the internal wave parameters from the synthetic aperture radar
images.
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