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A high order energy preserving scheme for a strongly coupled nonlinear Schrodinger system is proposed by using
the average vector field method. The high order energy preserving scheme is applied to simulate the soliton evolution of
the strongly coupled Schrodinger system. Numerical results show that the high order energy preserving scheme can well
simulate the soliton evolution, moreover, it preserves the discrete energy of the strongly coupled nonlinear Schrodinger

system exactly.
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1. Introduction

In this paper, we study the following strongly coupled
nonlinear Schrodinger (SCNLS) system:

iu, + B + [0 |[u? + (o1 +200) [ u+yu+Tv=0, (1)
iv,—&-[3\/}0(4—[061|v|2—|—(061—&—2062)|u|2]v—|—yv—i—l"u:07 2)

where @y, o, B, 7, and I are the parameters.[l’z] The SCNLS
system has extensive applications in many fields of physics,
including nonlinear optics and plasma physics. The SCNLS
system has the following energy conservation property: %!
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Some numerical methods were proposed to solve the SC-
NLS system and gave some excellent results, >8] however few
methods can preserve the energy of the system exactly.

In recent years, there has been an increased interest in
constructing numerical methods to preserve the intrinsic prop-
erties of the original system as much as possible, which are
called the structure-preserving algorithms. The structure-
preserving algorithms have gained remarkable success in the
numerical analysis of ordinary differential equations (ODEs)
and partial differential equations (PDEs)"~'°! arising from
a variety of application areas, including molecular dynam-
ics, fluid dynamics, plasma physics, meteorology, etc. Quis-
pel and McLaren proposed the average vector field (AVF)
method, 4181 which preserves the Hamiltonian energy ex-
actly with high order accuracy
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where subscripts denote the partial derivatives, i.e., f,ﬁ =
dft/axk, f" = dz"/dt, o is an arbitrary constant, &', is the
Kronecker delta function, and 7 is the time step. For o = 0,
the method is second order accuracy. For @ = —1/12, 2 =
(z/ +2/*1) /2, the method is fourth order accuracy.!'¥l The
second order average vector field method has been applied
to solve energy-conservation PDEs.[!>! However, few people
applied the high order average vector field method to solve
energy-conservation PDEs. Here, we will construct a high or-
der energy preserving scheme of the SCNLS system by using
the average vector field method.

This paper is organized as follows. In Section 2, a high
order energy preserving scheme of the SCNLS system is con-
structed by using the average vector field method. In Section 3,
the soliton-evolution behaviors of the SCNLS system are sim-
ulated by using the new high order energy preserving scheme.
Finally, we give the conclusion remarks in Section 4.

2. High order energy preserving scheme

Let u(x,7) = p(x,t) + q(x,)i, v(x,t) = c(x,1) + d(x,1)i,
equations (1) and (2) can be expressed in the Hamiltonian form

dz . 8H(z) (I O (01
dt_J 5z » I = 0, I I=\_10) ©

where z = (p,q,c,d) € R*, O is the 2 x 2 zero matrix, and

the Hamiltonian function is[*
1
H(z) = /{Zal (P> + ) +(* +d°)]
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Letx;, i=0,1,2,... . Ni: t;, j=0,1,2,...

grids of the integral domain [xo, xx, | X

, N> be the regular
[10,2n,), z/ be an approx-
imation to z(x;,¢ j), and & be the space step, we can obtain the
discrete Hamiltonian system of the SCNLS system
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z O (i + (@) + [(e)? + ()]}

(o +200) [(ci)? + (d)?] [(pi)* + (41)?]

[(Pi)* + (q0)? + (ci)* + (di)?] + T (pici + qid;)
Pir1 —PiN% | (Qiv1—qi\%  [Cir1—Ci\?

SR ) ()

(570

The fourth order averaged vector field method is applied

+
+
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to Eq. (7), we can obtain the high order energy preserving
scheme of the SCNLS system
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Equation (9) can be written as
J+1 J

1
% =h *ET [(111111 +J1ado1 +J13J31 +J14da1) Fi

+ (Jud13 +J12d23 + 1333 +J14J43) F3
+ (J11J1a +J12024 + J13J34 + J1aJaa) Fs)],  (10)
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+[oa (((1 é)p it gp ) +((1=8) qt + éq ) ) new scheme (9) can preserve the discrete Hamiltonian function
+ (o +200)(((1-& )C + 5C]+l) of the SCNLS system, which also preserve the discrete energy
+((1=&)d! +Ea/ (1= &)pl +EpIT of the SCNLS system exactly.
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3. Numerical simulations
B = / 1+l +§dlj:11)
—2((1 g)dj +€d/+1) H((1- §>dljfl n édl-jj]l)] I.n order to test the effect'lveness of the new s'cheme ),
12 £)d i £d i1\2 we will carry out some numerical experiments to simulate the
Ha (1 §)c +8e )+ ((+1_ )i +5d;77)7) soliton evolution of the SCNLS system by the new scheme (9).
J
+ (o +2a)(((1 é)pz +&p; ) _ The relative discrete Hamiltonian energy error of the SCNLS
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where H(Z) is the initial discrete Hamiltonian energy, and
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H(Z/) is the discrete Hamiltonian energy at t = jAr. At the
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In order to show the accuracy and the rate of convergence

j+1 i1l j i
G = —B (CIIJH —2qj 'HIJ )+ (CI,!H - 2‘1,! +q{71) in time for the average vector field method, we use the sec-
. 2h2 ond and the fourth order AVF schemes to solve the ordinary
—oy [((p{)2 +- 3 (pljJrl ) +p! ( {H ! differential equation
1, 1 ; 2 ; du
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. ‘ 1 . . .
(%JH g+ ((‘1{)24' 3(q11+1 q/)? Equation (17) has the exact solution u = 1/(1+¢)+1. To
1 1 scale the error of the solution, we define Lo,(u) = max |u] —
J (1 i\ 7 72 Jj+1 J)2 i
+4;(q] _qi)>qi + (5(‘11) + 4(‘1: —4) u(x;,j)]. The rate of convergence in time can be obtained

by using the formula R = In(Le.(72)/Leo(71)) /In(12/ 71 ). Ta-

2 NSNS B
F i (g — g ) 1 _ i } — (a1 42,
3% (ql —a0) )i = a)] = (o ) ble 1 shows the error and the rate of convergence in time of the

X [((Cz] )2 + %(Cz] e ) +c] ( JHL_J )) ‘1{ second and the fourth order AVF schemes. We can see that the
1 1. ; ) ' ' fourth order AVF scheme can achieve the fourth order accu-
+ (5P e =+ Sl o) racy.
Table 1. The L., error and convergence rate in time at# = 1.
T 0.1 0.05 0.01 0.005
2nd order scheme (L..) 4.383 x 107 1.068 x 10~ 4.188 x 107° 1.044 x 1076
R — 2.037 2.020 2.016
4th order scheme (L..) 1.538 x 107° 9.224 % 10~8 1.430 x 10710 8.817x 10712
R - 4.060 4.032 4.029
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3.2. Evolution of single soliton

Now we simulate the evolution of a single soliton by
choosing a; = 1.0, i =0, = 1.0, y=0, " = 0 and the ini-
tial condition u(x,0) = v(x,0) = sech(x)exp(ix), =30 < x <
30 with the periodic boundary condition. We take # = 0.2 and
7 = 0.02. Figure 1 shows the evolution of the single soliton
att € [0,40]. The soliton moves smoothly with a constant ve-
locity. Figure 2 shows the relative energy error of the single
soliton at # € [0,40]. From the numerical results, we can con-
clude that the new scheme (9) can have excellent performance
in simulating the evolution of a single soliton and preserve the

discrete Hamiltonian energy of the SCNLS system exactly.

Fig. 1. (color online) Evolution of a single soliton: (a) |u|, (b) |v|.

Error/10~13

Fig. 2. (color online) Relative energy error of a single solition.

3.3. Evolution of two solitons

We take oy = 1.0, p = 1.0, § = 1.0, y=0,I" =0 and
the initial condition u(x,0) = v/2sech(x 4 Dy /2) exp(iVpx/4),
v(x,0) = v2sech(x — Dg/2)exp(—iVpx/4), —40 < x < 40,
Dy = 20, Vo = 1.0 with the periodic boundary condition. We
also set 1 = 0.2 and 7 = 0.01. Figure 3 shows the evolution of
the solitons at 7 € [0,45], After the collision of the two solitons
u(x,t) and v(x,t), the soliton u(x,t) generates a new solition.
The numerical result is consistent with the result obtained by
the multi-symplectic method.!'”! Figure 4 shows the relative
energy error of the two solitons at ¢ € [0,45]. From the nu-
merical results, we can also conclude that the new scheme (9)
can have good performance in simulating the evolution of two
solitons, moreover, it preserves the discrete Hamiltonian en-
ergy of the SCNLS system exactly.

\\‘f-:.~.~.~’.~?.’?:.
R iﬁ"ﬁtl

\' NI
ﬁ .‘.“““" 3
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Fig. 3. (color online) Evolution of two solitons: (a) |u|, (b) |v|.

Error/10712

Fig. 4. (color online) Relative energy error of two solitons.
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4. Conclusion

A new high order energy preserving scheme is proposed
to simulate the soliton evolution of the SCNLS system. Nu-
merical results show that the new high order energy preserv-
ing scheme has an excellent performance in simulating soli-
tons evolution behaviors of the SCNLS system, moreover, pre-
serve the corresponding discrete Hamiltonian energy. At the
same time, the accuracy of the fourth order average vector field
method is also verified. The energy preserving scheme is very
important in simulating the energy conserving partial differen-
tial equation. It is obvious that the average vector field method
can also be applied to other energy conserving partial differ-
ential equations, such as the KdV equation and the Maxwell
equation.

References

[1] Gross E 1963 J. Math. Phys. 4 195
[2] Wadati M, Izuka T and Hisakado M 1992 J. Phys. Soc. Jpn. 61 2241

[3]
[4]
[5]
[6]
[7]
[8]
[9]

[10]

(1]
[12]
[13]
[14]
[15]
[16]

[17]
(18]

[19]

050202-5

Zakharov V E and Schulman E 1 1982 Physica D 4 270

Aydin A and Karas6zen B 2007 Comput. Phys. Commun. 177 566
Zhang R P, Yu X J and Feng T 2012 Chin. Phys. B 21 030202

CaiJ X 2010 Appl. Math. Comput. 216 2417

Qian X, Chen Y M, Gao E and Song S H 2012 Chin. Phys. B 21 120202
Cai J X and Wang Y S 2013 Chin. Phys. B 22 060207

Feng K and Qin M Z 2010 Symplectic Geometric Algorithms for
Hamiltonian Systems (Heidelberg: Springer and Zhejiang Science and
Technology Publishing House)

Qin M Z and Wang Y S 2011 Structure-Perseving Algorithms for Par-
tial Differential Equation (Hangzhou: Zhejiang Science and Technol-
ogy Publishing House) (in Chinese)

CaiJ X, Yang B and Liang H 2013 Chin. Phys. B 22 030209

Huang L Y, Jiao Y D and Liang D M 2013 Chin. Phys. B 22 070201
Hong J L, Jiang S S and Li C 2009 J. Comput. Phys. 228 3157
Quispel G R W and McLaren D I 2008 J. Phys. A: Math. Theor. 41
045206

Celledoni E, Grimmv V, Mclachlan R I and Mclaren D 12012 J. Com-
put. Phys. 231 6770

Celledoni E, McLachlan R I, Owren B and Quispel G R W 2010 Found.
Comput. Math. 10 673

Chartier P, Faou E and Murua A 2006 Numer. Math. 103 575
McLachlan R I, Quispel G R W and N Robidoux 1999 Phil. Trans. Roy.
Soc. A 357 1021

Sun J Q and Qin M Z 2003 Comput. Phys. Commun. 155 221


http://dx.doi.org/10.1063/1.1703944
http://dx.doi.org/10.1143/JPSJ.61.2241
http://dx.doi.org/10.1016/0167-2789(82)90068-9
http://dx.doi.org/10.1016/j.cpc.2007.05.010
http://dx.doi.org/10.1088/1674-1056/21/3/030202
http://dx.doi.org/10.1016/j.amc.2010.03.087
http://dx.doi.org/10.1088/1674-1056/21/12/120202
http://dx.doi.org/10.1088/1674-1056/22/6/060207
http://dx.doi.org/10.1088/1674-1056/22/3/030209
http://dx.doi.org/10.1088/1674-1056/22/7/070201
http://dx.doi.org/10.1016/j.jcp.2009.02.006
http://dx.doi.org/10.1088/1751-8113/41/4/045206
http://dx.doi.org/10.1088/1751-8113/41/4/045206
http://dx.doi.org/10.1016/j.jcp.2012.06.022
http://dx.doi.org/10.1016/j.jcp.2012.06.022
http://dx.doi.org/10.1007/s10208-010-9073-1
http://dx.doi.org/10.1007/s10208-010-9073-1
http://dx.doi.org/10.1007/s00211-006-0003-8
http://dx.doi.org/10.1098/rsta.1999.0363
http://dx.doi.org/10.1098/rsta.1999.0363
http://dx.doi.org/10.1016/S0010-4655(03)002856

	1. Introduction
	2. High order energy preserving scheme
	3. Numerical simulations
	3.1. Accuracy comparison of the average vector field method
	3.2. Evolution of single soliton
	3.3. Evolution of two solitons

	4. Conclusion
	References

