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Boundary layer flow and heat transfer of a Casson fluid past a
symmetric porous wedge with surface heat flux
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The aim of this paper is to investigate numerically the boundary layer forced convection flow of a Casson fluid past
a symmetric porous wedge. Similarity transformations are used to convert the governing partial differential equations into
ordinary ones. With the help of the shooting method, the reduced equations are then solved numerically. Comparisons
are made with the previously published results in some special cases and they are found to be in excellent agreement with
each other. The results obtained in this study are illustrated graphically and discussed in detail. The velocity is found to
increase with an increasing Falkner–Skan exponent whereas the temperature decreases. With the rise of the Casson fluid
parameter, the fluid velocity increases but the temperature is found to decrease in this case. Fluid velocity is suppressed
with the increase of suction. The skin friction decreases with the increasing value of Casson fluid parameter. It is found
that the temperature decreases as the Prandtl number increases and thermal boundary layer thickness decreases with the
increasing value of Prandtl number. A significant finding of this investigation is that flow separation can be controlled by
increasing the value of the Casson fluid parameter as well as by increasing the amount of suction.
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1. Introduction
During the last few decades, boundary layer theory has

been used successfully in the case of non-Newtonian fluid and
the boundary layer flows of non-Newtonian fluids have be-
come an interesting topic of investigation as it has vast appli-
cations in different industries. As the fluids are very complex
in nature, no single constitutive equation exhibiting all proper-
ties of such fluids is available.[1,2] Several models can be found
in this regard. As the governing equations of non-Newtonian
fluids are highly nonlinear and much more complicated than
those of Newtonian fluids, much care is needed in investigat-
ing such fluids for the understanding of the flow characteris-
tics of a non-Newtonian fluid.[3,4] Non-Newtonian power-law
model is vastly used in the literature. Simply because these
fluids are mathematically easiest to treat among most of the
non-Newtonian fluids.[5] There are other non-Newtonian mod-
els as well, for example, Casson fluid model. In the literature,
the Casson fluid model is sometimes stated to fit the rheolog-
ical data, and it is better than general viscoplastic models for
many materials. It becomes the preferred rheological model
for blood and chocolate. Casson fluid exhibits a yield stress.
If a shear stress less than the yield stress is applied to the fluid,
it behaves like a solid whereas if a shear stress greater than the
yield stress is applied, it starts to move.[6,7]

During the last few decades, laminar boundary-layer flow
past a semi-infinite wedge is of considerable practical and the-
oretical interest. Falkner and Skan[8] investigated numerically
the steady incompressible laminar boundary-layer flow past

a wedge. Hartree,[9] Hady and Hassanien[10] further stud-
ied the problem in detail. The process of suction and blow-
ing has also its importance in many engineering activities, for
example, in the design of thrust bearing and radial diffusers,
and thermal oil recovery. Keeping this in mind, Lin H T and
Lin L K[11] reported on the effect of a transverse magnetic
field on a permeable symmetric wedge in a non-Newtonian
fluid. Later on, Watanabe and Pop[12] presented numerical
results for MHD free convection flow of a Newtonian fluid
over a wedge. Kafoussias and Nanousis[13] investigated the
MHD laminar boundary-layer flow of a non-Newtonian fluid
over a permeable wedge. Yih[14] analyzed the MHD forced
convection flow adjacent to a non-isothermal wedge. Wedge
flow problem under various thermo-physical conditions was
considered by several researchers viz. Hossain et al.,[15]

Chamkha et al.,[16] Pantokratoras,[17] Mukhopadhyay,[18] Pal
and Mondal,[19] and others. As is well known, suction is ap-
plied to chemical processes to remove reactants whereas blow-
ing is used to add reactants, cool the surface, prevent corrosion
or scaling and reduce the drag. Motivated by this, Kandasamy
et al.[20] presented the influence of chemical reaction on flow
passing through a permeable wedge. Also, Hossain et al.[21]

studied the unsteady boundary-layer flow passing through a
wedge. The problems with variable surface heat flux have
been introduced in many other studies. Kim,[22] and Kim and
Kim[23] have considered the steady boundary-layer flow of a
micropolar fluid passing through a fixed wedge with a con-
stant surface temperature and constant surface heat flux, re-
spectively. Later on, the MHD micropolar fluid flow past a
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wedge in the presence of uniform heat flux was considered by
Ishak et al.[24] Riley and Weidman,[25] and Ishak et al.[26,27]

extended the boundary layer flow over a static or a moving
wedge in a viscous fluid (regular fluid) under diverse physi-
cal aspects. Kandasamy et al.[28] reported on the combined
effects of variable viscosity, thermophoresis, and chemical re-
action on mixed convection flow past a porous wedge embed-
ded in a non-Darcy porous medium. Recently, in the case of
a nanofluid, Yacob et al.[29] analyzed the static/moving wedge
flow problem. Of late, using Lie group analysis De et al.[30] in-
vestigated the heat transfer characteristics for flow past a sym-
metric porous wedge.

The occurrence of flow separation has several undesir-
able effects as it leads to an increase in the drag on a body
immersed in the flow and adversely affects the heat trans-
fer from the surface of the body. Some techniques have
been developed for controlling the flow separation, viz. ap-
plication of magnetic field, suction/injection at the porous
wall, with the temperature-dependent fluid viscosity, etc.
(Mukhopadhyay[18]).

Most of the investigations on the wedge flow problem in
the literature are limited to the non-Newtonian power-law flu-
ids. Recently, Mukhopadhyay et al.[31] discussed Casson fluid
flow past a symmetric wedge with uniform surface temper-
ature. To the best of the authors’ knowledge, Casson fluid
flow past a symmetric porous wedge with surface heat flux has
not yet been addressed in the literature. Keeping this fact in
mind, an attempt is made to investigate the flow and heat trans-
fer characteristics for a Casson fluid past a symmetric wedge.
With the help of similarity transformations, the governing par-
tial differential equations corresponding to the momentum and
energy equations are transformed into ordinary ones. Using
the shooting method, a numerical solution of the problem is
obtained. Comparisons with various previously published re-
sults in some special cases are performed and the results are
found to be in excellent agreement with each other. The ef-
fects of different parameters have been studied in detail with
the help of their graphical representations.

2. Formulation of the problem

We consider a steady, two-dimensional, laminar
boundary-layer flow of a non-Newtonian Casson fluid past
a symmetrical sharp wedge [Fig. 1] and its velocity is given
by ue(x) = U∞(x/L)m for m ≤ 1 where L is a characteristic
length and m is the wedge angle parameter related to the in-
cluded angle πβ1 by m = β1/(2−β1). It is worth mentioning
that β1 is a measure of the pressure gradient. If β1 is positive,
the pressure gradient is negative (favorable), and a negative
value of β1 denotes a positive pressure gradient (adverse). For
m< 0, the solution becomes singular at x= 0, while for m≥ 0,

the solution can be determined for all values of x.
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Fig. 1. Sketch of the physical problem and the coordinate system.

The rheological equation of state for an isotropic and in-
compressible flow of a Casson fluid is given by[32,33]

τi j =

{
2(µB + py/

√
2π)ei j, π > πc,

2(µB + py/
√

2πc)ei j, π < πc.

Here, π = ei jei j and ei j is the (i, j)-th component of the defor-
mation rate, π is the product of the component of deformation
rate with itself, πc is a critical value of this product based on
the non-Newtonian model, µB is the plastic dynamic viscosity
of the non-Newtonian fluid, and py is the yield stress of the
fluid.

The governing equations of such a type of flow, in the
usual notations, can be written as

∂u
∂x

+
∂υ

∂y
= 0, (1)

u
∂u
∂x

+υ
∂u
∂y

= ue
∂ue

∂x
+ν

(
1+

1
β

)
∂ 2u
∂y2 , (2)

u
∂T
∂x

+υ
∂T
∂y

=
κ

ρcp

∂ 2T
∂y2 , (3)

where the viscous dissipation term in the energy equation is
neglected due to its small value for an incompressible fluid
motion. Here, u and υ are the components of velocity in the x
and y directions, respectively, while ν = µ/ρ is the kinematic
viscosity of the fluid, µ is the coefficient of fluid viscosity,
ρ is the fluid density, β is the Casson parameter, U∞ is the
main stream velocity, T is the temperature, κ is the thermal
conductivity of the fluid and cp is the specific heat at constant
pressure.

2.1. Boundary conditions

The appropriate boundary conditions for the problem are
given by

u = 0, υ =−υw(x),
∂T
∂y

=−qw(x)
κ

at y = 0, (4)

u = ue (x) , T → T∞ as y→ ∞, (5)
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where T∞ is the free stream or ambient temperature,

qw(x) =

√
(m+1)Lm

2νU∞

1
qwx(m−1)/2

is the variable surface heat flux, qw being a constant,[34]

υw(x) = υ0x(m−1)/2, a special type of velocity at the wall
which is considered with υ0 being a constant. Here υw(x)> 0
is the velocity of suction and υw(x)> 0 is the velocity of blow-
ing.

2.2. Method of solution

We now introduce the following relations for u,υ as

u =
∂ψ

∂y
, υ =−∂ψ

∂x
, (6)

where ψ is the stream function.
We also introduce the following variables

θ(η) =
κ(T −T∞)

qw

(m+1)
2ν

, (7)

η = y

√
(m+1)U∞

2νLm x(m−1)/2,

ψ =

√
2νU∞

(m+1)Lm x(m+1)/2 f (η). (8)

Applying relations (6), (7), and (8) to the boundary layer equa-
tion (2) and the energy equation (3), we obtain the following
equations

∂ψ

∂y
∂ 2ψ

∂x∂y
− ∂ψ

∂x
∂ 2ψ

∂y2 =
U2

∞

L2m mx2m−1 +ν

(
1+

1
β

)
∂ 3ψ

∂y3 , (9)

∂ψ

∂y
∂T
∂x
− ∂ψ

∂x
∂T
∂y

=
κ

ρcp

∂ 2T
∂y2 . (10)

The boundary conditions Eqs. (4) and (5) then become

∂ψ

∂y
= 0,

∂ψ

∂x
= υw, θ

′ =−1 at y = 0, (11)

∂ψ

∂y
=

U∞

Lm xm, θ → 0 as y→ ∞. (12)

The combination of Eqs. (8), (9), and (10) can finally
yield the following form(

1+
1
β

)
f ′′′+ f f ′′+

2m
m+1

(1− f ′2) = 0, (13)

1
Pr

θ
′′+ f θ

′ = 0, (14)

and the boundary conditions finally become

f ′(η) = 0, f (η) = S, θ
′ =−1, at η = 0, (15)

f ′(η) = 1, θ → 0 as η → ∞, (16)

where Pr = µcp/κ is the Prandtl number and S =√
2υ0/

√
νU∞(m+1) is the suction/blowing parameter.

Equations (13) and (14) along with the boundary condi-
tions are solved by converting them into an initial value prob-
lem. We set

f ′ = z, z′ = p, p′ =
{ 2m

m+1
(
z2−1

)
− f p

}/(
1+

1
β

)
, (17)

θ
′ = q, q′ =−Pr f q, (18)

with the boundary conditions

f (0) = S, f ′(0) = 0, θ
′(0) =−1. (19)

In order to integrate Eqs. (17) and (18) as an initial value
problem, we require values for p(0) (that is, f ′′(0)) and q(0)
(that is, θ(0)) but no such values are given in the boundary
conditions. The suitable guess values for f ′′(0) and θ(0) are
chosen and then integration is carried out.[35] We compare the
calculated values for f ′ and θ at η = 8 (say) with the re-
sults obtained in the given boundary condition f ′(8) = 1 and
θ(8) = 0 and adjust the estimated values, f ′′(0) and θ(0), to
give a better approximation for the solution. We take the series
of values for f ′′(0) and θ(0), and use the fourth-order classical
Runge–Kutta method in steps of h = 0.01. The above proce-
dure is repeated until we obtain the converged results within a
tolerance limit of 10−5.

For the verification of the accuracy of the applied numer-
ical scheme, results for f ′′(0) for various values of m in the
case of a Newtonian fluid are compared with those reported
by Yih,[14] Chamkha et al.,[16] Pal and Mondal,[19] and Ce-
beci and Bradshaw.[36] The results are found to be in excellent
agreement which builds confidence that the present numerical
results are accurate and the numerical method used is accurate.
The comparisons are shown in Table 1.

Table 1. Comparison among the values of f ′′(0) for variable values of m for Newtonian fluid.

m Yih[14] Chamkha et al.[16] Pal and Mondal[19] Cebeci and Bradshaw[36] Present study

−0.05 0.213484 0.213802 0.213484 0.21351 0.213802
0 0.332057 0.332206 0.332206 0.33206 0.332206

0.33 0.757448 0.757586 0.757586 0.75745 0.757586
1 1.232588 1.232710 1.232710 1.023259 1.232710

3. Results and discussion
In order to analyze the results, numerical computation is

carried out for various values of the Falkner–Skan exponent m,

Casson fluid parameter β , suction/blowing parameter S, and

the Prandtl number Pr. For illustrations of the results, numer-

ical values are plotted in Figs. 2–6.
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Fig. 2. (color online) Velocity (a) and temperature (b) profiles for
variable values of m.

Figures 2(a) and 2(b) depict the effects of the Falkner–
Skan exponent m on the velocity and temperature profiles
in the presence of suction/blowing, respectively. Figure 2(a)
presents the effects of increasing m on fluid velocity. With the
increasing value of exponent m, the fluid velocity is found to
increase. It is observed that in the case of an accelerated flow

(m > 0), the velocity profiles have no point of inflection for
both cases of suction and blowing whereas in the case of de-
celerated flow (m < 0), they exhibit a point of inflection which
is observed in the presence of blowing (S = −0.5) only and
flow separation occurs at m = −0.091. No point of inflection
is seen in the case of suction (S = 0.5). For accelerated flows
(i.e. positive values of m), the velocity profiles merely squeeze
closer and closer to the wall, and backflow phenomena are not
observed. Here, m = 0 presents the result for a flat plate. It
is seen that the boundary layer thickness decreases as m in-
creases, hence it gives rise to the velocity gradient, which in
turn causes an increase in skin friction [Fig. 2(a)]. Figure 2(b)
exhibits that the temperature θ(η) in the boundary layer re-
gion decreases with the increasing value of m. Temperature at
a point is higher in the case of blowing than in the case of suc-
tion. Temperature variation is more pronounced in the case of
blowing. Since the thermal boundary layer thickness increases
with the increasing value of m, it causes a decrease in the rate
of heat transfer [Fig. 2(b)].

The effects of the Casson fluid parameter β on the veloc-
ity and temperature profiles in the absence/presence of suc-
tion/blowing are exhibited in Figs. 3(a)–3(e), respectively.
From all the figures it is very clear that with the increas-
ing value of β , fluid velocity increases but the temperature is
found to decrease. Figure 3(a) clearly indicates that the thick-
ness of the velocity boundary layer decreases. No point of
inflection is observed for higher values of β [see Figs. 3(a)
and 3(c)]. From these figures, it is very clear that the flow
separation can be controlled in the case of a non-Newtonian
Casson fluid by increasing the value of the Casson fluid pa-
rameter. Figures 3(d) and 3(e) show that the temperature de-
creases with the increasing value of β . That is, the rate of heat
transfer (the thermal boundary layer thickness becomes thin-
ner) is enhanced when the velocity boundary layer thickness
decreases.
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Fig. 3. (color online) Velocity profiles for variable values of Casson parameter β (a) in the absence of suction/blowing, (b) for accelerated flow,
(c) for decelerated flow; temperature profiles for variable values of Casson parameter β (d) for accelerated flow, and (e) for decelerated flow.
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Figures 4(a) and 4(b) depict respectively the natures of
velocity and temperature profiles for various values of suc-
tion/blowing parameter S. Fluid velocity increases with the
increasing value of suction/blowing parameter S [Fig. 4(a)]
whereas temperature decreases with the increasing value of
S [Fig. 4(b)]. The explanation for such a behavior is that the
fluid is brought closer to the surface and reduces the thermal
boundary layer thickness. The thermal boundary layer thick-
ness increases with injection which causes a decrease in the
rate of heat transfer. Point of inflection is observed only in the
case of blowing [Fig. 4(a)] and flow separation is controlled in
the case of suction [Fig. 4(a)].
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Fig. 4. (color online) Velocity (a) and temperature (b) profiles for
variable values of suction/blowing parameter S.
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Fig. 5. (color online) Temperature profiles for variable values of
Prandtl number Pr.

Figure 5 presents the effect of the Prandtl number on the
temperature profile. With the increasing value of the Prandtl
number Pr, the temperature is found to decrease. This is in
agreement with the physical fact that the thermal boundary
layer thickness decreases with the increasing value of Pr.

Figure 6 exhibits the nature of the skin friction coeffi-
cient. It is very clear that the force due to the skin friction
increases as the included angle of the wedge (β1) increases,
i.e. the skin friction coefficient increases with the increase of
Falkner–Skan exponent m but it decreases with the increasing
Casson fluid parameter β .

β
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1
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Fig. 6. (color online) Variations of skin friction coefficient with
Casson parameter β for various values of m.

4. Conclusions
Heat transfer characteristics for boundary layer flow of a

Casson fluid over a symmetric porous wedge with surface heat
flux is presented. A transformed set of self-similar equations is
obtained. The reduced equations are then solved numerically
by the Runge–Kutta method with the help of the shooting tech-
nique. Fluid velocity is found to increase with the increasing
Casson fluid parameter whereas the temperature decreases in
this case. The non-dimensional temperature decreases with
the increasing value of Prandtl number. A significant result
obtained is that by increasing the value of the Casson fluid pa-
rameter as well as by increasing the strength of the applied
suction, flow separation can be prevented. The rate of heat
transfer increases with the increasing values of Falkner–Skan
exponent, Casson fluid parameter, and Prandtl number.
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