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Hydromagnetic flow of a Cu water nanofluid past a moving wedge
with viscous dissipation
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A numerical study is performed to investigate the flow and heat transfer at the surface of a permeable wedge immersed
in a copper (Cu)–water-based nanofluid in the presence of magnetic field and viscous dissipation using a nanofluid model
proposed by Tiwari and Das (Tiwari I K and Das M K 2007 Int. J. Heat Mass Transfer 50 2002). A similarity solution for the
transformed governing equation is obtained, and those equations are solved by employing a numerical shooting technique
with a fourth-order Runge–Kutta integration scheme. A comparison with previously published work is carried out and
shows that they are in good agreement with each other. The effects of velocity ratio parameter λ , solid volume fraction ϕ ,
magnetic field M, viscous dissipation Ec, and suction parameter Fw on the fluid flow and heat transfer characteristics are
discussed. The unique and dual solutions for self-similar equations of the flow and heat transfer are analyzed numerically.
Moreover, the range of the velocity ratio parameter for which the solution exists increases in the presence of magnetic field
and suction parameter.
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1. Introduction

Common heat transport fluids such as water, ethylene gly-
col, end engine oil have limited heat transfer capabilities due to
their low heat transfer properties. In contrast, metals have ther-
mal conductivities up to three times higher than these fluids,
so it is natural that it would be desired to combine the two sub-
stances to produce a heat transfer medium that behaves like a
fluid, but has the thermal conductivity of a metal. A mixture of
nano-size particle suspended in a base fluid is named nanofluid
and was firstly reported by Choi.[1] Nanofluid, where heat
transfer can be reduced or enhanced at will, can be utilized
where straight heat transfer enhancement is very important in
many industrial applications, nuclear reactors, transportation
as well as electronics and biomedicine. Nanofluids can be
also used for cooling microchips in computers, and in other
areas. They can be used in various biomedical applications
like cancer therapeutics, nano-drug delivery, nanocryosurgery,
and cryopreservation. The broad ranges of current and future
applications involving nanofluids have been given by Wong
and Leone.[2] Many researchers have studied and reported re-
sults on convective heat transfer in nanofluids considering var-
ious flow conditions in different geometries.[3–9] A compre-
hensive study of convective transport in nanofluids was made
by Buongiorno.[10] Kuznetsov and Nield[11] presented a sim-
ilarity solution of natural convective boundary-layer flow of a
nanofluid past a vertical plate. Abu-Nada and Oztop[12] in-

vestigated numerically the effect of a Cu-water nanofluid on
natural convection heat transfer in an inclined cavity. They
used the inclination angle as a control parameter for flow and
heat transfer in the cavity.

The boundary layer flow over a static or moving wegde in
a viscous fluid has been considered by Riely and Weidman[13]

and Yacob and Ishak,[14] which is an extension of the flow
over a static wedge considered by Falkner and Skan.[15] They
developed a similarity transformation that can be used to
reduce the partial differential boundary layer equations and
then solved them numerically. Magnetic fields are widely
used in modern metallurgical and metal-working processes
such as magnetohydrodynamic (MHD) pumps, MHD power
generators, flow meters, the cooling of reactors, etc. Many
mathematic models have been proposed to explain the be-
haviors of the viscous MHD flow over a wedge under dif-
ferent conditions.[16–19] Recently, Xiaohong et al.[20] studied
the MHD mixed convection heat transfer over a permeable
stretching wedge with thermal radiation. Hamad et al.[21] ana-
lyzed the magnetic field effects on the free convection flow of
nanofluid past a vertical semi-infinite flat plate.

In addition to magnetic field, one has to consider the ef-
fect of viscous dissipation on the boundary layer flow since
this has a direct influence on the heat transfer rate. Gebhart[22]

was first to study the problem by taking into account the vis-
cous dissipation and also defined the non-dimensional dissi-
pation parameter. Pantokratoras[23] studied the effect of vis-
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cous dissipation in natural convection along a heated verti-
cal plate. Zueco and Beg[24] considered the network simu-
lation solutions for laminar radiating dissipative magneto-gas
dynamic heat transfer over a wedge in a non-Darcian porous
region. Muhaimin et al.[25] investigated the influences of ther-
mal stratification and variable viscosity on a non-Darcy con-
vective heat transfer past a porous wedge in the presence of
viscous dissipation. Chandrasekar and Baskaran[26] studied
the effect of viscous dissipation and stress work on the MHD
boundary layer flow over a wedge. Makinde[27] studied the ef-
fect of viscous dissipation on boundary layer flow over a mov-
ing flat plate for two types of water-based Newtonian nanoflu-
ids containing metallic or nonmetallic nanoparticles such as
copper (Cu) and titania (TiO2). They observed that the vis-
cous dissipation effect reduces the wall heat transfer rate and
enhances the wall mass transfer rate.

In the present paper we numerically investigate the flow
and heat transfer at the surface of a Pbermeable wedge im-
mersed in a Cu–water nanofluid in the presence of viscous
dissipation and magnetic field using a nanofluid model pro-
posed by Tiwari and Das,[6] which was also used by several
authors such as Oztop and Abu-Nada,[8] Muthtamilselvan et
al.,[9] and Abu-Nada and Oztop.[12] The similarity transfor-
mation is utilized to convert the governing partial differential
equations into ordinary differential equations and then the re-
sulting equations are solved numerically. This problem repre-
sents a generalization of the problem considered by Yacob et
al.[14] through the inclusion of magnetic field, viscous dissipa-
tion, and mass transfer at the wedge.

2. Formulation of the problem
Consider a steady two-dimensional laminar boundary

layer flow of an incompressible viscous nanofluid (Cu–water)
moving over the surface of a permeable wedge in the presence
of viscous dissipation and magnetic field B(x). The magnetic
field acts transversely on the flow. The magnetic Renolds num-
ber is considered to be small so that the induced magnetic field
is negligible. It is also assumed that the external electric field
is zero and the electric field due to polarization of charges is
negligible. Further, it is assumed that the velocity of the am-
bient fluid is ue(x) = U∞xm and the velocity of the moving
wedge is uw(x) =Uwxm, where U∞, Uw, and m are all constant
with 0 ≤ m ≤ 1. The positive x coordinate is measured along
the surface of the wedge with the apex as the origin, and the
positive y coordinate is measured normal to the x axis in the
outward direction towards the fluid. It is assumed that the base
fluid and the nanoparticles are in thermal equilibrium and no
slip occurs between them. The thermophysical properties of
the fluid and nanoparticles are given in Table 1.[8] Under these

assumptions and using the model of the nanofluid proposed by
Tiwari and Das,[6] the velocity and temperature fields in the
boundary layer are governed by the two-dimensional bound-
ary layer equations for mass, momentum, and thermal energy
as follows:

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

= ue(x)
∂ue(x)

∂x
+

µnf

ρnf

∂ 2u
∂y2

− σB2(x)
ρnf

(u−U(x)), (2)

u
∂T
∂x

+ v
∂T
∂y

= αnf
∂ 2T
∂y2 +

µnf

(ρcp)nf

(
∂u
∂y

)2
, (3)

where u and v are velocity components along the x and y
axes, respectively, T is the temperature of the nanofluid in the
boundary layer, T∞ is the temperature of the ambient fluid out-
side the boundary layer, σ is the magnetic permeability and
the magnetic field is given by B(x) = B0x(m−1)/2, with B0 be-
ing constant, ρnf and µnf are the density and effective viscos-
ity of the nanofluid, αnf and νnf are the thermal diffusivity and
kinematic viscosity, respectively, which are defined as follows
(see Khanafer et al.[3]):

νnf =
µnf

ρnf
, ρnf = (1−ϕ)ρ f +ϕρs,

µnf =
µf

(1−ϕ)2.5 , αnf =
kn f

(ρcp)nf
,

ρcp = (1−ϕ)(ρcp)f +ϕ(ρcp)s
knf

kf

=
(ks +2k f )−2ϕ(kf− ks)

(ks +2kf)+2ϕ(kf− ks)
, (4)

where ϕ is the solid volume friction of the nanofluid, µf is the
viscosity of the basic fluid, ρf and ρs are the densities of the
pure fluid and nanoparticle, respectively, (ρcp)f and (ρcp)s are
the specific heat parameters of the basic fluid and nanoparticle,
respectively, and kf and ks are the thermal conductivities of the
basic fluid and nanoparticle, respectively.

Table 1. Thermophysical properties of the base fluid and the nanopar-
ticles.

Physical properties Fluid phase (water) Cu

cp/(J/kg·K) 4179 385
ρ/(kg/m3) 997.1 8933
k/(W/mK) 0.613 400

α/107 (m2/s) 1.47 1163.1

The appropriate boundary conditions for the problem are
given by

u = uw(x) =Uwxm, v =Vw, T = Tw, at y = 0,

u = ue(x) =U∞xm, T → T∞ as y→ ∞, (5)

where m = β (2− β ), β is the Hartree pressure gradient pa-
rameter that corresponds to β = Ω/π for a total angle Ω of
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the wedge, Vw is the suction or blowing velocity across the
surface of the boundary wall as Vw < 0 for suction and Vw > 0
for blowing.

The continuity equation (1) is satisfied by introducing a
stream function ψ(x,y) such as

u =
∂ψ

∂y
, v =−∂ψ

∂x
. (6)

The following similarity variables are also introduced:

ψ =
[2ν fxue(x)

m+1

]1/2
f (η),

η =
[ (m+1)ue(x)

2ν fx

]1/2
y, θ =

T −T∞

Tw−T∞

, (7)

where νf is the kinematic viscosity of the fluid. Substituting
Eq. (7) into Eqs. (2) and (3), we obtain the following ordinary
differential equations:

f ′′′ = (1−ϕ)2.5
(

1−ϕ +ϕ
ρs

ρ f

)
×
( 2m

m+1
( f ′2−1)− f f ′′+M( f ′−1)

)
, (8)

f θ
′+

1

pr

(
1−ϕ+ϕ

(ρρp)s
(ρρp)f

)(knf

kf
+

4
3R

)
θ
′′+Ec f ′′2 = 0, (9)

subject to the following boundary conditions:

f (η) = Fw, f ′(η) = λ , θ(η) = 1 at η = 0,

F ′(η) = 1, θ(η) = 0 as η → ∞, (10)

where Pr = νf/αf is the Prandtl number,

M =
2σB2

o

ρnfU∞(m+1)

is the magnetic field, Ec = u2
e/[(cp)nf(Tw−T ∞)] is the Eckert

number, Fw = −Vw/
√

2x/(m+1)ν fuw is the dimensionless
wall mass transfer coefficient, λ = Uw/U∞ is the ratio of the
wall velocity to the free stream fluid velocity, λ (> 0) corre-
sponds to the case where the wedge moves in the same direc-
tion as that the free stream moves in, and λ (< 0) when the
wedge moves in the opposite direction to that the free stream
moves in, while λ = 0 corresponds to a static wedge.

Important physical parameters for this flow and heat
transfer case are the local skin-friction coefficient and the local
Nusselt number which are defined as

cf =
τw

ρf(ue(x))
2 , Nux =

xqw

kf(T w−T∞)
, (11)

where

τw = µnf

[
∂u
∂y

]
y=0

, qw =−knf

[
∂T
∂y

]
y=0

are shear stress and surface heat flux respectively. Using the
new similarity variables in Eq. (8) gives

cf[2Rex/(m+1)]1/2 =
1

(1−ϕ)2.5 f ′′(0),

Nux[(m+1)Rex/2]−1/2 =−knf

kf
θ
′(0), (12)

where Rex = ue x/νf is the local Reynolds number.

3. Results and discussion
The governing boundary layer equations (8) and (9) with

boundary conditions (Eq. (10)) are solved numerically. Highly
nonlinear momentum boundary layer equation and thermal
boundary layer equation are converted into similarity equa-
tions and then solved numerically by using the modified fourth
order Rung–Kutta method with the shooting technique.[28] In
the shooting technique, the dual solutions are obtained by set-
ting different initial guesses for the values of f ′′(0) and θ ′(0),
where all profiles satisfy the far field boundary conditions
(Eq. (10)) asymptotically but with different shapes. If ϕ = 0
(regular fluid), equation (8) reduces to the problem studied by
Falkner and Skan.[15] Further, when Fw = 0 (without suction),
Ec = 0 (without viscous dissipation) and M = 0 (without mag-
netic field), equations (8) and (9) reduce to those found by
Yaco et al.[14] To assess the accuracy of the present results,
a comparison of the wall shear stress results with the previ-
ously published data[29,30] for the case of ϕ = M = Ec = 0
and Fw = 0 is made. The comparison is shown in Table 2 and
a good agreement is observed. Because of the lack of experi-
mental data, the values of the parameters are chosen according
to those given by previous investigators.

Table 2. Comparison of the values of f ′′(0) for various values of λ with previous ones when ϕ = M = Ec = 0 and Fw = 0.

λ
Wang[29] Bachok et al.[30] Present results

First solution Second solution First solution Second solution First solution Second solution

−1 1.32882 0 1.3288170 0 −1.3288165 0

−1.1 − − 1.1866805 0.0492290 1.18667942 0.04921902

−1.15 1.08223 0.116702 1.0822315 0.1167022 1.08223091 0.11670207

−1.2 − − 0.9324739 0.2336497 0.93247322 0.23364982

−1.2465 0.55430 0.116702 0.5842956 0.5542825 0.58430171 0.55429563

−1.24657 − − 0.5639733 − 0.57458634 0.56402461
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The computations are carried out for a Cu–water
nanofluid for different values of velocity ratio parameter λ ,
solid friction of the nanofluid ϕ , magnetic parameter M, Eck-
ert number Ec, and the dimensionless wall mass transfer Fw.
The numerical computation results are given in Figs. 1–13 to
have a great insight into the qualitative analysis of the results
for Pr = 6.2 which represents water (basic fluid) at room tem-
perature.
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Fig. 1. (color online) Plots of shear stress (a) and temperature gra-
dient (b) versus λ for various values of M and ϕ .

The plots of the skin friction coefficient and the local Nus-
selt number versus the velocity ratio parameter λ with m = 1
and Pr = 6.2 for different values of ϕ , Ec, and Fw in the ab-
sence and presence of magnetic effect are shown in Figs. 1–3.
These figures show that there are regions of unique solutions
for λ > −1, dual solutions for λc < λ ≤ −1, and for λ < λc,
the boundary layer theory breaks down and equations (8) and
(9) become unsolvable, where λc represents the minimum val-
ues of λ for which the solution exists. Also, we observe that
for positive values of λ (the wedge and the fluid move in the
same direction), the magnetic field does not affect the wall
shear stress f ′′(0) nor the wall heat transfer −θ ′(0), while for
negative values of λ (λ ≥ λc) the magnetic field has signifi-
cant effects on f ′′(0) and −θ ′(0). It can also be seen that, all
the solutions pass through f ′′(0) = 0 when λ = 1 (Figs. 1(a)
and 3(a)). Physically, this point corresponds to zero friction
in the boundary layer because the wedge and the fluid move
with the same velocity. This observation is in agreement with
that obtained by yacob et al.[14] and Bachok et al.[30] Also,

figures 1–3 show that the values of λc do not depend on the
nanoparticle volume friction nor viscous dissipation param-
eters but they depend on the parameters M and Fw. Based
on our computation, λc = −1.24657 when Fw = 0 (without
suction), M = 0 (without magnetic field), Ec = 0, 0.1, 0.5 and
ϕ = 0,0.2. This value of λc is in agreement with the result
reported by Bachok et al.[30] For M = 0.03, λc = −1.2729
when Fw = 0. Also, for hydrodynamic flow (M = 0), the val-
ues of λc, when Fw = 0.1 and Fw = 0.2, are λc = −1.3 and
λc = −1.3643 respectively. For magnetohydrodynamic flow
(M 6= 0), λc =−1.3291 and−1.39 for Fw = 0.1 and Fw = 0.2,
respectively. These results show that |λc| increases with the
increasing of M and Fw. Thus the effects of magnetic field and
suction parameters are to increase the range of λ (λ <−1) for
which dual solution exists.
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Fig. 2. (color online) Plots of shear stress (a) and temperature gra-
dient (b) versus λ for various values of M and Ec.

Since viscous dissipation does not occur explicitly in the
momentum equation, its effect on the wall shear stress is neg-
ligible as shown in Fig. 2(a). In the absence of viscous dis-
sipation, figure 2(b) shows that the variation of the magnetic
field induces the weak influence on the temperature gradient
of the fluid at the surface of the wedge. However, when the
internal heating of viscous dissipation is taken into account,
the temperature gradient at the surface is a strong function of
magnetic field as shown in Fig. 2(b), which means that the
heat transfer rate at the surface is dependent on the magnetic
field when the wedge and free stream move in the opposite
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directions. Also, we notice from this figure that all curves in
Fig. 2(b) intersect at point (1, 2.27249618), which means that
the temperature gradient is equal and independent of the vis-
cous dissipation when the wedge and the fluid move with the
same velocity (λ = 1).
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+
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Fig. 3. (color online) Plots of shear stress (a) and temperature gra-
dient (b) versus λ for various values of M and Fw.

Figures 4–6 show the effects of the Eckert number Ec

on velocity, temperature and temperature gradient profiles for
m = 1, Fw = 0.1, and ϕ = 0.1 in the absence (M = 0) and pres-
ence (M 6= 0) of the magnetic field inside the boundary layer.
From Fig. 4, one sees that the Eckert number has a negligible
effect on the velocity profiles since the parameter Ec is asso-
ciated basically with the energy equation. This observation is
consistent with the variation of shear stress f ′′(0) presented in
Fig. 2(a). Also, the velocity profile for magnetohydrodynamic
flow is larger than that of the hydrodynamic flow for the first
solution while the reverse behavior is observed for the second
solution. The inset shows that the stream function f (η) be-
comes negative over an increasing range of η , but for larger
values of η it becomes positive and increases as η increases,
i.e., the region of reverse flow appears here. From Fig. 5, one
sees that an increase in magnetic field in the absence of vis-
cous dissipation reduces the thickness of the thermal bound-
ary layer of the Cu–water nanofluid for the first solution and
the scenario is converse for the second solution. In the pres-
ence of viscous dissipation, the effect of the magnetic field is
to increase the first solution of the temperature near the wall
of the wedge and the reverse scenario is seen away from the
wall, till it reaches the value of θ(η) = 0 as η→∞. However,

the opposite trend is seen for the second solution, that is, as
M increases, the second solution of the temperature profiles
decreases near the wall of the wedge. Moreover, the magnetic
field is found to cause an overshoot in the temperature profile
(i.e., the temperature profiles exceed the values at the edge of
the thermal boundary layer) in the presence of viscous dissi-
pation. However, no overshoot is observed in the temperature
profiles in the absence of viscous dissipation whatever the val-
ues of the magnetic field parameter are. Also, the effect of the
magnetic field is found to be more pronounced for the second
solution than that for the first solution. In the absence of vis-
cous dissipation, figure 6 shows that the temperature gradient
is zero close to the surface of the wedge for some interval of
η and then decreases with η rapidly till the temperature gra-
dient reaches a negative minimum value and then increases
gradually to its free surface value at η∞ due to the reversal of
heat flow between the surface and surrounding the Cu–water
nanofluid, where η∞ is relatively small for the first solution,
but for the second solution, it is large. Also, it is very clear
from Fig. 6 that the temperature gradient decreases near the
wall of the wedge with the increase in M for the first solution
but the opposite behavior is noted away from the wall, for large
value of η the behavior is totally opposite for the second solu-
tion, i.e., the temperature gradient is found to increase with the
increasing of M but it decreases for larger η . In the presence of
viscous dissipation, the effect of the magnetic field on the tem-
perature gradient is similar in shape to that in the absence of
viscous dissipation except near the surface of the wedge where
viscous dissipation dominates the heat transfer inside the ther-
mal boundary layer. Also, the combined effect of increasing
values of magnetic field and viscous dissipation is to increase
initially the first solution of the temperature gradient inside the
thermal boundary layer and the reverse scenario is seen away
from the surface. For the second solution the behavior is oppo-
site, i.e., the temperature gradient is found to decrease initially
with the increasing of M but it increases for larger η and the
thermal boundary layer thickness for the second solution is
larger than that of the first solution.

1.5

1.0

0.5

0

-1.0

-0.5

-1.5
0 2 4 6 8 10

m/↪ Pr/.

ϕ=0.1, Fc=0.1

first solution

second solution

M/↪ .











↩
 

M/↪ .

Ec=0, 0.1, 0.5

Ec=0, 0.1, 0.5

M/↪ .

Ec=0, 0.1, 0.5

Ec=0, 0.1, 0.5

η

η

f
↼η

↽

f
′↼
η
↽

Fig. 4. (color online) Velocity profiles for various values of M and
Ec.

044402-5



Chin. Phys. B Vol. 23, No. 4 (2014) 044402

0
0

0.5

1.0

1.5

2.0

2.5

2 3 5 71 4 6 8

η

m/↪ Pr/.
ϕ=0.1, Fw=0.1

η

θ
↼η

↽
first solution

second solution

M/

M/.

M/↪ .

M/↪ .

Ec=0.5

Ec=0, 0

Fig. 5. (color online) Temperature profiles for various values of M
and Ec.
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Fig. 6. (color online) Temperature gradient profiles for various val-
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Fw.

The effects of the magnetic field and suction parameter
Fw on velocity, shear stress, and temperature profiles against
η for m = 1, ϕ = 0.1, and Ec = 0.1 for a Cu–water nanofluid
with Pr = 6.2 are shown in Figs. 7–9. From Fig. 7, it can be
seen that the velocity profile increases with the increasing of
the suction parameter in the case of the first solution. This be-
havior is a result of the stabilizing effect of the suction on the
boundary layer. It is interesting to note that the effect of the
magnetic field is to increase the first solution of the velocity
profile for small values of the suction parameter (Fw ≤ 0.5)
and its effect diminishes for higher values of the suction pa-
rameter (Fw > 0.5). However, for the second solution, the ef-
fect of the magnetic field is to reduce the velocity profile for all
values of the suction parameter considered here. Further, for

all values of M and Fw, the velocity becomes unity at the edge
of the boundary layer, which satisfies the boundary condition
and the first solution approaches unity faster than the second
solution, which is compatible with the fact that the hydrody-
namic boundary layer thickness for the first solution is smaller
than the thickness for the second solution. This observation is
in agreement with those obtained by Krishnendu.[31]
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Fig. 8. (color online) Temperature gradient profiles for various val-
ues of M and Fw.
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Fig. 9. (color online) Temperature profiles for various values of M
and Fw.

Figure 8 shows that the shear stress may be enhanced or
reduced by increasing M, depending on the fluid suction Fw.
From this figure it is observed that the first solution of f ′′(η) is
increasing throughout the boundary layer with the increasing
of M for lower values of the suction parameter (Fw ≤ 0.5), but
for larger values of the suction parameter, the magnetic field
has a negligible effect on the shear stress inside the boundary
layer as shown in Fig. 8. For the second solution, the shear
stress initially decreases with Fw and M, but for larger η , it is
not stable, therefore, it is not physically realizable. This ob-
servation is consistent with the variation of the velocity profile
in Fig. 7. From Fig. 9, it can be seen that suction reduces
the temperature profiles in the first solution because the incre-
ments of the thermal boundary and the temperature of the Cu–
water nanofluid near the wall exceed those at the wall for the
small values of the suction parameter, i.e., temperature over-
shoot occurs throughout the thermal boundary layer. On the
other hand, it may be seen that when the magnetic field pa-
rameter increases, the first solution of the temperature profile
decreases for small values of the suction parameter (Fw≤ 0.5)
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and its effect diminishes for higher values of the suction pa-
rameter (Fw > 0.5) while the second solution is not stable and,
therefore, it is not physically realizable.
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Fig. 11. (color online) Plots of shear stress versus ϕ for various
values of M with Ec = 0.5.

Figures 10 and 11 illustrate the local friction coefficients
each as a function of the volume friction parameter ϕ for
Ec = 0 (in the absence of viscous dissipation) and 0.5 (in
the presence of viscous dissipation), respectively, with M = 0
(hydrodynamic nanofluid) and 0.03 (magnetohydrodynamic
nanofluid). We notice that as the volume friction parameter
increases, the friction coefficient also increases in the absence
as well as in the presence of the viscous dissipation param-
eter Ec. We also notice that for Ec = 0, the first solution of
the friction coefficient decreases with M, but the opposite case
happens for the second solution. However, when Ec 6= 0, we
notice that the trend is to be vice versa, that is as M increases,
the friction coefficient increases for the first solution, but for
the second solution, the friction coefficient decreases as M in-
creases. Figure 12 shows that the maximum differences in
Nusselt number distribution among various values of M oc-
cur under larger values of the volume friction parameter ϕ ,
and these differences are almost negligible for ϕ = 0 (regular
fluid). This is because the presence of nanoparticles in the fluid
without viscous dissipation increases appreciably the effective
thermal conductivity of the fluid and consequently enhances
the heat transfer characteristics. However, in the presence of

viscous dissipation (Ec 6= 0), figure 13 shows that the Nusselt
number becomes negative for all values of ϕ , indicating the
reversal of the direction of heat transfer from the initial wall
to fluid (which can also be understood by the corresponding
overshoot in the temperature profiles due to presence of vis-
cous dissipation).
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Fig. 12. (color online) Plots of temperature gradient versus ϕ for
various values of M with Ec = 0.
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4. Conclusions
The problem of boundary layer flow of a copper (Cu)–

water-based nanofluid over a moving wedge is investigated nu-
merically. The governing partial differential equations are first
transformed into a system of ordinary differential equations
using a similarity transformation and then solved numerically
by using Runge–Kutta and shooting method. The effects of the
solid volume fraction ϕ , velocity ratio parameter λ , magnetic
field parameter M, suction parameter Fw, and the viscous dis-
sipation parameter Ec on flow and heat transfer characteristics
are determined for the Cu–water nanofluid. The numerical re-
sults obtained accord very well with the previous data for some
particular cases of the present study. Dual similarity solutions
for the velocity field and also for the temperature distribution
are obtained for some negative values of the velocity ratio pa-
rameter λ (the wedge and the free stream velocity move in
the opposite directions). The solution does not exist beyond a
certain critical value of λ . This critical value of λ depends on
the values of the suction parameter and the magnetic field. It is
observed that the suction and magnetic field increase the range
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of λ (λ < 0) for which the dual solution exists. At the posi-
tions very close to the surface of the wedge, the stream func-
tion f (η) takes negative values which means that in that re-
gion, the flow is reversed. Also, the obtained numerical results
show that the first solution of the dimensional stream function
of the Cu–water nanofluid is greater in the magnetohydrody-
namic case than in the hydrodynamic one. Analyses of the
results show that the effect of magnetic field is to increase the
first solution of the velocity profile and reduce the first solu-
tion of the temperature profile. But this effect becomes negli-
gible when the suction parameter is large. On the other hand,
the effect of viscous dissipation is to increase the first solution
of the temperature profile inside the thermal boundary layer.
However, maximum enhancement of temperature due to the
application of the magnetic field occurs when the wall of the
wedge is porous and subjected to the suction of the fluid.
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