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The Ablowitz—Ladik equation is a very important model in nonlinear mathematical physics. In this paper, the hyper-
bolic function solitary wave solutions, the trigonometric function periodic wave solutions, and the rational wave solutions
with more arbitrary parameters of two-dimensional Ablowitz—Ladik equation are derived by using the (G’/G)-expansion
method, and the effects of the parameters (including the coupling constant and other parameters) on the linear stability of

the exact solutions are analysed and numerically simulated.
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1. Introduction

Many phenomena including nonlinear optics (waveguide
arrays), matter waves (Bose—Finstein condensates trapped in
optical lattices), plasma physics (Langmuir wave), and molec-
ular biology (modeling the DNA double strand) are often de-
scribed by nonlinear partial differential equations (PDEs),!!=3]
especially nonlinear Schrodinger-type equations. In the re-
cent years, a number of powerful methods have been pro-
posed, namely the inverse scattering method, >* Hirota’s bi-
linear method,[®7! the Bicklund transformation method, 3-8
the Darboux transformation method,®*! the Hyperbolic func-
tion method,®! and the homogeneous balance method. [10-1%]

The discrete nonlinear Schrodinger-type equation is a rel-
evant model for a wide range of applications, and has received
attention by many researchers.['31°1 Dai e al.,l'*! Dai and
Zhang!?"! used the extended tanh-function approach to de-
rive the exact solutions of discrete complex cubic Ginzburg—
Landau equations, discrete complex cubic—quintic Ginzburg—
Landau equations with a non-local quintic term respectively.
Chow et al.!>! presented the exact solutions of the Ablowitz—
Ladik model in terms of elliptic functions. Huang and Liu!?'!
obtained Jacobi elliptic function solutions of the Ablowitz—
Ladik system via the Jacobi elliptic function expansion ap-

proach. Maruno et al.!??]

studied a new quintic discrete non-
linear Schrodinger equation by singularity confinement crite-
ria and growth properties. In Ref. [23], the exact localized and
periodic solutions of the discrete complex Ginzburg-Landau
equation were given, and in Ref. [24], Maruno et al. de-
rived a set of exact solutions which include, as particular cases,
bright and dark soliton solutions, constant magnitude solutions

with phase shifts, periodic solutions in terms of elliptic Jacobi
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functions in general forms, and various particular periodic so-
lutions to discrete complex cubic—quintic Ginzburg—Landau
equation with a non-local quintic term. Aslan/?>%! used the
G’ /G-expansion method to derive the discrete solitons of the
discrete nonlinear Schrodinger-type equations.

In the practical application, only stable soliton is valu-
able. Thus the investigation of the soliton stability is very
important. Kevrekidis et al.'>”) used the V-K criterion to an-
alyze the stabilities of the stationary solutions of the higher-
dimensional Ablowitz-Ladik model. Khare et al.[*®?°! con-
sidered the saturable descrete nonlinear Schrodinger equation,
two-dimensional cubic—quintic discrete nonlinear Schrédinger
equations and analyzed the stabilities of the stationary solu-
tions. Zhang and Liu,*”) and Zhang et al. 3! used the (G’ /G)-
expansion method>34! to derive the exact solutions of the
discrete complex cubic Ginzburg-Landau equation, the quin-
tic discrete nonlinear Schrodinger equation respectively, and
studied their linear stabilities.

Due to important applications in nonlinear optics, Bose—
Einstein condensates, etc., the two-dimensional Ablowitz—
Ladik equation is studied in this paper, the exact solutions and
their linear stabilities are investigated in Sections 2 and 3 re-
spectively.

2. The exact solutions of the (2+1)-dimensional
Ablowitz-Ladik equation

In this paper, we consider the (2+1)-dimensional

Ablowitz—Ladik equation as

. aun,m
1
ot

+ e(urH»l,m +up—1m+ Unm+1 + Unm—1— 4un,m)
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1
- Z|un,m‘2(un+1,m + Up—1,m + Unm+1 +un,m71) =0. (D Case 1 When

A2 —4p >0,
According to the (G'/G)-expansion method, the exact solu-

the trigonometric function periodic wave solutions are ob-
tions of Eq. (1) are derived.

| tained as follows:

(1) = +2 € [cos (dy) sinh? (A1 hy) + cos (hy ) sinh® (A1 db )] <C1 +G tanh(Alén_m)>
u = :
n’m [cos (d1)coth? (Ayds) sinh? (A ) + cos (hy ) coth? (A1 hy ) sinh? (Ardy)] \Citanh(A; & m) +Co
h(A;d>)sinh (A h(Ahy)sinh (A1db))*
X exp (i <d1n+h1m+28<(cos(d1)csc (A1dy) sinh (Ajhy) +cos (hy) csch (A hy) sinh (A1dy))

-2 )t+ ,
cos (dy) coth? (A;d,) sinh? (A1 hy) +cos (hy) coth® (A1) sinh? (A1 d>) ) §1> )

where

4¢ [cos (dy ) sinh? (A1 hy) 4 cos (hy) sinh? (A d
Enm = dan+hym+ & — [cos @) (Arh) () (41d7)
\/12—4[,Ltanh(A1d2)tanh(A1h2)
sin (dy)tanh (Ajhy) +sin (hy) tanh (A d5) ,
cos (dy) coth? (Aydy) sinh? (A1 hy) 4 cos (hy) coth? (Ay hy ) sinh? (Aydy)

Ay =\/A2—4u/2,Cy, Gy, &1, &, da, and h, are constants, and d; and hy satisfy cos (d;) cos (h) > 0.
The above exact solutions are simplified into

W) = 2 ¢ [sinh? (h) + sinh? (d)] C + C tanh (dn + hm)
u =
coth? (d) sinh? (k) + coth? (k) sinh? (d) Ci tanh(dn + hm) + C;

o ( ) ( (csch (d) sinh () + csch () sinh (d))* 2) a) |

coth? (d) sinh? (h) + coth? (i) sinh? (d)

@
where Cy, C,, d, and h are constants, and n,m € N.
From Eq. (2), we can derive two special-type exact solutions of Eq. (1).
Case 1.1 Dark soliton:
¢ [sinh? (h) + sinh? (d
uE,l,ln) (1) =2 5 [,1 5 (h) + i 5 ( )] 5——tanh (dn+ hm)
’ coth” (d) sinh” (k) + coth” () sinh” (d)
h (d) sinh h (h)sinh (d))*
« exp [ 2i (csc2 (d) s.m 2(h) +csc gh) sm. (521)) o) er ), 3)
coth” (d) sinh” (h) + coth” (k) sinh” (d)
where d and h are constants (as shown in Fig. 1).

|ul
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Fig. 1. (color online) Dark solitons from Eq. (3): (a) whend =1,h=0.1,€=0.1,t =0and (b) whend=1,h=1,€=0.1,7 =0.
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Case 1.2 Bright soliton (Fig. 2):

(12) () = ¢ [sinh? (h) + sinh? (d)] 2+ tanh (dn + hm)
Unm \E) = 2\ o2 (d) sinh? (h) + coth? (h) sinh? (d) 2tanh(dn + hm) + 1
. { (csch(d)sinh (h) + csch (h) sinh (d))? B
* exp <21 (coth2 (d) sinh? (1) + coth? () sinh? (d) 2) a) ' @

Fig. 2. (color online) Bright solitons from Eq. (4) whend =1, =0.1,€=0.1,r =0.

Case 2 When 1% —4p < 0, the trigonometric function periodic wave solutions are obtained as follows:

wnn (1) = 2 € [cos (dy) sin® (Azhz) + cos () sin® (Axdy)| (—C1 tan(A2&,m) + C2>
s [cos (d1) cot? (Aydy) sin® (Axhy) + cos (hy) cot? (Ayhy ) sin? (Azdz)] Ci+Crtan(ArEym)

. : 2
w exp (i (dint hm+2e (cos (dy) csc (Axdy) s.1nz(A2h2) +cos (hy)csc(Axha) sm. (?zdz)) 2 )eval))
cos (dy ) cot? (Aady) sin” (Axhy) + cos (hy) cot? (Arhy ) sin (Ard,)

where
4€ [cos (dy) sin? (Axhy) +cos (hy) sin? (Ayds) |
VAap — A2 tan (Aydy) tan (Axhy)
y sin (dy) tan (Azhy) + sin (hy) tan (Axda) ,
cos (dy ) cot? (Aady) sin® (Ayhy ) + cos (hy) cot? (Axhy ) sin® (Aydy)

Eum = don+hym~+§ —

Ay =AU —A2/2,Cy, Gy, £y, &5, da, and h are constants, and d; and h; satisfy cos (d;) cos (h) > 0.
The exact solutions above are simplified into

W2 () = —2 g [sin” (h) + sin® (d)] (—C1 tan(dn + hm) +Cz>
nm\l) = [cot2 (d)sin2 (h) + cot? (h) sin® (d) Cr+ Co tan(dn+ hm)
()

(
) (csc (d)sin (h) + csc (h) sin(d))?
* exp (1 (28 (cot2 (d) sin? (h) + cot? (h) sin? (d) - 2) t)) ’ ®)

where Cy, C,, d, and h are constants, and n,m € N.

From Eq. (3), we can derive two special-type exact solutions of Eq. (1).
Case 2.1 Oscillatory ‘tan’ solution (Fig. 3):

uln (1) = 2 g [sin” (h) +sin* (d)]
T\ oot (d) sin? (k) + co () sin? (d)]

( ( (ese(d)sin(h) + csc (h)sin(d))?
o (21 <00t2 (d)sin® (h) + cot? (h) sin® (d) _2> 8t> 7 "

tan (dn + hm)

where d and & are constants.
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Fig. 3. (color online) Oscillatory ‘tan’ solutions from Eq. (6): (a) whend =3.2,h=3.3, € =0.1,t =0; and (b) whend =1.5,h=1.5,¢ =0.1,r =0

Case 2.2 The trigonometric function periodic wave solutions (Fig. 4)

422 (1) = —2 € [sin2 (h) + sin? (d)} —tan (dn + hm) +2
e [cot? (d) sin® (h) + cot? (h) sin® (d)] 1+ 2tan(dn+hm)

_( (csc(d)sin(h)+csc(h)sin(d))*
X exp (21 (cot2 (d) sin® (h) +cot? (h) sin? (d) 2) 8t> ’

Case 3 when A2 —4u =0,

o (1) = iZdzhg\/g (d3 cos (hy) + k3 cos (dy)) ( C )
n,m = (

dycos (hy) +h3cos(dy)) \Ci&um+Ca

2
. (d3 cos (hy) +h3cos (dy))
d h 2e -2 |t
X exp (1 ( n+hm+ ( i3 cos () + M cos () +&i s

where

2€d,h; (d3 cos (hy) +h3 cos (dy)) (dasin (hy) + hysin(d) )
=dyn+hym— t ,
Snm = don+ hom d5 cos (hy) +hj cos (dy) +&

C1, Gy, &1, &, d, and hy are constants, and d; and £y satisfy The exact solution above is simplified into (Fig. 5)
cos(dy)cos (h1) > 0.

(d*+h*) \dn+hm+0.5

X exp< (28 (WZ) t)) (8)

Note that the other types of exact solutions of Eq. (1) can
be obtained if the parameters are set to be appropriate values

06 = 2an s(d2+h2)( 1 )

3. Linear stability analyses of exact solutions for

the (2+1)-dimensional Ablowitz—Ladik equa-
tion

In order to analyze the linear stabilities of exact solutions
e 2 (/)
—40 —40

wim (j=1,2,3), we assume that
Fig. 4. (color online) Trigonometric function periodic wave solu ) —iar —iot
tions (7) when d = 3.2, h=3.3, £ = 0.1, 1 = 0. Unm = Un,m € + Sunm(t)e ", ©
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Fig. 5. (color online) Rational wave solution (8): (a) whend =1,h=1,
€=0.1,t=0; (b) whend =1, h=0.6, € = 0.1, t = 0; and (c) when
d=1,h=0.11,e=0.1,t =0.

where du, »,(¢) is a small perturbation. Substituting Eq. (9)
into Eq. (1) and retaining only linear terms in the perturbation,
we obtain

4
X (aun+l,m + 5'41171,m + aun,erl + 5'411,m71)

101 m + (8 - =

1 uﬁljr)n‘z)

+ (0 4€) Sty — %uﬁl{’ (81t} 1+ Sttm)

< (W)l i)

n+1,m n— n,m+

+u) ):o. (10)

nm—1

Setting Suym = Ouy,,, + i6u27m, equation (10) can be
changed into

8’ + (o — 4€)8ul, , + <e —

N 12
i)

4
X (Bt g g+ Uy g+ Sty + 01, ) =0, (11)

. 1 ; .
_5uln,m + |:0) —4e— 5”’(1{) (ufl]ll,m + ufzjf)l,rn

A . i 11 (12
Sl],r)nJrl + uEl]r)nl):l 6un,m + (8 - Z ugl]f)ﬂ‘ >

X (8t g+ Sty gy + Sty g+ Stty ) = 0. (12)

+u

Assume J = n+ (m— 1)N, and introduce the two real vec-
tors: U" = {8u}}, U = {6u’ }, where N and M are period-
ical parameters of solitons, and the two real matrices

A: {A./,./,}7 B = {B‘/",/}7
(o Lo )
A./,.// ((1) 48)6‘/7‘//4- € 4 Un.m
X (5J,J’71 + 8y i1+ 6N+ 5J,J’+N)
2
= ((1.)—48)5J7J/+ <£—‘1'-‘M‘(]J)‘ >

X (8 -1+ 81 +8 N+ pn), (13

in which

1

n+1,m n—1,m

By = [a)—4£—;uf,{) (u(j) +uV)

. . 1 " 12
D)+ (2= 5 k)

X (51,1'71 + 68 11+ 65 N+ 5].,J’+N)

1 . .
_ [w e Lul) (uyg, )

. . 1 S 12

X (8148 +8 N+ 4n), (14

+u

where J' £ 1 in the Kronecker 6 means: J' £+ 1 mod N, and
J' £ N in the Kronecker 6 means: J' =N mod NM, then equa-
tions (11) and (12) can be written compactly as

SU"+A8U =0, —8U' + BSU" = 0. (15)
From Eq. (15), we have
SU"+ABSU" =0, SU'+BASU' =0. (16)

The eigenvalue spectra of the matrices AB and B A de-
termine the stabilities of the exact solutions. If all the eigen-
values are positive, the solutions are stable, and if eigenvalues
contain a negative (or complex) eigenvalue, the solution is un-
stable.

044208-5
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3.1. Linear stability analyses of hyperbolic function soli-
tary wave solutions

3.1.1. Effects of parameters d and h on the linear sta-

bility of ul'y

From Fig. 6, it is easy to see that the stability region of
(11)

un,m 1s along the coordinate axes of d and A, and is symmet-

0.2 0.4

d

0.6 0.8 1.0

rical with respect to line d = h when M = N. When N = 3,
M =73, u,(,l,ll) is linearly stable in the region of d > 1, h < 0.5
and h > 1, d < 0.5. With the increments of N and M, the sta-
bility region becomes small.

With the increments of N and M, the stability region
(d < 1,h < 1) is discretized. This is similar to the cases of

the cubic—quintic discrete nonlinear Schrodinger equation. %)

Fig. 6. Effects of parameters d and & on the linear stability of uf,f,l,,). Panel (a) N =3, M =3, € =0.1; Panel (b) N =5, M =5, € = 0.1 (The black regions
are the stable regions); Panel (c) partial enlargement of panel (a); Panel (d) partial enlargement of panel (b) (The black regions are the stable regions).

Similar to the analysis of u,(l},}), the effects of the parame-
ters d and & on the linear stability region of u,(,l,i)
Fig. 7 when € = 0.1, N = 3, M = 3 (the black regions are the

stable regions).

are shown in

Fig. 7. Effects of parameters d and / on the linear stability of uﬁ,{,%,) when

e=01,N=3,M=3.

3.1.2. Effects of parameters C; and C; on the linear
stability of ui,

For simplicity, we suppose that parameters C; and C;
are nonnegative and set to be (Cy,C2) = (sin@,cos0) and
0 € [0,7/2]. The distributions of the minimal eigenvalues of
A B of the exact solutions varying with parameters C; and C;
are shown in Fig. 8.

3.1.3. Effect of coupling constant € on the linear sta-

bility of uily)

The coupling constant € is very important for the
Ablowitz—Ladik system, and when € — 0, the Ablowitz—Ladik
system is changed into the discrete limiting form and the cou-
pling constant € influences the stabilities of the solutions.>!

The distribution of the minimal eigenvalues of A B of the
exact solutions varying with coupling constant € is shown in
Fig. 9. From Fig. 9, it is easy to see that the couplin(g c)onstant

11

€ has no influence on the stability of the solution u,, essen-

044208-6
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tially except for the strength of the stability of the solution
(11)

Un i -

min -y

Fig. 8. (color online) Distributions of the minimal eigenvalues of AB
when N =3, M =3, e =0.1. Panel (a) d =1, h = 0.01; Panel (b)
d =1, h=0.1; Panel (¢c) d =1, h =1 (o — positive eigenvalue; * —
negative eigenvalue; V — complex eigenvalue).

207777 71 7 T

100

8O [ R St

min -y

—20, 2 4 6 8 10

Fig. 9. (color online) Distributions of the minimal eigenvalues of AB
when N =3, M =3. Case (a) d =1, h =0.01 (0); Case (b) d =1,
h=0.1(x);Case(c)d=1,h=1 ().

3.2. Linear stability analyses of the trigonometric function
periodic wave solutions
3.2.1. Effects of parameters d and h on the linear sta-
bility of uy
From Fig. 10, it is easy to see that the stable regions of
u,(f,ln) are massive and discretized, and with the increments of N
and M, the stable region becomes small, and the instable points
appear in the massive stable region. The large massive stable
regions appear in the neighbor of the points (d,%) = (3n,3n).
By using the numerical simulation, we have that un_,b is insta-
ble at the point (d, k) = (3.2,3.3) if N > 10, M > 10.

n‘lb‘w‘i-m-g

Fig. 10. Effects of parameters d and /4 on the linear stability of u,(f,l).

Panel (a) N =3, M = 3; Panel (b) N =5, M =5 (The black regions are
the stable region).

The stable region almost exclusively appears in the neigh-
bor of the points (d,h) = (3,3) if N # M (Fig. 11) and the
stable region remarkably decreases. This is similar to the
case of the two-dimensional cubic—quintic discrete nonlinear
Schrodinger equation. 2!

The effects of parameters d and & on the stable region of
u,(ﬁ%,’ when N = 3, M = 3 are shown in Fig. 12.

3.2.2. Effect of the parameters C; and C; on the linear
stability of u(oh

In a way similar to Subsection 3.1.2, the distribution of
the minimal eigenvalues of AB varying with parameters C;

and C, are shown in Fig. 13.

044208-7
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h

Fig. 11. Effects of parameters d and & on the linear stability of uf,},) Fig. 12. Effects of parameters d and % on the linear stability of uff,?)
when N =3, M =3.

when N =3, M =4.

0.023
0.022
-
= o]
0.021 F-- .
0.020 i
0 0.5 1.0 1.5
0
8 : ; .
I N O
6 R
. | -
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= ; P i g
S s o ¢ i
------ SRR 2. A0 A B -
2
------ " fonnne P
¥
O L Il 1
0 0.5 1.0 1.5
0 9

Fig. 13. (color online) Distributions of the minimal eigenvalues of AB when N =3, M =3, € =0.1. Panel (a) d = 3.2, h =3.3; Panel (b)d =15, h =1.5;
Panel (c) d =1, h = 1; Panel (d) d = 2.8, h = 2.8. (o — positive eigenvalue; * — negative eigenvalue; V — complex eigenvalue).

3.2.3. Effect of the coupling constant € on the linear stability of u,(,f,},)

The distributions of the minimal eigenvalues of A B of the exact solutions varying with the coupling constant € are shown

in Fig. 14. They are similar to the case in Subsection 3.1.3.

(3)

3.3. Linear stability analysis of the rational wave solution u; m

We use the method above to analyze the linear stability of u£,3,),, From Fig. 15, the stable region of u,(f,),, is larger than those of
B3) . 1
is linearly

the other solutions, and the stable regions are discretized with the increments of N and M; when M — oo, N — oo, uy; 1y
stable in the neighbor of the line d = h.
044208-8
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The distributions of the minimal eigenvalues of A B of the exact solutions varying with the coupling constant € are shown

in Fig. 16. They are similar to the case in Subsection 3.1.3.

700

<

®

600 f--i-

500 |-

400 -t

min -y

300 f--i-

200 [------i-

100 i+ R

0 i PN A i i o @

min v/10°

Fig. 14. (color online) Distributions of the minimal eigenvalues of AB when N =3, M = 3. Case a: d = 3.2, h =3.3 (0); Case b: d =1, h = 0.1 (V); Case

ccd=15h=15(*).

Fig. 15. Effects of parameters d and / on the linear stability of u\ . Panel (a) N = 3, M = 3; Panel (h) N =5, M = 5.

20 L. H ______ H H _1 ______ H | Jl _____ B

<

min y
=
o
o
1

Fig. 16. (color online) Distributions of the minimal eigenvalues of AB
whenN=3,M=3.Casea:d=3,h=3(0);Caseb: d =2, h =3 (*).

4. Conclusions and discussion

In this paper, the hyperbolic function solitary wave solu-
tions, the trigonometric function periodic wave solutions, and
the rational wave solutions with more arbitrary parameters of
the two-dimensional Ablowitz—Ladik equation are derived us-
ing the (G’ /G)-expansion method, and the effects of the pa-
rameters on the linear stabilities of the exact solutions are dis-
cussed. From the analysis and numerical simulation, we obtain

the following points.

(1) The coupling constant € has no influence on the stabil-
ities of the solutions includinig the bright solitons, dark soli-
tons, and rational wave solutions except for the strength of the
stability.

(ii) With the increments of N and M, the stability region
of the solutions including the bright solitons, dark solitons, and
rational wave solutions is discretized if the parameters d and &
are considered.
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