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Output three-mode entanglement via coherently
prepared inverted Y-type atoms*
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In this paper, the output quantum correlations of three fields interacting with inverted Y-type atoms inside a three-mode
cavity are investigated. By numerically calculating the stationary noise spectra of the fields, we show that it is possible to
generate the genuine tripartite continuous variable entanglement outside the cavity by coherently preparing the atoms in a
superposition of the upper excited state and two ground states initially. Our numerical results demonstrate that both zero
frequency entanglement and sideband frequency entanglement can be obtained under different initial coherent conditions.
In addition, we investigate the thermal fluctuation effects on the quantum entanglement. It is found out that the entanglement
occurring in a high frequency regime is more robust against thermal noise than the zero frequency entanglement, which
may be useful for quantum communication.
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1. Introduction
One of the most interesting effects in quantum op-

tics is atomic coherence, which has received much atten-
tion due to the fact that it is closely related to a large
number of striking phenomena, such as coherent population
trapping (CPT),[1] electromagnetically induced transparency
(EIT),[2–9] lasing without inversion (LWI),[10–13] the modifi-
cation of spontaneous emission, etc.[14–17] In recent years, it
is shown that atomic coherence plays an important role in
generating and manipulating continuous variable (CV) entan-
glement, which has many advantages in quantum-information
science.[18] To date, various schemes are proposed to gen-
erate entanglement via atomic coherence effects, such as
coherence-induced multi-wave mixing processes,[19–24] one-
atom laser,[25–27] quantum-beat laser,[28–30] atomic coherence
controlled parametric interaction processes,[31–33] and electro-
magnetically induced transparency.[34,35] In particular, for a
three-level cascade system, the correlated spontaneous emis-
sion laser (CEL) has been proposed to act as an entanglement
amplifier.[36] Tan et al.[37] extended this model, and found that
the two-mode field in the cavity can evolve into a two-mode
Gaussian state. Zhou et al.[38] considered a single three-level
cascade atom interacting dispersively with two classical fields.
They exhibited that a macroscopic entangled state between
these two cavity modes can be generated under large detuning
conditions. In the above-mentioned schemes, the atomic co-
herence is introduced by using strong driving field(s). In addi-
tion, there is an alternative way to create atomic coherence by
preparing the atoms initially in a coherent superposition. In an
early study, Scully and Zubairy[39] presented a theory of two-

photon CEL based on a coherently prepared three-level atomic
system. On the basis of this theory, Tesfa[40–42] conducted a
series of studies of the generation of two-mode squeezing and
entanglement.

Recently, Shi et al.[43] proposed a scheme for generating
tripartite continuous-variable entanglement via three-colored
CEL, wherein the atomic coherence is induced by the external
strong coherent fields. Later on, by using two strong classi-
cal fields to drive a four-level Y-type[44] and an inverted Y-
type[45] atomic system, the transient tripartite entanglements
were achieved and the entangled period depended strongly on
the intensity of the classical fields. In a four-level V-type sys-
tem, the genuine tripartite entanglement could be achieved via
microwave field driven atomic coherence.[46] In fact, the exter-
nal classical driven fields brought an additional noise, resulting
in the absence of steady state entanglement. Very recently, in
a four-level Y-type atomic system, Tesfa[47] studied the gen-
eration of tripartite entanglement via coherently preparing the
atoms in a superposition of the upper two excited energy levels
and ground level initially. It is shown that the nondegenerate
four-level correlated emission laser can be a source of tripartite
entangled light. Although the detailed derivation of the master
equation of the cavity radiation was presented there, the ana-
lytical results to estimate the tripartite entanglement are diffi-
cult to obtain. Accordingly, the quantum correlations of the
intracavity fields have just been analyzed qualitatively and the
tripartite entanglement has been analyzed briefly. In this paper,
we consider an ensemble of four-level inverted Y-type atoms,
which is placed inside a three-mode cavity and prepared in
a superposition of the upper excited states and two ground
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states initially. With the standard theory proposed by Drum-
mond and Gardiner,[48,49] using the input–output theory[50],
we numerically calculate the stationary noise spectra of the
fields outside the cavity. Based on the criteria proposed by van
Loock and Furusawa,[51] our results demonstrate that the tri-
partite entanglement can be achieved. Further, when different
initial conditions are taken, the output tripartite entanglement
can appear not only in the high frequency regime but also at
zero frequency. We also note that the degree of the entan-
glement is enhanced as the linear gain coefficient increases.
Besides, the thermal photon effects on the output three-mode
entanglement are analyzed numerically. It is found that the
thermal noise is harmful for the quantum entanglement. Nev-
ertheless, it is worthwhile to note that the sideband entangle-
ment is much more robust against thermal fluctuations than
the zero frequency entanglement. The remainder of this arti-
cle is organized as follows. In Section 2, we present the model
and master equation. In Section 3, the numerical results and
discussion are presented. The conclusion is given in Section 4.

2. Model and equations
An ensemble of independent four-level inverted Y-type

atoms is placed into a three-mode optical cavity. As illustrated
in Fig. 1, by |1⟩ and |2⟩ we denote the two nearly degenerate
ground states, |3⟩ is an intermediate energy level, |4⟩ indicates
the upper excited state. Three quantized fields of frequencies
ω j ( j = 1–3) are coupled with three dipole allowed transitions,
respectively. In the interaction picture, we derive the Hamilto-
nian as

V = ig
(

a1σ31 +a2σ32 +a3σ43 −a†
1σ13 −a†

2σ23 −a†
3σ34

)
, (1)

where the operators σ jk = | j⟩⟨k| ( j,k = 1–3) are the projec-
tion operators for j = k and the flip operators for j ̸= k. a j(a

†
j)

( j = 1–3) represent the annihilation (creation) operators of the
three cavity modes, g j ( j = 1–3) are the coupling constants,
which are assumed to be real and identical for simplicity.

|4>

ω3

ω1
ω2

|3>

|2>
|1>

Fig. 1. Energy level structure of the four-level inverted Y-type atom.

We assume that the atoms are initially prepared in the co-
herent superposition of the atomic levels except the level |3⟩.

Then the corresponding initial density operators are

ρA (0) = ρ
(0)
44 |4⟩⟨4|+ρ

(0)
22 |2⟩⟨2|

+ρ
(0)
11 |1⟩⟨1|+ρ

(0)
42 |4⟩⟨2|

+ρ
(0)
24 |2⟩⟨4|+ρ

(0)
41 |4⟩⟨1|+ρ

(0)
14 |1⟩⟨4|

+ρ
(0)
21 |2⟩⟨1|+ρ

(0)
12 |1⟩⟨2|, (2)

where ρ
(0)
ll (l = 1,2,4) are the initial populations and ρ

(0)
lk

(l,k = 1,2,4, l ̸= k) are the atomic coherences between dif-
ferent levels.

We take into account the case that the atoms are injected
into the cavity with constant rate ra and removed after some
time τ . Assuming that the time τ is long enough for the atoms
to spontaneously decay to energy levels other than these in-
volved levels.[40–42] Without loss of generality, all decay rates
of these levels are assumed to be equal, which are denoted by
γ . In the good cavity limit, i.e., γ ≫ κ , where κ is the cavity
damping constant, the decay rates of the atoms are much faster
than that of the cavity, implying that the atomic variables reach
a steady state in a short time. Using the adiabatic approxima-
tion and the standard linear laser theory, we can obtain the
master equation for the cavity fields[52]

ρ̇ f = ξ1

(
2a†

3ρ f a3 −a3a†
3ρ f −ρ f a3a†

3

)
+ξ2

(
2a1ρ f a†

1 −a†
1a1ρ f −ρ f a†

1a1

)
+ξ3

(
2a2ρ f a†

2 −a†
2a2ρ f −ρ f a†

2a2

)
+ς1

(
2a1ρ f a†

2 −a†
2a1ρ f −ρ f a†

2a1

)
+ς1

(
2a2ρ f a†

1 −a†
1a2ρ f −ρ f a†

1a2

)
−ς2

(
2a†

3ρ f a†
1 −a†

1a†
3ρ f −ρ f a†

1a†
3

)
−ς2

(
2a1ρ f a3 −a3a1ρ f −ρ f a3a1

)
−ς3

(
2a†

3ρ f a†
2 −a†

2a†
3ρ f −ρ f a†

2a†
3

)
−ς3

(
2a2ρ f a3 −a3a2ρ f −ρ f a3a2

)
+

3

∑
i=1

κi

2

(
2aiρ f a†

i −a†
i aiρ f −ρ f a†

i ai

)
(3)

with ξ1 =Aρ
(0)
44 /2, ξ2 =Aρ

(0)
11 /2, ξ3 =Aρ

(0)
22 /2, ς1 =Aρ

(0)
21 /2,

ς2 =Aρ
(0)
41 /2, ς3 =Aρ

(0)
42 /2, and A= 2g2ra/γ . By defining two

parameters: η1 = ρ
(0)
44 −ρ

(0)
11 , η2 = ρ

(0)
44 −ρ

(0)
22 , we can obtain

the initial populations and atomic coherences based on the fact
that ρ

(0)
11 +ρ

(0)
22 +ρ

(0)
44 = 1 as follows:

ρ
(0)
11 = (1−2η1 +η2)/3, ρ

(0)
22 = (1+η1 −2η2)/3,

ρ
(0)
44 = (1+η1 +η2)/3, ρ

(0)
12 = ρ

(0)
21 =

√
ρ
(0)
11 ρ

(0)
22 ,

ρ
(0)
14 = ρ

(0)
41 =

√
ρ
(0)
11 ρ

(0)
44 , ρ

(0)
24 = ρ

(0)
42 =

√
ρ
(0)
22 ρ

(0)
44 , (4)

According to Eq. (3), one can readily obtain

d ⟨a1⟩
dt

=−
(

1
2

κ1 +ξ2

)
⟨a1⟩− ς1 ⟨a2⟩+ ς2

〈
a†

3

〉
, (5)
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d ⟨a2⟩
dt

=−
(

1
2

κ2 +ξ3

)
⟨a1⟩− ς1 ⟨a1⟩+ ς3

〈
a†

3

〉
, (6)

d ⟨a3⟩
dt

=−
(

1
2

κ2 −ξ1

)
⟨a3⟩− ς2

〈
a†

1

〉
− ς3

〈
a†

2

〉
, (7)

together with those for a†
1, a†

2, a†
3. To investigate the quan-

tum correlation, a standard Langevin approach by means of
the generalized P representation is used.[48,49] Choosing the
normal order as a†

1, a†
2, a†

3, a1, a2, a3, defining the correspon-
dence between c-number and operators as α j → a j, α*

j → a†
j

( j = 1–3), writing α j =
〈
α j
〉
+δα j, we can derive the differ-

ential equations for the fluctuations in a compact matrix:

dδ𝑂 (t)
dt

=−Mδ𝑂 (t)+𝐹 , (8)

the column vectors are

δ𝑂 (t)=(δα
*
1 (t) ,δα

*
2 (t) ,δα

*
3 (t) ,δα1 (t) ,δα2 (t) ,δα3 (t))T

and

𝐹 = ( f *1 (t) , f *2 (t) , f *3 (t) , f1 (t) , f2 (t) , f3 (t))T.

The fluctuation forces have zero averages ⟨ fx (t)⟩ = 0 and
δ correlations

〈
fx (t) fy (t ′)

〉
= Dxyδ (t − t ′) with Dxy = Dyx,

Dx*y* = D*
xy. The drift matrix M and diffusion matrix D can

be easily obtained from the Langevin equations. The diffusion
matrix D is given as

D =


0 0 ς2 0 0 0
0 0 ς3 0 0 0
ς2 ς3 0 0 0 2ξ1
0 0 0 0 0 ς2
0 0 0 0 0 ς3
0 0 2ξ1 ς2 ς3 0

 . (9)

The stationary intracavity correlation spectrum

S (ω) =
∫ +∞

−∞

e iωτ ⟨δO(t)δO(t + τ)⟩

can be derived as

S (ω) = (M+ iωI)−1 D
(
MT − iωI

)−1
, (10)

where I is a unity matrix.

3. Results and discussion
In this section, we turn to discussing the output quantum

correlation of the three cavity modes. To investigate the tripar-
tite entanglement, we define the quadrature operators for each
mode as

xo
j = ao

j +a†o
j , po

j =−i
(

ao
j −a†o

j

)
, (11)

the superscript “o” indicates the output fields, which are re-
lated to the intracavity fields by the input-output relation aout

j =

√
κ ja j −ain

j .[50] Using the criteria for genuine tripartite entan-
glement proposed by van Loock and Furusawa,[51] the output
fields are entangled if any two of the following inequalities are
satisfied:

U12 =V (xo
1 − xo

2)+V (po
1 + po

2 +g3 po
3)< 4,

U13 =V (xo
1 − xo

3)+V (po
1 +g2 po

2 + po
3)< 4,

U23 =V (xo
2 − xo

3)+V (g1 po
1 + po

2 + po
3)< 4, (12)

where V (O) = ⟨(δO)2⟩ and h j ( j = 1–3) are arbitrary real pa-
rameters that are used to minimize the correlations. The op-
timization parameters are obtained as h1 = −(V12 +V13)/V11,
h2 =−(V12 +V23)/V22, h3 =−(V13 +V23)/V33 with

Vkl =
1
2
(δ plδ pk +δ pkδ pl) .

These values can be obtained via the elements of S (ω), for
instance, V11 = 1−κ [S11 (ω)−S14 (ω)−S41 (ω)+S44 (ω)].
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Fig. 2. (color online) Output zero frequency correlation spectra (a)
U12 (0); (b) U13 (0); (c) U23 (0) each as a function of η1 and η2 for
A = 100 and κ = 0.2γ .
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Fig. 3. (color online) Output correlation spectra (a) U12 (ω); (b)
U13 (ω); (c) U23 (ω) by choosing the parameters η1 = η2 = η = −0.1
(solid line), 0 (dashed line), 0.1 (dotted line). The other parameters are
the same as those in Fig. 2.

In our numerical calculation, the cavity damping rates,
Fourier frequency are scaled in units of γ . Plotted in Fig. 2 are
the zero frequency correlation spectra (a) U12 (0); (b) U13 (0);
(c) U23 (0) each as a function of η1 and η2 in two regions:
−0.1 ≤ η1 ≤ 0.1 and −0.1 ≤ η2 ≤ 0.1. Physically, ω → 0
corresponds to the evolving time of the system τ → ∞. There-
fore, the entanglement generated at the zero frequency means
that the steady state entanglement is possible. One should be
aware that the range of the two parameters η1,2 can be be-
yond the above regions as long as the conditions 0 < ρ

(0)
ii < 1,

i = 1,2,4 are satisfied. The other parameters are chosen as

A = 100 and κ = 0.2γ . It can be seen clearly that the values
of U12 (0) are always smaller than 4. However, as shown in
Figs. 2(b) and 2(c), the values of U13 (0) and U23 (0) in some
regions are larger than 4. Based on the criteria proposed in
Ref. [51], if any two of the three inequalities are satisfied si-
multaneously, the genuine tripartite entanglement is generated.
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Fig. 4. (color online) Output correlation spectra Ui j (ω) each as a func-
tion of A. We take η1,2 = 0, κ = 0.2.

For a further insight into the characteristics of the present
scheme, in Fig. 3, we plot the correlation spectra (a) U12 (ω);
(b) U13 (ω); (c) U23 (ω) by taking the parameters η1 = η2 =

η =−0.1 (solid line), 0 (dashed line), 0.1 (dotted line) respec-
tively. The other parameters are the same as those in Fig. 2.
When η = −0.1, the minimal values of the three variances
are Umin

12 (0) ≈ 2.25, Umin
13 (0) ≈ 1.57, and Umin

23 (0) ≈ 1.57,
implying that the genuine tripartite entanglement is existent
not only in the high frequency regime but also at zero fre-
quency. For a special case η = 0, the initial populations
ρ
(0)
11 = ρ

(0)
22 = ρ

(0)
44 = 1/3, which corresponds to a maximum

initial atomic coherence. In this case, the correlation char-
acteristics are similar to those in the above case. However,
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with the parameters changing to η = 0.1, the correlation val-
ues for U13 (0) and U23 (0) are much larger than 4. This means
the absence of the tripartite entanglement at zero frequency.
On the other hand, in the high frequency regime, the corre-
lation values of the three variances are less than 4 and the
minimal values for the three variances are Umin

12 (0) ≈ 2.04,
Umin

13 (±0.26) ≈ 2.95, Umin
23 (±0.26) ≈ 2.95. Accordingly, the

tripartite entanglement in this case is existent in the high fre-
quency regime but is absent at zero frequency.
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Fig. 5. (color online) Output correlation spectra for n j = n = 0 (solid
line), 0.05 (dashed line), 0.10 (dotted line), 0.2 (dash–dotted line). The
other parameters are chosen as A = 100, κ = 0.2γ , and η1,2 = 0.

In Fig. 4, we show the dependences of correlation spectra

Ui j (ω), i j = 12,13,23 on linear gain coefficient A. The pa-
rameters η1,2 are set to be η1,2 = 0; the cavity damping rates
are chosen as κ = 0.2. Evidently, it is seen that all of the three
variances are below 4 even when A is near to zero. As the
linear gain coefficient A increases, all of the three correlation
values are reduced. The enhancement of tripartite entangle-
ment is achievable.

Next, we discuss the thermal photon fluctuation effects on
the quantum entanglement. Using the standard reservoir the-
ory, an additional term should be added to the cavity damping
rates[53]

ℒρ =
3

∑
i=1

κ j

2
n j

(
2a jρ f a†

j −a†
ja jρ f −ρ f a†

ja j

)
+

3

∑
i=1

κ j

2
n j

(
2a†

jρ f a j −a ja
†
jρ f −ρ f a ja

†
j

)
, (13)

where n j ( j = 1–3) are the mean photon numbers for each
mode a j. In Fig. 5, we plot the correlation spectra Ui j (ω),
i j = 12,13,23 for different mean photon numbers n j = n = 0
(solid line), 0.05 (dashed line), 0.10 (dotted line), 0.2 (dash–
dotted line). From this figure, we can find that the values of the
correlation spectra rise as the photon number increases. Partic-
ularly, the values at zero frequency are increased sharper than
those at the sideband. Therefore, the thermal fluctuations spoil
the steady state tripartite quantum entanglement. In sharp con-
trast to that, in the high-frequency regime, one can obtain
Umin

12 (±0.32) ≈ 3.45, Umin
13 (±0.32) = Umin

23 (±0.32) ≈ 3.67
even for n = 0.2. Thus, although the thermal noise is harm-
ful for the desired quantum correlation, the entanglement in
the high frequency region is robust against the thermal noise.

Before ending this section, we analyze the correlation
mechanisms of the present system briefly. First of all, in the
two independent cascading transitions from the top state to the
two lower ground states, a photon represented by a3 is emitted
from state |4⟩ to intermediate state |3⟩. Successively, it follows
a direct emission through two different channels |3⟩ → |1⟩ or
|3⟩→ |2⟩. As a result, the correlations between modes (a3,a1)

and (a3,a2) are established, which can be attributed essentially
to the coherence preparing between the top state and ground
states initially. In addition, since there exists a coherence be-
tween two ground states |2⟩ and |1⟩, a quantum-beat between
modes a1 and a2 is created, bringing forth the correlation be-
tween them. In a word, any two of the three modes are cor-
related with each other and the genuine tripartite entangle-
ment occurs. Finally, in comparison with previous schemes,
the present system has main differences as follows. On the
one hand, as shown in Refs. [43]–[46], the three-mode entan-
glement is generated within a certain time via atomic coher-
ence induced by the external strong driving field. Due to the
fact that additional thermal fluctuations are raised by introduc-
ing external pumping fields, one cannot obtain the steady state
entanglement. Nevertheless, in the present scheme, we show
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that the tripartite entanglement can be generated not only at
zero frequency but also at the sideband under different initial
conditions. On the other hand, it has been reported recently
that a coherently prepared nondegenerate Y-shaped four-level
correlated emission laser can be used as a source of tripartite
entangled light. For the Y-type and inverted Y-type four-level
atoms, the difference mainly lies in the fact that the atomic co-
herence effects on the two-photon processes are different from
each other, which has been proved in Refs. [54] and [55]. Be-
sides, in the present scheme, the EIT can be induced more
easily than that in the Y-type system. Although the procedure
to achieve the master equation has been presented in detail in
Ref. [47], owing to the fact that one can solve the analytical re-
sults hardly, the tripartite entanglement has just been analyzed
briefly. In this paper, the main innovative points are listed as
follows.

(i) We calculate the output sum variances to detect the
tripartite entanglement via the stationary noise spectrum.

(ii) Our numerical results show that the tripartite entan-
glement can be obtained at zero frequency and the sideband
frequency for different initial coherent conditions. Besides,
we exhibit that the degree of tripartite entanglement is strongly
dependent on the linear gain coefficient and cavity damping
rate.

(iii) The thermal photon effect on the quantum entan-
glement is discussed. It is explored that although the larger
thermal photons spoil the zero frequency quantum entangle-
ment, good tripartite entanglement is still achievable in a high-
frequency regime, which may be useful for the long-distance
quantum communications.

4. Conclusion
In this paper, we studied the output quantum correlations

of the three quantized fields interacting with four-level in-
verted Y-type atoms via calculating the stationary noise spec-
trum numerically. Owing to the fact that the atoms are pre-
pared in a superposition of the upper excited state and the two
lower ground states, the three modes outside the cavity are
correlated with each other, giving rise to the occurrence of the
genuine tripartite entanglement. Our numerical results demon-
strate that the entanglement can be obtained not only in a high
frequency regime but also at zero frequency under different
conditions. Moreover, the dependence of the tripartite entan-
glement on the linear gain coefficient together with the thermal
photon effects is also discussed.
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