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A generation system of continuous-variable (CV) quadripartite entangled state based on two cascaded second-
harmonic generation (SHG) cavities below the threshold is investigated. Two reflected fundamental beams of the first
cavity, the reflected second-harmonic beam and the output fourth-harmonic beam of the second cavity are proved to be
entangled, and the dependence of the entanglement degree on the normalized frequency, pump parameter, fourth-harmonic
loss parameter, and second-harmonic loss parameter is also analyzed. Due to the fact that the cavity parameters and the
nonlinear crystals of the two SHG cavities can be freely chosen, the practicality of the proposed protocol is relatively perfect
and the system can also be extended to the preparation of multicolor entangled states for a quantum network.
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1. Introduction

Entanglement, which is probably the most mysterious
in all quantum phenomena, has become a key resource
for the rapidly evolving quantum information technology,
e.g., communication,! metrology,?! and computation.’?l A
variety of tasks have been performed based on multipar-
tite entangled states, such as quantum key distribution and
teleportation.[*! As a particular kind of multipartite entangled
state, continuous-variable (CV) quadripartite entangled state is
therefore not surprising to be able to be widely used in quan-
tum information, especially as the quantum communication
channels in numerous known teleportation protocols. Further-
more, the multipartite entangled states with different frequen-
cies could probably be used in nodes of scalable quantum net-
works. On the other hand, one can experimentally establish
and manipulate multipartite entanglement in microscopic sys-
tems such as photons, ions, and atoms,®! which indeed proves
that it can be generated in macroscopic and even mesoscopic
systems. Moreover, multipartite entanglement reveals one of
the most fascinating characteristics of quantum theory, known
as the nonlocality of the quantum world.[*! Owing to its po-
tential application in the latest development of the interdisci-
plinary field, it is meaningful to search a system for preparing
the multipartite optical entangled states.

Until now, the schemes to generate CV multipartite en-
tanglement have been reported in many papers. Bipartite two-
color entanglement has been theoretically and experimentally
realized in a regime where both parametric amplification and
second harmonic generation occur.!®! The triplet photons en-

DOI: 10.1088/1674-1056/23/4/044202

tangled state was experimentally produced through cascaded
spontaneous parametric down-conversion, the three wave-
lengths of the entangled state were suitable for three-party
quantum communication.!”! The CV three-color entanglement
produced from the type II second-harmonic generation!®“ and
cascaded NOPOs with a broad frequency choice range were

U0 fyrthermore, the latter was real-

theoretically investigated,
ized experimentally in 2012.1'"1 Nowadays, CV quadripartite
entanglement can generally be produced by two methods. One
is to combine squeezed states of light on optical beam splitters,
which leads to only entangled modes with the same frequency,
for the beam splitter transformation is linear. The other is to
establish entanglement with different frequencies via nonlin-

5112131 Actually, quadripartite entangle-

ear optical processe
ment, as a member of multipartite entanglement, undoubtedly
can store, transmit, and manipulate the quantum information
with diverse frequency bands in the quantum communication
networks. In addition, it is closely related to the atom system.
Considering that atoms act as the ideal candidates for storage
and light as the natural carrier of quantum information, light
with different frequencies will be essential to connect the pho-
tonic and matter-based physical systems.!'*! Hence, we con-
sider a feasible protocol to generate a quadripartite entangled
state with a broad frequency range including low-loss optical
fiber transmission and atomic resonance frequencies.

Based on the above-mentioned scheme, we propose a sys-
tem to generate CV quadripartite entangled optical beams, in
which a pair of cascaded SHG cavities is utilized. Unlike the

case using the cascaded non-linearities in just one cavity, 113!
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we consider two nonlinear media each in a different cavity in-
dependently, which is easily controlled in an experiment since
the SHG process is relatively mature.!'>! In our proposal, the
second-harmonic beam output from the first type II phase-
matched cavity (SHG1) is used for the pump light of the sec-
ond type I phase-matched cavity (SHG2). The good phase-
matching among the fundamental and harmonic fields in each
SHG cavity results in the quantum correlations of the am-
plitude and phase quadratures between the reflect pump field
and the output harmonic beams. Since the reflected second-
harmonic mode and the output fourth-harmonic mode from
the SHG2 both derive from the original pump beams injected
into SHGI, the CV quantum correlations should exist between
two reflected fundamental beams of the SHGI1, the reflected
second-harmonic beam and the fourth-harmonic beam of the
SHG2. Generally, this type of entanglement source could
aid linking together two different optical systems at diverse
wavelengths and particularly bridging the gap of optical fre-
quency between telecommunication windows and the promi-
nent multi-level atomic systems used for quantum memories
and information processing.

The rest of this paper is arranged as follows. In Sec-
tion 2, a physical system of the cascaded SHG cavities for
CV quadripartite entanglement generation is briefly described
and the basic formulas of the field fluctuation evolution are de-
duced. Then the amplitude and phase quadrature fluctuations
of the four modes are calculated with the boundary conditions
of optical cavities. In Section 3, the criterion proposed by van
Loock and Furusawa for the inseparability of optical fields is
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utilized to numerically analyze the entanglement characteris-
tics of the quadripartite entangled optical state. Finally, we
shall give a brief conclusion in Section 4.

2. Physical system and evolution formulas of
fields
2.1. Physical model
The physical system under consideration is shown in
Fig. 1.
the input and output optical couplers, between which a type
II (SHGI1) or a type I (SHG2) phase-matched x(z) nonlinear
crystal is placed respectively.

Two cascaded SHG cavities are both composed of

In the two SHG cavities, in-
tracavity modes of the fundamental and the harmonic fields
resonate simultaneously. Let 4i"(@; ) and P (@) be the pump
modes of SHG1, while a{" (@) and a5" () are the reflected
pump modes. The output second-harmonic light 4™ (@) from
SHGI is used for the pump field 4"(ws) of SHG2, where
ad"(wp) = @M (w3). Therefore, the pump field of SHG2 can-
not be regarded as a coherent state of light as usual but as
a squeezed state depending on the parameter of SHG1,[!6]
and the squeezing properties of the output state 43" (@) from
SHGI1 are totally converted into SHG2 through this cascaded
process. @; (i =0,1,2,3,4) is the frequency corresponding to
mode d; (i =0,1,2,3,4). Owing to the conservation of energy
and momentum in the intracavity second-harmonic generation
process and the mode-selecting effect of the resonant cavity,
the frequencies of the intracavity modes must satisfy the rela-
tions of Wy = @ + @, and w4 = 2W;, where Wy = 3.
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Fig. 1. (color online) A schematic illustration of the physical system for generation of a quadripartite entangled state.

2.2. Equations of motion

The system Hamiltonian for type II phase matched SHG
can be written as H{;g = hapdydo + ha)la ap + ha)zazaz +
iny (aoajal — agalaz) while for type I phase-matched SHG
it is Hg’yq = hw3 243 + ha)4a4a4 + 25 (dm? - &Id%), where
a; (i=0,1,2,3,4) is the annlhllatlon operator of the intracav-
ity mode corresponding to the frequency w; (i =0,1,2,3,4),
x and k are dimensionless nonlinear coupling coefficients of
SHG processes.

Under the condition of perfect phase matching and with-

out any detuning, the quantum Langevin equations of motion

for the cascaded SHGs can be expressed as

*}’oﬁo( )~ xai(1)aa(r)
29000 (1) €% + /27000 (1)

Ta(t) = —Vlal( )+X@;(t>&0(t)
2187 (1) €' + /29161 (1)

Tl (t) = *Vzaz( )+x&i(t)ﬁo(t)
29045 (1) €' + /27282 (t)

Tas(t) = —}/3a3( )+ K&“(I)d;(t)
29,305 (1) €' + \/27363(1),

Tao (1) =
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Tds(t) = —7’454(0—5@3(02
20y (1) €' + \/20ala(t), (D)

where 7 is the cavity round trip time and we assume it to be the
same for all intracavity fields without losing generality. do(),
a,(t), da(t), and a3(t), da(t) are the annihilation operators of
the intracavity fields for the SHG1 and the SHG2, respectively.
aip(1)ei®, av(1) ™1, @R(r) e 92, and G (1) e, a1 (1) 1% are
the input fields, and the initial phases of five modes are as-
é1(t), éx(1),

cess vacuum noise annihilation operators. ¥, (i =0,1,2,3,4)

sumed to be zero. éy(t), é3(t), and é4(t) are the ex-
and ¥; (i=0,1,2,3,4) represent the dimensionless damping
rates associated with the amplitude transmission and reflection
coefficients of the input and the output couplers of the SHG
cavity and the intracavity losses, respectively. For simplicity
and without losing generality, we assume that %1 = ¥ = .,
Ye1 = Ye2 = Yes 1 = > = 7, where ¥ denotes the total damp-
ing rate of @, and d;(¢), which satisfies Yy = ¥ + v (i = 1,2).
Whereas, there is ¥ = Y50 + Y0 that describes the total damp-
ing rate for do(r).

2.3. Steady state solutions and quadrature fluctuations

Firstly, we calculate the steady-state solutions of Eq. (1)
to analyze the quantum entanglement. By setting the left side
of the equations to be zero, the steady-state equations with the

mean-field solutions arel!”]

—Y0 —xoon =0,

—you + 30 oo + /21 =0,
—Y00+ 10 0 + /2% =0,

— 03+ Kool + /27304 = 0,

K
—hou— 503 =0, 2

where o; (i=0,1,2,3,4) and f are the mean-field solutions of
the intracavity mode of d; (i =0,1,2,3,4) and the mean value
of the input pump field, respectively.

Consider that the type-II SHG operates below the thresh-
old. It is noticed that this threshold is different from the
threshold of the optical parametric oscillator but a critical point

[18,19] ;

where symmetry breaking occurs, i.e., the mean value of

the pump field aé“ of SHG2 is not equal to zero. Introduce the
threshold B = \/273yy/x2 of the type-II phase-matched
SHG, and define the normalized pump parameter ¢ = /8%,
then the steady state solutions below the threshold (¢ < 1) will
be

o =—y0"/x,

o =0 = /YN0 /X,

1/3
o'=|o+ 0'2+1 -
27

| 1 -1/3
Z 2 =
3 <0'+ o +27> . (3

For the type-I phase-matched SHG, there is no such
threshold as the type-II phase-matched SHG, under the con-
dition of Ot;“ = o0"" without a threshold, the analytical expres-
sions of stationary solutions can be written as

_ (29" 2Pypy
o3 = 3232y (3613
o %761/31()/327/4)(2 - (6&)2/3 @
T 3k 3E2/3 18K3 2’

where
£ = -9k vuo 12 V10T
+ \/6K6733}’2%6 +81K3 W0y v 0’ 1t

The complete information about Gaussian states is de-

rived from the mean values (first-order moments) and the co-
variance matrix (second-order moments), however, only the
latter is relevant to entanglement properties. Let 4;(r) =
a; +8a;(t), ar(t) = Oc“‘+5”n( ) (i=0,1,2,3,4), and 4 A‘“

l

ag" = o™ 4 dag" where o is the mean value of the 1ntra—

cavity mode, 5a, (i=0,1,2,3,4) is the fluctuation operator
of each mode correspondingly. The pump fields of SHG1 are
assumed to be coherent fields, their fluctuations are the same
as the vacuum fluctuations. However, for SHG2, the pump
field is the output field from SHG1, which is a squeezed field.
Therefore, we can linearize the fluctuations around the steady

state in Eq. (1) to obtain

TS&()(I) = —’)/036?0( )—X(Xlaflz(l‘) —X(Xzafl](l‘)
+ /290848 (1) + /270080 (1)
©8a,(t) = —yda(t )+xa06&;(t)+xa26éo(t)

V21841 () + /27661 (1)

18 (t) = —y8ax(t) + xaoaa{ (t) + x o0 8ao(r)

+/21,8a5 (1) + /2.8 (t)

1843(t) = —36as(t )+ K0t 84 (1) + ko Sak (1)

+\/2’)/b35’\0m t)+ \/2%36@3([)

75514(1‘) = —’)/45a4( )— Ka35d3(t)
+ v/ 2’)@45 Am + \/ 2’}/64554@). (®)]

For the CV, in order to obtain the entanglement character-
istics of different fields, we need to investigate the fluctuations
of the quadrature amplitude 8X; and the quadrature phase 8Y;
(i=1,2,3,4) components, where X and ¥ are defined by the
field annihilation operator @, i.e. X = a+a', ¥ = (a—a')/i.

Therefore, in the frequency domain below the threshold,
combining the steady state solutions (3) and (4) and Eq. (5) we

have
5% (o) 5X0 (@) 85%.0(0)
5%, (o) 5X (@) %1 ()
Mx | 6 Az (CO) = Ny, 5)2%“ (o) | + Nx, 6}202 (w) |,
8X; (o) XM (o) X3 (o)
85Xy (o) XM (o) X4 (o)
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and Slfcg(w)
. N oY, (o)
8% () 3 (o) +Ny, | 8%a(0) |, (©)
53 () 61[{“ () 87 ()
My | 8% (@) | = Ny, [ 81" (o) 8Yes ()
573 (o) 571 ()
87 () 61?4{" () with
|
iwT+ 9 X0 X0 0 0
—X0 1OT+Y —xop 0 0
My = —xa —X0y 1OT+Y 0 0 ,
0 0 10T+ — Koy —K03
0 0 [ 40%) 10T+
ioT+n xon X0 0 0
—X0 1OT+Y X0 0 0
My = —X 0 X0 1i0Tt+y 0 0 ,
0 0 0 iOT+pB+Kom —Kog
0 0 0 Ko 10T+
2%0 0 0 0 0
0 V2% 0 0 0
Nx, =Ny, = 0 0 V2% 0 0 ,
0 0 0 V23 0
0 0 0 0 27b4
V2%0 0 0 0 0
0 V2% 0 0 0
Nx, = Ny, = 0 0 V2% 0 0 @)
0 0 0 2Y.3 0
0 0 0 0 2Yea

Applying the boundary condition
8X (7)0" = /218X (7),— 8% (P)""

(i=1,2,3,4),12% we can obtain the four output fluctuations of
the quadrature amplitude and phase.

3. CV quadripartite entanglement characteris-
tics

The quadripartite entanglement among the obtained four
modes is characterized by the correlations of their quadrature
amplitude and phase fluctuations. To quantify the level of
correlations, we can introduce the criterion proposed by Van
Loock and Furusawal?!! as follows:

S| = <52 (f}lout _ ?z()ut)>

+ <52 (ch)ut+ Aé)ut_’_g3X3out_~_g4Xfut)> > 4’
S, = <62 (?lout _ ?30ut)>

+ <52 (X]out+g2 "20ut+ A§Ht+g4Xfut)> > 47
S3 _ <52 (?lout _ Y4out)>

+ <62 (Yi)ut +g2)22(Jut+g3X§)ut +X£ut)> > 4_7
Sy = <52 (?Zout o ?3out)>

| + <52 (glf(f)ut “r)?fm +X§ut+g4)?‘(‘)ut)> >4,
S5 = <52 (?z()ut o ?‘{)ut)>
+ <52 (gl)?fut_‘_)?é)ut _~_g3)’z§ut+)’q>ut)> > 4’
Se = <52 (?3out o f/‘{)ut)>
+ (8% (XM + X3+ X RP)) >4, ®)

where S; (i =1,2,3,4,5,6) represents the quantum correlation
spectrum of the output field, Y;’“‘ and f’;’“‘ (j=1,2,3,4) are
the quadrature amplitude and phase operators of the output
fields, and g; (k=1,2,3,4) is the scaling factor to minimize
the combined correlation variance S;.

To demonstrate the full inseparability of the quadripartite
system, we must rule out any of the partially separable forms,
which requires violating at least three inequalities of the above
six inequalities in Eq. (8).[!?! These three are available to reach
the aim

S| = <62 ("lout 7Y20ut)>

+ <52 ()A(lout_’_f(zoul+g3230ut+g4)?‘(‘)ut)> >4,
S, = <62 (?lout . ?3out)>

+ (87 (XD + X5 + X3 + X)) > 4,
Se = <62 (?3out o f/‘{)ut)>
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+ <52 (gIXfut+g2 Azout_i_ A§Ut+X£ut>> 247

Employ the experimentally reachable system parameters
in the numerical calculation. The quantum correlation spectra
of the four modes described by S, S2, and S¢ versus normal-
ized frequency Q = @t/y are plotted in Fig. 2. The results
show that all the values of S; (solid curve), S, (dashed curve),
and S¢ (dash—dotted curve) are below a quantum limit of 4 in
a wide frequency range, which satisfies the above inseparabil-
ity criterion for CV quadripartite entanglement. In addition,
because of the cascaded process, the maximum correlation is
obtained at about 2 = 1.5. It is obviously seen that S gener-
ated from SHGI1 is smaller than the other two pairs.

4.0 =
3.6t
3.2t

2.8}

2.4}

2.0 e
0 1.0 20 3.0 40 5.0
2

Fig. 2. (color online) Quantum correlation spectra S; (solid curve),
S» (dashed curve), Sg (dash—dotted line) versus normalized frequency
Q = ot/y, with y = 0.038, 7, = 0.0342, % = 0.09, Y0 = 0.081,
v = 0.038, ¥3 = 0.0342, 4 = 0.09, Y4 = 0.081, x = kK =1, and
o’ =0.65.

The quantum correlation spectra of S; (solid curve), S,
(dashed curve), and Sg (dash—dotted curve) versus pump pa-
rameter ¢’ related to the threshold and the pump power den-
sity are plotted in Fig. 3. It shows that the best correlations
for all the four modes can be obtained around ¢’ = 0.65. The
CV quadripartite entanglement generated from the nonlinear
cascaded SHGs operating below the threshold can be realized
within a wide power range by choosing appropriate system
parameters. The correlation spectrum S; is smaller than the
other two correlation spectra Sp and Sg. Moreover, S is up to
the best value near the region of the threshold point.

4.4

3.6

2.8

2.0 1 1 1 1 1 1 1 1 1

Fig. 3. (color online) Quantum correlation spectra S; (solid curve),
S, (dashed curve), S¢ (dash—dotted line) versus pump parameter o,
with ¥ = 0.038, 7, = 0.0342, 1 = 0.09, 70 = 0.081, 3 = 0.038,
Vo3 =0.0342, 14 = 0.09, ¥4 =0.081, y =k =1,and Q = 1.5.

For searching the optimal operation conditions and the
cavity parameters of the cascaded SHG system, the cavity pa-
rameters should be taken into account. We show the depen-
dences of the three correlation spectra S; (solid curve), S»
(dashed curve), and S¢ (dash—dotted curve) versus the fourth-
harmonic loss parameter y4 of the SHG?2 in Fig. 4. As shown
in this figure, Sy, Sz, and S violate the inequalities over quite
a large region. The realization of quadripartite entanglement
displayed in the figure also shows the transfer of energy from
SHG1 to SHG2 by the cascaded process.

38 T ]
3.4Ff ]

n [ — 51 ]
i -- 5 ]

3.0} -- 8 1
2.6l o ]
0.04 0.12 0.20 0.28

Y4

Fig. 4. (color online) Quantum correlation spectra Sy (solid curve), S»
(dashed curve), S¢ (dash—dotted line) versus fourth-harmonic loss pa-
rameter Y4 for the system below threshold, with y = 0.038, 7, = 0.0342,
% = 0.09, %o =0.081, 13 =0.038, %53 =0.0342, 6’ =0.65, y =k =1,
and Q = 1.5.

Since the output second-harmonic state aJ™ of SHGI is
used for the pump mode di3“ of SHG2, the degree of quadripar-
tite entanglement is closely associated with the middle state
a3" (ay"), which is deeply influenced by the second-harmonic
loss parameter Y. The system parameter 7}y describing the to-
tal damping rate of the second-harmonic light @y should be
comprehensively considered to achieve the optimal entangle-
ment. We numerically calculate the three correlation spectra
S (solid curve), S (dashed curve), and Sg (dash—dotted curve)
versus system parameter Jy and plot them in Fig. 5. The figure
shows that by choosing the appropriate value of }, the crite-
rion for the quadripartite entanglement is satisfied, i.e., Sy, Sa,
and Sg are below 4.

AT T e

Fig. 5. (color online) Quantum correlation spectra S; (solid curve), S,
(dashed curve), S¢ (dash—dotted line) versus second-harmonic loss pa-
rameter 7y for the system below threshold, with Y= 0.038, , = 0.0342,
¥ =0.038, %3 = 0.0342, 1, = 0.09, ¥4 =0.081, 6’ =0.65, y = x =1,
and Q = 1.5.
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4. Conclusion

In this paper, we proposed a scheme to generate a CV
quadripartite entangled state in which two cascaded SHG
cavities are used. According to the results, we show that
the expected CV genuine quadripartite entanglement exists in
the cascaded SHG system under some reachable conditions,
which provides a direct reference for the design of experi-
mental systems. This type of entanglement source bridges the
octave in optical frequency between the atomic transition (~
0.4 um) and telecommunication windows (0.8 um ~ 1.6 um)
used in quantum information processing. Moreover, our pro-
tocol can be easily extended to the striking investigation into
the entanglement of an atom and its spontaneous emission, [>]
as well as the entanglement evolution between atoms and the

23.24] Because

quantized field in the Jaynes—Cummings model. !
of the nonlinear crystals and the cavity parameters of two SHG
cavities, which can be flexibility chosen, we combine the mul-
tiple conversion idea in a subharmonic-pumped parametric os-
cillator operating above the threshold presented in Ref. [25] to
generate a CV quadripartite entangled state of a very broad
wavelength range. Meanwhile, a compact way to generate
multicolor CV quadripartite entanglement with a wide fre-
quency range is presented, which is actually significant for the

applications in quantum information networks.
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