
Chin. Phys. B Vol. 23, No. 4 (2014) 040504

Structure identification of an uncertain network coupled with
complex-variable chaotic systems via adaptive impulsive control∗
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In this paper, structure identification of an uncertain network coupled with complex-variable chaotic systems is in-
vestigated. Both the topological structure and the system parameters can be unknown and need to be identified. Based
on impulsive stability theory and the Lyapunov function method, an impulsive control scheme combined with an adaptive
strategy is adopted to design effective and universal network estimators. The restriction on the impulsive interval is relaxed
by adopting an adaptive strategy. Further, the proposed method can monitor the online switching topology effectively.
Several numerical simulations are provided to illustrate the effectiveness of the theoretical results.
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1. Introduction
Dynamical networks are ubiquitous and have been widely

used to model the large-scale physical and social systems
consisting of interactive individuals or agents, such as neu-
ronal networks, power grids, social relationship networks, and
multi-agent systems.[1–4] The node dynamics in a network de-
note the dynamical behavior of the individuals, which are de-
scribed by dynamical systems. Due to the complexity of phys-
ical and social systems, the node dynamics can be identical or
nonidentical, which shows the node-dynamic complexity.[5]

The edges in a network denote the interactions between any
pair of nodes and can be directed or weighted, which shows
the structural complexity.[5] As is well known, the system pa-
rameters of node dynamics and the topological structure play
key roles in the dynamical evolution of a network. For com-
plex dynamical networks with exact system parameters and a
topological structure, lots of interesting and important results
have been obtained.[6–14] Duan et al. investigated the syn-
chronization of weighted networks and complex synchronized
regions.[6] In Refs. [7]–[9], authors studied the pinning control
of dynamical networks and provided some optimal pinning
control strategies with respect to their topological structure.
Clearly, all the above discussion is based on the assumption
that the system parameters of node dynamics and the topolog-
ical structure are known in advance.

However, in some cases, the system parameters and topo-
logical structure of a network cannot be known or exactly cer-
tain. Therefore, for better studying the dynamical properties
of a network, the identification of the unknown system param-
eters and topological structure are necessary and important.
Up to now, many methods based on synchronization are de-
veloped to design proper and effective network estimators for
achieving this goal.[15–23] Yu et al. estimated the topology of a

network based on the dynamical evolution for the first time.[15]

Liu et al. investigated structure identification of dynamical
networks with both topological structure and node dynamics
via adaptive feedback control.[18] Xu et al. studied topology
identification and adaptive synchronization of uncertain com-
plex networks with adaptive double scaling functions.[21]

On the other hand, impulsive control, as a typical discon-
tinuous control scheme, has been widely used to design proper
controllers for achieving synchronization of coupled dynami-
cal systems.[12,24–31] It has been shown that impulsive control
is an effective, robust, and low-cost form of the view of con-
trol. Chen et al. studied the adaptive impulsive synchroniza-
tion of uncertain real-variable chaotic systems, in which an
adaptive strategy was adopted to relax the restrictions on the
impulsive interval.[24] To the best of our knowledge, the struc-
ture identification of dynamical networks based on impulsive
synchronization has seldom been investigated, which deserves
to be studied.

Recently, many complex-variable chaotic systems are
introduced to model physical systems involving complex
variables, such as complex-variable Lorenz, Chen, and dy-
namo systems.[32–34] Further, complex networks coupled with
complex-variable chaotic systems are introduced and studied
as well.[35,36] Motivated by the above discussion, this paper
investigates the structure identification of a network coupled
with a complex-variable chaotic system. Based on impulsive
stability theory and the Lyapunov function method, an impul-
sive control scheme combined with an adaptive strategy are
adopted to design effective and universal network estimators.
Section 2 introduces the model of a network coupled with
complex-variable chaotic systems and gives some useful pre-
liminaries. Section 3 investigates the structure identification
of a complex-variable network and designs proper network es-
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timators via adaptive impulsive control. Section 4 provides
several numerical examples to verify the theoretical results.
Section 5 concludes this paper.

Notations: Throughout this paper, for any complex num-
ber (or complex vector) x, x denotes the conjugate of x, xr and
xi denote its real and imaginary parts, ‖x‖= xTx. For any sym-
metric matrix P, λm(P) and λM(P) denote the smallest and
largest eigenvalues of the matrix.

2. Model and preliminaries
Consider a network consisting of N nonidentical nodes

with linear coupling, which is described by

ẋk(t) = fk(xk(t),Θk)+ ε

N

∑
l=1

aklΓxl(t), k = 1,2, . . . ,N, (1)

where xk(t) = (xk1(t),xk2(t), . . . ,xkn(t))T ∈ Cn is an n-
dimensional complex vector with xkl(t) = xr

kl(t)+ jxi
kl(t) and

j =
√
−1, Θk = (θk1,θk2, . . . ,θkpk)

T ∈Cpk is a pk-dimensional
system parameter vector of the k-th node, fk : Cn ×Cpk →
Cn is an n-dimensional complex-valued vector function de-
noting the node dynamics, ε > 0 is the coupling strength,
Γ = diag(γ1, . . . ,γn) ∈ Rn×n is the inner coupling matrix, A =

(akl) ∈ RN×N is the zero-row-sum outer coupling matrix de-
termining the topology and coupling strength of the network,
which is defined as: if node k is affected by node l (l 6= k),
then akl 6= 0; otherwise, akl = 0.

In what follows, the node dynamics fk(xk(t)) is always
assumed to be linear with respect to the system parameters,
i.e., it can be written in the following form

ẋk(t) = gk(xk(t))+Fk(xk(t))Θk, k = 1,2, . . . ,N,

where gk : Cn→ Cn is an n-dimensional complex-valued vec-
tor function, Fk : Cn→ Cn×pk is an n× pk matrix function.

Then, the network (1) can be rewritten as

ẋk(t) = gk(xk(t))+Fk(xk(t))Θk

+ε

N

∑
l=1

aklΓ xl(t), k = 1,2, . . . ,N. (2)

Assumption 1 Suppose that there exists a positive con-
stant L such that the complex-valued vector function fk(xk,Θk)

satisfies

(yk− xk)
T( fk(yk,Θk)− fk(xk,Θk))

+(yk− xk)
T
( fk(yk,Θk)− fk(xk,Θk))

≤ L(yk− xk)
T(yk− xk),

for all xk,yk ∈ Cn, k = 1,2, . . . ,N.
Remark 1 It is easy to verify that some typical complex-

variable chaotic systems, such as complex-variable Lorenz,
Chen, and dynamos systems, all satisfy Assumption 1.

Assumption 2 Denote

Fk(xk(t)) = (F1
k (xk(t)), . . . ,F

pk
k (xk(t)))

with F l
k (xk(t)) ∈ Cn for l = 1, . . . , pk. Suppose that

{{F l
k (xk(t))}pk

l=1,Γ xk(t)}N
k=1

are linearly independent of the orbits {xk(t)}N
k=1.

Lemma 1[29] For any two complex numbers α,β , and
any real constant ρ > 0, the following inequality holds

αβ +αβ ≤ ραα +ρ
−1

ββ .

Lemma 2[31] Let P ∈ Rn×n be a symmetric matrix, then

λm(P)xTx≤ xTPx≤ λM(P)xTx,

hold for any x ∈ Cn.

3. Structure identification of uncertain networks
In this section, structure identification of an uncertain net-

work (2) coupled with complex-variable chaotic systems is
studied in two cases via adaptive impulsive control.

Firstly, assume that only the outer coupling matrix A of
network (2) is unknown and to be identified. For identifying
the unknown topological structure, the network estimator with
impulsive controllers and adaptive laws is designed as follows:

ẏk(t) = fk(yk(t),Θk)+ ε

N

∑
l=1

dkl(t)Γ yl(t), t 6= tσ ,

∆yk(tσ ) = yk(t+σ )− yk(t−σ ) = Bkσ (tσ )yk(tσ ), t = tσ ,

ḋkl(t) = −δkl(yT
l (t)Γ (yk(t)− xk(t))

+(yk(t)− xk(t))T
Γ yl(t)), (3)

where k, l = 1,2, . . . ,N, σ = 1,2,3, . . .,

yk(t) = (yk1(t),yk2(t), . . . ,ykn(t))T ∈ Cn

is an n-dimensional complex vector, dkl is the estimated value
of akl , and δkl > 0 is the adaptive gain. Bkσ (t) ∈ Rn×n is the
impulsive gain matrix, defined as: if t = tσ , then Bkσ (t) 6=
0; otherwise Bkσ (t) = 0. Discrete instant set {tσ} satis-
fies 0 = t0 < t1 < t2 < · · · < tσ < · · · , tσ → ∞ as σ → ∞,
yk(t+σ ) = limt→t+σ

yk(t), yk(t−σ ) = limt→t−σ
yk(t). Any solutions

of Eq. (3) are assumed to be left continuous at each tσ , i.e.,
yk(t−σ ) = yk(tσ )).

Denote λ and βσ (t) as the largest eigenvalues of ma-
trices ε(A + AT)⊗Γ and (I + Bkσ (t))T(I + Bkσ (t)) for k =

1,2, . . . ,N, then, one has βσ (t) = 1 when t 6= tσ . Let ek(t) =
yk(t)−xk(t) be the synchronization error, then one has the fol-
lowing error system:

ėk(t) = fk(yk(t),Θk)− fk(xk(t),Θk)

+ε

N

∑
l=1

(dkl(t)−akl)Γ yl(t)

+ε

N

∑
l=1

aklΓ el(t), t 6= tσ ,

∆ek(tσ ) = ek(t+σ )− ek(t−σ ) = Bkσ (tσ )ek(tσ ),

t = tσ , σ = 1,2, . . . ,
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ḋkl(t) = −δkl(yT
l (t)Γ ek(t)+ eT

k (t)Γ yl(t)),

k, l = 1,2, . . . ,N. (4)

Theorem 1 Suppose that Assumptions 1 and 2 hold.
Then, the unknown coupling matrix A of the uncertain dy-
namical network (1) can be identified by the estimated matrix
D = (dkl) of the network estimator (3), if there exists a con-
stant α > 0, such that

lnβσ (tσ )+α + L̂(tσ )(tσ − tσ−1)< 0, σ = 1,2, . . . , (5)

where
˙̂L(t) = η

N

∑
i=1

eT
i (t)ei(t),

and η > 0 is a positive constant.
Proof Consider the following Lyapunov function

V (t) =
N

∑
k=1

eT
k (t)ek(t)+

N

∑
k=1

N

∑
l=1

εβσ (t)
2δkl

(dkl(t)−akl)
2

+
βσ (t)

2η
(L̂(t)−L−λ )2,

for t ∈ (tσ−1, tσ ].
When t ∈ (tσ−1, tσ ), the function V (t) can be written as

V (t) =
N

∑
k=1

eT
k (t)ek(t)+

N

∑
k=1

N

∑
l=1

ε

2δkl
(dkl(t)−akl)

2

+
1

2η
(L̂(t)−L−λ )2,

and its derivative with respect to t along the trajectories of
Eq. (4) can be calculated as

V̇ (t) =
N

∑
k=1

(
ėT

k (t)ek(t)+ eT
k (t)ėk(t)

)
+

N

∑
k=1

N

∑
l=1

ε

δkl
(dkl(t)−akl)ḋkl(t)+

1
η
(L̂(t)−L−λ ) ˙̂L(t)

=
N

∑
i=1

( fk(yk(t),Θk)− fk(xk(t),Θk))
Tei(t)

+
N

∑
i=1

eT
i (t)( fk(yk(t),Θk)− fk(xk(t),Θk))

+ε

N

∑
k=1

N

∑
l=1

akl

(
eT

l (t)Γ ei(t)+ eT
k (t)Γ el(t)

)
+(L̂(t)−L−λ )

N

∑
i=1

eT
i (t)ei(t).

Let e(t) = (eT
1 (t),e

T
2 (t), . . . ,e

T
N(t))

T, according to Assumption
1, one has

V̇ (t) ≤ ε

N

∑
k=1

N

∑
l=1

akl

(
eT

l (t)Γ ei(t)+ eT
k (t)Γ el(t)

)
+(L̂(t)−λ )

N

∑
i=1

eT
i (t)ei(t)

≤ eT(t)
(
ε(A+AT)⊗Γ

)
e(t)+(L̂(t)−λ )eT(t)e(t)

≤ L̂(t)eT(t)e(t)

≤ L̂(tσ )V (t),

which gives

V (t)≤V (t+
σ−1)eL̂(tσ )(t−tσ−1). (6)

When t = tσ , one has

V (t+σ ) =
N

∑
k=1

eT
k (t

+
σ )ek(t+σ )+

N

∑
k=1

N

∑
l=1

εβσ (tσ )
2δkl

(dkl(t+σ )−akl)
2

+
βσ (tσ )

2η
(L̂(t+σ )−L−λ )2

=
N

∑
k=1

eT
k (t
−
σ )[(I +Bkσ (tσ ))T(I +Bkσ (tσ ))]ek(t−σ )

+
N

∑
k=1

N

∑
l=1

εβσ (tσ )
2δkl

(dkl(t−σ )−akl)
2

+
βσ (tσ )

2η
(L̂(t−σ )−L−λ )2

≤ βσ (tσ )V (t−σ ). (7)

For σ = 1, from inequalities (6) and (7), one has

V (t+1 )≤ β1(t1)V (t−1 )≤V (t+0 )β1(t1)eL̂(t1)(t1−t0).

Similarly, for k = 2, one has

V (t−2 ) ≤ V (t+1 )eL̂(t2)(t2−t1)

≤ V (t+0 )β1(t1)eL̂(t1)(t1−t0) eL̂(t2)(t2−t1),

V (t+2 ) ≤ β2(t2)V (t−2 )

≤ V (t+0 )β1(t1)β2(t2)eL̂(t1)(t1−t0) eL̂(t2)(t2−t1).

According to the mathematical induction, one can obtain
the following inequality

V (t+σ )≤V (t+0 )
σ

∏
ι=1

βι(tι)eL̂(tι )(tι−tι−1), σ = 1,2, . . . .

From condition (5), one has βι(tι)eL̂(tι )(tι−tι−1) ≤ e−α

and V (t+σ ) ≤ V (t+0 )e−σα , which implies that V (t+σ )→ 0 as
σ → ∞.

Then, for t ∈ (tσ , tσ+1), one has

V (t)≤V (t+σ )eL̂(tσ+1)(t−tσ )

and V (t) → 0 as t → ∞, i.e., the error system (4) is glob-
ally exponentially stable about zero. Moreover, y(t) =

(yT
1 (t),y

T
2 (t), . . . ,y

T
N(t))

T converges to the following largest in-
variant set

E =

{
y(t) :

N

∑
l=1

(dkl(t)−akl)Γ yl(t) = 0, k = 1,2, . . . ,N
}
,

as t→ ∞.
From Assumption 2, one has dkl(t)→ akl as t → ∞, i.e.,

the unknown coupling matrix A is identified by the estimated
matrix D = (dkl). This completes the proof.
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Secondly, assume that the coupling matrix A and system
parameter vectors Θk are unknown and need to be identified.
Choose the network estimator with impulsive controllers and
updating law as

ẏk(t) = gk(yk(t))+Fk(yk(t))Ξk(t)

+ε

N

∑
l=1

dkl(t)Γ yl(t), t 6= tσ ,

∆yk(tσ ) = yk(t+σ )− yk(t−σ ) = Bkσ (tσ )yk(tσ ), t = tσ ,

Ξ̇k(t) = −ρkF(yk(t))Tek(t),

ḋkl(t) = −δkl(yT
l (t)Γ ek(t)+ eT

k (t)Γ yl(t)), (8)

where k, l = 1,2, . . . ,N, σ = 1,2, . . . ,dkl , and Ξk(t) =

(ξk1(t),ξk2(t), . . . ,ξkpk(t))
T are the estimated values of akl and

Θk, δkl > 0 and ρk > 0 are the adaptive gains.
Then, the error system can be written as

ėk(t) = fk(yk(t),Θk)− fk(xk(t),Θk)

+Fk(yk(t))(Ξk(t)−Θk)

+ε

N

∑
l=1

(dkl(t)−akl)Γ yl(t)

+ε

N

∑
l=1

aklΓ el(t), t 6= tσ ,

∆ek(tσ ) = ek(t+σ )− ek(t−σ ) = Bkσ (tσ )ek(tσ ),

t = tσ , σ = 1,2, . . . ,

Ξ̇k(t) = −ρkF(yk(t))Tek(t),

ḋkl(t) = −δkl(yT
l (t)Γ ek(t)+ eT

k (t)Γ yl(t)),

k, l = 1,2, . . . ,N. (9)

Theorem 2 Suppose that Assumptions 1 and 2 hold.
Then, the unknown coupling matrix A and system parameters
Θk of the uncertain dynamical network (1) can be identified by
D = (dkl) and Ξk of the network estimator (8), if there exists a
constant α > 0, such that

lnβσ (tσ )+α + L̂(tσ )(tσ − tσ−1)< 0, σ = 1,2, . . . , (10)

where
˙̂L(t) = η

N

∑
i=1

eT
i (t)ei(t),

and η > 0 is a positive constant.
Proof Consider the following Lyapunov function

V (t) =
N

∑
k=1

eT
k (t)ek(t)+

N

∑
k=1

βσ (t)
2ρk

(Ξk(t)−Θk)
T(Ξk(t)−Θk)

+
N

∑
k=1

N

∑
l=1

εβσ (t)
2δkl

(dkl(t)−akl)
2

+
βσ (t)

2η
(L̂(t)−L−λ )2,

for t ∈ (tσ−1, tσ ].
When t ∈ (tσ−1, tσ ), the function V (t) can be written as

V (t) =
N

∑
k=1

eT
k (t)ek(t)+

N

∑
k=1

1
ρk

(Ξk(t)−Θk)
T(Ξk(t)−Θk)

+
N

∑
k=1

N

∑
l=1

ε

2δkl
(dkl(t)−akl)

2 +
1

2η
(L̂(t)−L−λ )2,

and its derivative with respect to t along the trajectories of
Eq. (9) can be calculated as

V̇ (t) =
N

∑
k=1

(
ėT

k (t)ek(t)+ eT
k (t)ėk(t)

)
+

N

∑
k=1

1
ρk

(
Ξ̇

T
k (t)(Ξk(t)−Θk)+(Ξk(t)−Θk)

T
Ξ̇k(t)

)
+

N

∑
k=1

N

∑
l=1

ε

δkl
(dkl(t)−akl)ḋkl(t)

+
1
η
(L̂(t)−L−λ ) ˙̂L(t)

≤ L̂(t)eT(t)e(t)

≤ L̂(tσ )V (t),

which gives

V (t)≤V (t+
σ−1)eL̂(tσ )(t−tσ−1). (11)

When t = tσ , one has

V (t+σ ) =
N

∑
k=1

eT
k (t

+
σ )ek(t+σ )

+
N

∑
k=1

βσ (tσ )
ρk

(Ξk(t+σ )−Θk)
T(Ξk(t+σ )−Θk)

+
N

∑
k=1

N

∑
l=1

εβσ (tσ )
2δkl

(dkl(t+σ )−akl)
2

+
βσ (tσ )

2η
(L̂(t+σ )−L−λ )2

≤ βσ (tσ )V (t−σ ). (12)

Similar to the proof of Theorem 1, one can show that the
error system (9) is globally exponentially stable about zero
and y(t) = (yT

1 (t),y
T
2 (t), . . . ,y

T
N(t))

T converges to the follow-
ing largest invariant set

E =

{
y(t) : Fk(yk(t))(Ξk(t)−Θk)

+
N

∑
l=1

(dkl(t)−akl)Γ yl(t) = 0, k = 1,2, . . . ,N
}
,

as t→ ∞.
From Assumption 2, one has Ξk(t)→Θk and dkl(t)→ akl

as t → ∞, i.e., the unknown system parameters Θk and cou-
pling matrix A are identified by Ξk(t) and D = (dkl). This
completes the proof.

Remark 2 As is well known, different node dynamics
may derive different constants L in Assumption 1. From the
proofs of Theorems 1 and 2, by virtue of the adaptive strat-
egy, the constant L and the largest eigenvalue λ of matrix
ε(A+AT)⊗Γ do not need to be known beforehand. There-
fore, the proposed methods are universal for different dynami-
cal networks to some extent. Moreover, the proposed methods
can monitor the online evolution of topological structure.
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Remark 3 In most of the existing results about impul-
sive control, the largest impulsive interval is estimated on cer-
tain conditions, e.g., the constant L and impulsive gain matri-
ces Bkσ need to be known. Due to the fact that the estimated
value of constant L is usually much larger than its actual value,
the largest impulsive interval is much smaller than the value
needed, which means that the control cost can be reduced. In
other words, the constant L has a restriction on the largest im-
pulsive interval. By combining the adaptive strategy and im-
pulsive control, the proposed method can relax the restriction
to a certain extent. For example, one can choose the impulsive
gain matrices Bkσ (tσ )= bσ (tσ )In, i.e., βσ (tσ )= (1+bσ (tσ ))2.
Then, one can choose

−exp
[
−α + L̂(tσ )τσ

2

]
−1+ ε

≤ bσ (tσ )≤ exp
[
−α + L̂(tσ )τσ

2

]
−1− ε, (13)

such that the conditions (5) and (10) hold, where τσ = tσ −
tσ−1 and ε is a small positive constant. That is to say, the im-
pulsive intervals τσ can be chosen properly, regardless of the
constant L, and the impulsive gain matrix can adjust itself to
achieve the goals.

4. Numerical simulations
In this section, several numerical examples are illustrated

to verify the effectiveness of the proposed method. For sim-
plicity, in the following examples, choose the inner coupling
matrix as Γ = diag{1,1,1}.

Firstly, verify Theorem 1 and choose the node dynam-
ics of network (1) as the following complex-variable Lorenz
systems[26]

ẋk1 =−θk1(xk1− xk2), (14)

ẋk2 =−xk1xk3 +θk2xk1−θk3xk2, (15)

ẋk3 =−θk4xk3 +(xk1xk2 + xk1xk2)/2, (16)

where k = 1,2, . . . ,6, xk1 and xk2 are complex variables, xk3 is
the real variable,

Θk = (θk1,θk2,θk3,θk4)
T

are the system parameter vectors. They exhibit chaotic be-
havior when the system parameter vectors are chosen as Θk =

(1.7+0.1k,60+0.02j,1−0.06j,0.8)T with j =
√
−1. Then,

there exist three positive constants M1, M2, and M3 such that
xk1 ≤ M1, xk2 ≤ M2, and xk3 ≤ M3. According to Lemma 1,
one has

(yk− xk)
T( fk(yk,Θk)− fk(xk,Θk))+(yk− xk)

T
( fk(yk,Θk)− fk(xk,Θk))

=

 ek1
ek2
ek3

T θk1(ek2− ek1)
θk2ek1−θk3ek2− yk1yk3 + xk1xk3

−θk4ek3 +(yk1yk2 + yk1yk2− xk1xk2− xk1xk2)/2



+

 θk1(ek2− ek1)
θk2ek1−θk3ek2− yk1yk3 + xk1xk3

−θk4ek3 +(yk1yk2 + yk1yk2− xk1xk2− xk1xk2)/2

T ek1
ek2
ek3


= −(θk1 +θk1)ek1ek1− (θk3 +θk3)ek2ek2−2θk4e2

k3 +(θk1 +θk2− xk3)ek1ek2

+(θk1 +θk2− xk3)ek1ek2 + ek1xk2ek3 + ek1xk2ek3

≤
(
ρ1θk1θk1 +ρ2θk2θk2 +ρ3M2

3 +ρ4M2
2 −θk1−θk1

)
ek1ek1

+
(
ρ
−1
1 θk1θk1 +ρ

−1
2 θk2θk2 +ρ

−1
3 M2

3 −θk3−θk3
)
ek2ek2 +

(
ρ
−1
4 M2

2 −2θk4
)
e2

k3,

where ρ1, ρ2, ρ3, and ρ4 are positive constants. Then, one can choose

L = max{ρ1θk1θk1 +ρ2θk2θk2 +ρ3M2
3 +ρ4M2

2 −θk1−θk1,ρ
−1
1 θk1θk1 +ρ

−1
2 θk2θk2 +ρ

−1
3 M2

3 −θk3−θk3,ρ
−1
4 M2

2 −2θk4}

with proper ρ1, ρ2, ρ3, and ρ4 such that Assumption 1 holds.
Suppose that the unknown coupling matrix A of net-

work (1) is chosen as

A =


0 −1 2 1 0 −2
2 −2 0 −1 0 1
0 −2 2 1 −1 0
1 −2 0 −1 2 0
0 0 2 1 −3 0
1 0 0 2 −1 −2

 .

In the numerical simulations, choose the coupled strength
ε = 0.01, the initial values of L̂(t) and dkl(t) as L̂(0) = 2 and
dkl(0) = 0.5, the adaptive gains η = 0.02 and δkl = 2, the
impulsive interval τσ = 0.2, α = 0.4, bσ (tσ ) = exp(−(α +

L̂(tσ )τσ )/2)−1− ε,σ = 1,2, . . . , and ε = 0.001 according to
Remark 3. Moreover, choose the initial values of the state vari-
ables randomly. Figure 1 shows the structure identification of
a network with fixed topology and Fig. 2 shows the impulsive
gain bσ versus σ .
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Fig. 1. (color online) Structure identification of a network with fixed
topology.
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Fig. 2. (color online) The impulsive gain bσ versus σ .

Secondly, consider the structure identification of net-
work (1) with a switching topology, i.e., the outer coupling
matrix switches from A to the following A′ at time t = 50,

A′ =


0 −1 3 0 1 −3
2 −2 0 −1 0 1
0 −2 2 1 −1 0
1 −2 0 −1 2 0
0 0 2 1 −3 0
1 0 0 2 −1 −2

 .

In the numerical simulations, choose the coupled strength
ε = 0.01, the initial values of L̂(t) and dkl(t) as L̂(0) = 2
and dkl(0) = 0.5, the adaptive gains η = 2 and δkl = 2, the
impulsive interval τσ = 0.1, α = 4, bσ (tσ ) = exp(−(α +

L̂(tσ )τσ )/2)− 1− ε , σ = 1,2, . . . , and ε = 0.001 according
to Remark 3. Moreover, choose the initial values of the state
variables randomly. Figure 3 shows the structure identification
of a network with switching topology.

Thirdly, verify Theorem 2 and choose the node dynam-
ics of network (2) as the following complex-variable Chen
systems[27]

ẋk1 = θk1(xk2− xk1), (17)

ẋk2 = (θk2−θk1)xk1− xk1xk3 +θk2xk2, (18)

ẋk3 = (xk1xk2 + xk1xk2)/2−θk3xk3, (19)

where Θk = (θk1,θk2,θk3)
T are the system parameter vectors.

According to Ref. [35], the complex-variable Chen system sat-
isfies Assumption 1.
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Fig. 3. (color online) Structure identification of a network with switch-
ing topology.

Suppose that the unknown coupling matrix is chosen the
same as that in the first example and the unknown system pa-
rameter vectors are chosen as

Θk = (θk1,θk2,θk3)
T = (27,22.2+0.2k,1)T

for k = 1,2, . . . ,6.
In the numerical simulations, choose the coupled strength

ε = 0.01, the initial values of L̂(t), dkl(t), and Ξk(t) as L̂(0) =
10, dkl(0) = 0.5, and

Ξk(0) = (ξk1,ξk2,ξk3)
T = (25,20,0.5)T,

the adaptive gain η = 1, δkl = 8, and ρk = 1, the impulsive in-
terval τσ = 0.05, α = 80, bσ (tσ ) = exp(−(α + L̂(tσ )τσ )/2)−
1− ε,σ = 1,2, . . . , and ε = 0.001 according to Remark 3.
Moreover, choose the initial values of the state variables ran-
domly. Figures 4 and 5 show the identification of the unknown
topological structure and system parameters respectively.
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Fig. 4. (color online) Identification of the unknown topological struc-
ture.
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Fig. 6. (color online) (a) A network generated by the NW small-world
network with N = 20, K = 2, p = 0.2. If there is an edge between nodes
k and l, then akl = 1; otherwise, akl = 0. At time t = 55, the black
dash line switches to the red dash line. (b) Identification of switching
topological structure.

Finally, consider a small-world network consisting of

ten Lorenz systems (14) and ten Chen systems (17), whose
topological structure is generated by the NW small-world
network[38] with N = 20, K = 2, p = 0.2, and shown in
Fig. 6(a). Moreover, at time t = 55, the edge between nodes 1
and 6 switches to connect nodes 1 and 8, i.e., the black dashed
line in Fig. 6(a) switches to the red dashed line. The system pa-
rameter vectors are chosen as Θk = (1.7+0.1k,60+0.02j,1−
0.06j,0.8)T for k = 1,2, . . . ,10 and Θk = (27,21+ 0.1k,1)T

for k = 11,12, . . . ,20, and assumed to be known. In the nu-
merical simulations, choose the coupled strength ε = 0.01, the
initial values of L̂(t) and dkl(t) as L̂(0) = 2 and dkl(0) = 0.5,
the adaptive gains η = 0.01 and δkl = 1, the impulsive inter-
val τσ = 0.2, α = 4, bσ (tσ ) = exp(−(α + L̂(tσ )τσ )/2)−1−
ε,σ = 1,2, . . . , and ε = 0.001. Moreover, choose the initial
values of the state variables randomly. Figure 6(b) shows the
identification of a switching topological structure.

5. Conclusions
In this paper, the structure identification of an uncertain

network coupled with complex-variable chaotic systems has
been investigated. An impulsive control scheme is adopted to
design network estimators for identifying the system param-
eters and the topological structure of a network. Further, an
adaptive strategy is adopted to relax the restriction on the im-
pulsive intervals. Based on impulsive stability theory and the
Lyapunov function method, two network estimators are de-
signed and verified to be effective and universal by several nu-
merical examples. Moreover, the proposed methods can mon-
itor the online evolution of network topological structure and
be directly applied to the structure identification of networks
coupled with real-variable chaotic systems.
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