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Collective composite-rotating consensus of multi-agent systems*
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This paper investigates a distributed composite-rotating consensus problem of second-order multi-agent systems,
where all agents move in a nested circular orbit. A distributed control law is proposed which contains two parts: the local
state feedback that guarantees the circular motion and the distributed relative state feedback that guarantees the consensus
of all agents. A sufficient condition is derived to drive all agents as well as ensure their circle centers make circular motion
in a distributed manner. Finally, a numerical simulation is included to demonstrate our theoretical results.
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1. Introduction
Consensus problems have received considerable attention

from many fields including physics, robotics, computer sci-
ence, and control engineering. “Consensus” means to reach
an agreement regarding a certain quantity of interest. Numer-
ous studies have been conducted on consensus problems.[1–15]

For example, in Ref. [2], the authors used graph theory and
matrix theory to study first-order multi-agent consensus prob-
lems, and in Ref. [4], the authors presented some second-order
consensus algorithms to guarantee state consensus of systems
subjected to the saturation of the actuator and limited available
information. In nature, there exists a kind of collective consen-
sus motion such as the motion of celestial bodies where some
stars nestedly surround other stars, e.g., the movement of the
moon with respect to the sun. It is meaningful to study such
motions because they can find important potential applications
in flyaround satellites, spacecraft docking, the spacecraft fault
detection, space exploration, and so on. For example, in the
satellite flight with a circular formation, the following satel-
lites need to move around not only the earth but also the leader-
satellite. However, currently, there are rare works concerned
about these collective motions. Though in Refs. [5]–[7] the au-
thors have studied collective rotating motions, the circle cen-
ters of all agents are assumed to converge to a fixed point, and
none of them has paid attention to the composite case, where
the circle centers have some certain movement.

In this paper, our work will focus on this composite-
rotating consensus problem, where each agent and its cir-
cle center move in a circle simultaneously. Here, it should
be pointed out that the trajectories of the circle centers of
all agents are not prescribed in advance but self-formed. To

solve the composite-rotating consensus problem, we introduce
a consensus control law which contains two parts: one is the
local state feedback that guarantees the final rotating motion
and the other is the communication state feedback that guar-
antees the system consensus. By a model transformation, it is
proved that all agents as well as their centers eventually reach a
consensus and move in a circle as long as the initial conditions
of all agents satisfy a certain condition.

The following notation will be used throughout this pa-
per. Rm and Cm represent the set of all m-dimensional real and
complex column vectors; Im denotes the m-dimensional unit
matrix; j represents the imaginary unit; ⊗ denotes the kro-
necker product; 1 represents [1,1, . . . ,1]T with compatible di-
mensions (sometimes, we use 1n to denote 1 with dimension
n); 0 denotes zero value or zero matrix with appropriate di-
mensions.

2. Graph theory
Let 𝒢(𝒱,ℰ ,𝒜) be an undirected graph of order n, where

𝒱 = {s1, . . . ,sn} is the set of nodes, ℰ ⊆ 𝒱 ×𝒱 is the set of
edges, and 𝒜 = [aik] is a weighted adjacency matrix. The
node indexes belong to a finite index set ℐ = {1,2, . . . ,n}.
An edge of 𝒢 is denoted by eik = (si,sk). The adjacency ma-
trix 𝒜 is defined as aii = 0 and aik ≥ 0. aik = aki > 0 if and
only if eik ∈ ℰ . Thus, the adjacency matrix 𝒜 is a symmetric
nonnegative matrix. The set of neighbors of node si is de-
noted by Ni = {sk ∈ 𝒱 : (si,sk) ∈ ℰ}. The out-degree of node

si is defined as do(si) =
n
∑

k=1
aik. Then, the Laplacian corre-

sponding to the undirected graph is defined as L = [lik], where
lii = do(si) and lik = −aik, i ̸= k. Obviously, the Laplacian of
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any undirected graph is symmetric. A path is a sequence of
ordered edges of the form (si1 ,si2),(si2 ,si3), . . ., where ik ∈ ℐ
and sik ∈ 𝒱 . If there is a path from every node to every other
node, the graph is said to be connected.

Lemma 1[16] If the undirected graph 𝒢 is connected, then
the Laplacian L of 𝒢 has the following properties.

(i) Zero is a simple eigenvalue of L, and 1 is the corre-
sponding eigenvector, i.e., L1 = 0.

(ii) The rest n−1 eigenvalues are all positive and real.

3. Model and problem statement
Consider a multi-agent system consisting of n agents.

Each agent is regarded as a node in an undirected graph 𝒢.
Each edge (si,sk) ∈ ℰ corresponds to an available information
channel between agents si and sk. Suppose that the i-th agent
si (i ∈ ℐ) has the following dynamics:

ṙi = vi,

v̇i = ui, (1)

where the vectors ri,vi ∈C denote the position and velocity of
the agent si and ui(t) ∈ C is the control input.

In this paper, our objective is to propose a distributed con-
trol law using local information to enable multi-agent systems
to move together in a circular orbit, where each agent has a cir-
cular motion while the trajectories of the circle center of each
agent form a circle.

Definition 1 The multi-agent system (1) reaches a
composite-rotating consensus if consensus is reached, i.e.,

lim
t→+∞

[ri(t)− rk(t)] = 0,

lim
t→+∞

[vi(t)− vk(t)] = 0,

for all i,k ∈ ℐ, and each agent i surrounds the point ri(t) +
ω

−1
1 jvi(t) whose trajectories form a circle, i.e., there exists a

positive number ω2 such that

lim
t→+∞

[ṙi(t)+ω
−1
1 jv̇i(t)− jω2(ri(t)+ω

−1
1 jvi(t))] = 0

for all i ∈ ℐ.
In Definition 1, the first two limits mean that all agents fi-

nally reach a consensus on position and velocity states. The
term ω

−1
1 jvi(t) denotes the radius of the i-th agent and the

term ri(t)+ω
−1
1 jvi(t) denotes the circle center. By mechan-

ics knowledge, it is easy to see that the limit lim
t→+∞

[ṙi(t) +

ω
−1
1 jv̇i(t)− jω2(ri(t)+ω

−1
1 jvi(t))] = 0 means that the circle

center ri(t)+ω
−1
1 jvi(t) eventually moves in a circle with angu-

lar velocity ω2. In particular, when the term ri(t)+ω
−1
1 jvi(t)

stays static without performing other motions including circu-
lar motion, i.e., ω2 = 0, the above composite-consensus prob-
lem would be degenerated into the general rotating consensus
problem.

4. Rotating consensus control of multi-agent sys-
tems
In this section, we study rotating consensus problems of

the multi-agent system (1). The control law is given by

ui = ui1 +ui2, (2)

where

ui1 = ω1jvi −ω1ω2

(
ri + j

vi

ω1

)
and

ui2 =− ∑
sk∈Ni

aik[vi−vk]− ∑
sk∈Ni

aik

[(
ri+ j

vi

ω1

)
−
(

rk+ j
vk

ω1

)]
for any i ∈ ℐ.

In control law (2), the term ui1 is the local state feedback,
which contains two parts: one is ω1jvi that can be regarded as
the centripetal acceleration to make each agent circle around
the point ri + j(vi/ω1) and the other is −ω1ω2(ri + j(vi/ω1))

that plays a role in making each agent move in a circle. The
term ui2 is the distributed state feedback that enables all agents
to eliminate the disagreement dynamics and make all agents
reach a consensus.

Denote

ci = ri + j
vi

ω1
, ∀i ∈ ℐ, ξ = [r1,c1,r2,c2, . . . ,rn,cn]

T,

A =

[
ω1j −ω1j
0 −ω2j

]
and B =

[
0 0
−1 1+ j/ω1

]
.

With the control law (2), the closed-loop network dynamics
can be written as

ξ̇ (t) = (In ⊗A−L⊗B)ξ (t), (3)

where L is the Laplacian of the graph 𝒢.
Lemma 2 Let

α(t) =
1
n

n

∑
i=1

ri(t)

= ejω1t 1
n

n

∑
i=1

ri(0)+
ω1

ω1 +ω2
[e−ω2jt − ejω1t ]

1
n

n

∑
i=1

ci(0),

β (t) =
1
n

n

∑
i=1

ci(t) =
1
n

n

∑
i=1

ci(0)e−ω2jt ,

and δ (t) = ξ (t)−1n ⊗
[
α(t) β (t)

]T
. Then, (1T

n ⊗ I2)δ (t) = 0
and system (3) is equivalent to

δ̇ (t) = (In ⊗A−L⊗B)δ (t). (4)

Moreover, if

3ω1ω2‖
1
n

n

∑
i=1

ci(0)‖< (ω1 +ω2)‖
1
n

n

∑
i=1

vi(0)‖,

the variable β (t) is encircled by the curve of α(t).
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Proof Since 𝒢 is undirected, it follows that

1
n

n

∑
i=1

ċi(t) =−1
n

ω2j
n

∑
i=1

ci(t),

which implies

1
n

n

∑
i=1

ci(t) = e−ω2jt 1
n

n

∑
i=1

ci(0).

Moreover, note that

1
n

n

∑
i=1

ṙi(t) = jω1
1
n

n

∑
i=1

ri(t)− jω1
1
n

n

∑
i=1

ci(t).

By linear system theory, we have

1
n

n

∑
i=1

ri(t)

= ejω1t 1
n

n

∑
i=1

ri(0)−
∫ t

0
ejω1(t−s)jω1 e−ω2js 1

n

n

∑
i=1

ci(0)ds

= ejω1t 1
n

n

∑
i=1

ri(0)+
ω1

ω1 +ω2
[e−ω2jt − ejω1t ]

1
n

n

∑
i=1

ci(0).

It is clear that (1T
n ⊗ I2)δ (t) = 0. By simple calculations, we

have

δ̇ (t) = ξ̇ (t)−1n ⊗
[
α̇(t) β̇ (t)

]T
= (In ⊗A−L⊗B)ξ (t)

−(In ⊗A−L⊗B)(1n ⊗
[
α(t) β (t)

]T
)

= (In ⊗A−L⊗B)δ (t),

where
(L⊗B)(1n ⊗

[
α(t) β (t)

]T
) = 0.

Also, it is easily obtained that

1
n

n

∑
i=1

ri(t)−
1
n

n

∑
i=1

ci(t)

= ejω1t 1
n

n

∑
i=1

ri(0)+
ω1

ω1 +ω2
[e−ω2jt − ejω1t ]

× 1
n

n

∑
i=1

ci(0)−
1
n

n

∑
i=1

ci(0)e−ω2jt

= ejω1t ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)

− ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)e−ω2jt − ejω1t j
1

ω1

1
n

n

∑
i=1

vi(0)

= ejω1t
[

ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)

− ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)e−ω2jt−jω1t − j
1

ω1

1
n

n

∑
i=1

vi(0)
]
.

Note that the vector

ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)−
ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)e−ω2jt−jω1t

− j
1

ω1

1
n

n

∑
i=1

vi(0)

rotates about the point

ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)− j
1

ω1

1
n

n

∑
i=1

vi(0)

with radius
ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)

and angular velocity −w1 −w2. Since

3ω1ω2

∥∥∥∥∥1
n

n

∑
i=1

ci(0)

∥∥∥∥∥< (ω1 +ω2)

∥∥∥∥∥1
n

n

∑
i=1

vi(0)

∥∥∥∥∥ ,
then the term∥∥∥∥ ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)−
ω2

ω1 +ω2

1
n

n

∑
i=1

ci(0)e−ω2jt−jω1t
∥∥∥∥

<

∥∥∥∥ j
1

ω1

1
n

n

∑
i=1

vi(0)
∥∥∥∥.

In view of the periodical term ejω1t , the variable 1
n

n
∑

i=1
ci(t) is

encircled by the curve of the 1
n

n
∑

i=1
ri(t). This completes the

proof.
Remark 1 When ω2 is sufficiently smaller than ω1, the

term ω2/(ω1 +ω2) can become small enough to guarantee
that

ω2

ω1 +ω2

∥∥∥∥1
n

n

∑
i=1

ci(0)
∥∥∥∥

is sufficiently smaller than 1
ω1

∥∥∥ 1
n

n
∑

i=1
vi(0)

∥∥∥ so that the distance

between the variables 1
n

n
∑

i=1
ri(t) and 1

n

n
∑

i=1
ci(t) is mainly de-

termined by 1
ω1

∥∥∥ 1
n

n
∑

i=1
vi(0)

∥∥∥. Moreover, from Lemma 2, the

average value of all circle centers 1
n

n
∑

i=1
ci(t) moves around a

fixed point and the the average value of positions of all agents

moves around 1
n

n
∑

i=1
ci(t) periodically.

Lemma 3 The roots of the equation

s2 + s(a1 +a2j)+a3 = 0, (5)

all have negative real parts, where a1,a2,a3 ∈ R, a1 > 0, and
a3 > 0.

Proof Denote the roots of Eq. (5) by s = b1 +b2j. Then
Eq. (5) is equivalent to the following two equations:

b2
1 −b2

2 +a1b1 −a2b2 +a3 = 0, (6)

2b1b2j+a1b2j+b1a2j = 0. (7)

Suppose that b1 ≥ 0. From Eq. (7), we have

b2 =−b1a2/(2b1 +a1).
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Then substituting b2 into Eq. (6), we have

(2b1 +a1)
2b2

1 −a2
2b2

1 +(a1b1 +a3)

×(2b1 +a1)
2 +a2

2b1(2b1 +a1)

= (2b1 +a1)
2b2

1 +(a1b1 +a3)(2b1 +a1)
2

+a2
2b1(b1 +a1) = 0. (8)

Noting that a1 > 0 and a3 > 0, we have that Eq. (8) cannot
hold if b1 ≥ 0. Therefore, the real part of each root of Eq. (5)
is negative.

Theorem 1 Consider a network of second-order agents
with fixed topology that is connected. The multi-agent sys-
tem (1) with the control law (2) reaches a composite-rotating
consensus, if

3ω1ω2‖
1
n

n

∑
i=1

ci(0)‖< (ω1 +ω2)‖
1
n

n

∑
i=1

vi(0)‖.

Moreover,

lim
t→+∞

[ri(t)−α(t)] = 0 and lim
t→+∞

[ci(t)−β (t)] = 0

for any i ∈ ℐ, where α(t) and β (t) have been defined in
Lemma 2.

Proof By Lemma 1, there exists an orthogonal matrix
W ∈ Rn×n such that

W TLW = diag{0,λ2, . . . ,λn}

with 0 < λ2 ≤ λ3 ≤ ·· · ≤ λn and the first column of W is
1n/

√
n. It follows that

(W ⊗ I2)
T

δ̇ (t)

= (W ⊗ I2)
T(In ⊗A−L⊗B)(W ⊗ I2)(W ⊗ I2)

T
δ (t)

= diag{A,A−λ2B,A−λ3B, . . . ,

A−λnB}(W ⊗ I2)
T

δ (t). (9)

From Lemma 2, (1T
n ⊗ I2)δ (t) = 0. Thus, we define (W ⊗

I2)
Tδ (t) = [0, δ̄ T(t)]T, where δ̄ (t) ∈ C2n−2. Then system (4)

can be transformed into the following system

˙̄
δ (t) = diag{A−λ2B,A−λ3B, . . . ,A−λnB}δ̄ (t). (10)

And lim
t→+∞

δ (t) = 0 if lim
t→+∞

δ̄ (t) = 0. The characteristic poly-

nomial of each A−λiB is

det(sI −A+λiB)

= s2 +

(
ω2j+

λi

ω1
j+λi +λij−ω1j

)
s+λi +ω1ω2 = 0,

i = 2,3, . . . ,n.

Then by Lemma 3, system (10) is hurwitz stable and
lim

t→+∞
δ̄ (t) = 0. Hence, lim

t→+∞
δ (t) = 0. Then by Lemma 2 we

have

lim
t→+∞

[ri(t)−α(t)] = 0, lim
t→+∞

[ci(t)−β (t)] = 0,

and

lim
t→+∞

[ri(t)+ jvi(t)−
1
n

n

∑
i=1

ri(0)− j
1
n

n

∑
i=1

vi(0)] = 0

for any i ∈ ℐ. By simple calculations, we have lim
t→+∞

[ċi(t)−
jω2ci(t)] = 0 for any i ∈ ℐ. Thus, the multi-agent system (1)
with the control law (2) reaches a composite-rotating consen-
sus.

5. A numerical simulation
A numerical simulation is given to show the theoretical

results obtained in the previous sections. The graph 𝒢a in
Fig. 1 is the communication topology for the multi-agent sys-
tem (1), where the weight of each edge is 1. Figure 2 shows
the trajectories of all agents with the control law (2). It is ob-
vious that all agents finally surround a common moving point
whose trajectories form a circle.

1 2

3 4

Fig. 1. The communication topology for the multi-agent system (1).

-2 -1 0 1 2 3 4

-3

-2

-1

0

1

2

3

trajectories of the positions of all agents

trajectories of the circle centers of all agents

Fig. 2. (color online) Trajectories of the multi-agent system (1).

6. Conclusions
In this paper, we studied a composite-rotating consensus

problem in a distributed manner, where all agents surround a
moving point whose trajectories form a circle. A distributed
consensus control law is introduced which contains two parts:
one is the local state feedback that guarantees the final rotating
states and the other is the communication state feedback that
guarantees the system consensus. By model transformations,
we gave a sufficient condition to enable all agents to reach a
composite-rotating consensus. Finally, a numerical simulation
is included to demonstrate our theoretical results.
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