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The cluster synchronization problem of complex dynamical networks with each node being a Lurie system with exter-
nal disturbances and time-varying delay is investigated in this paper. Some criteria for cluster synchronization with desired
H.. performance are presented by using a local linear control scheme. Firstly, sufficient conditions are established to realize
cluster synchronization of the Lurie dynamical networks without time delay. Then, the notion of the cluster synchronized
region is introduced, and some conditions guaranteeing the cluster synchronized region and unbounded cluster synchro-
nized region are derived. Furthermore, the cluster synchronization and cluster synchronized region in the Lurie dynamical
networks with time-varying delay are considered. Numerical examples are finally provided to verify and illustrate the

theoretical results.
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1. Introduction

During the past decades, the research on the dynamical
behavior of complex networks has received increasing atten-
tion in various fields of science and engineering. A typi-
cal complex network consists of interacting nodes connected
by links, in which every node represents an individual of
the system and each edge represents the interaction between
them. Control and synchronization of complex dynamical net-
works have been extensively investigated, and many efforts
have been devoted to studying different synchronization pat-
terns, such as complete synchronization, phase synchroniza-
tion, anti-synchronization, impulsive synchronization, lag syn-
chronization, projective synchronization, generalized synchro-
nization, cluster synchronization, and so on. Roughly speak-
ing, synchronization of complex dynamical networks!! =% used
to study all nodes approaching to a common behavior. In par-
ticular, consensus of multi-agent systems with first-order dy-
namics can be regarded as a special case of it.[”-1% Cluster
synchronization!!'=20] focuses on when the dynamical indi-
viduals of the network are divided into several groups (called
clusters), all individuals in the same group realize complete
synchronization, but there is no synchronization among dif-
ferent groups. Obviously, cluster synchronization reduces to
global synchronization if there is only one cluster in the net-
work. It is a significant and interesting problem in brain
(211 engineering control,*?! ecological science, >34
social science,?! and so on.

Recently, the synchronization problem for complex dy-
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namical networks composed of Lurie subsystems have been
widely studied. The Lurie system!?®! is represented as a lin-
ear dynamical system, feedback interconnected to a nonlinear-
ity satisfying a sector condition, and many nonlinear systems
can be categorized as it.[?’3!1 For example, the global syn-
chronization problem for Lurie dynamical networks under the
pinning controllers was addressed in Ref. [6]. Some sufficient
conditions were presented to guarantee global synchronization
of Lurie dynamical networks with complex topology, directed
and weighted couplings in Ref. [2].

In practical applications, some variables of the nodes in
a complex dynamical network might be caused by measure-
ment or calculation errors due to time delay, external distur-
bances, etc. They are inevitable and play key roles in in-
fluencing the stability of complex networks. It is thus very
important to consider synchronization of general complex dy-
namical networks and consensus of first-order multi-agent sys-
tems with time delay and external disturbances. The adap-
tive feedback synchronization in a general complex dynami-
cal network with delayed nodes was studied in Ref. [S]. A ro-
bust consensus tracking problem of a multi-agent system with
first-order and unmodelled dynamics in the presence of distur-
bances was discussed in Ref. [8]. The authors in Ref. [9] in-
vestigated the consensus problem of multi-agent systems with
nonlinear dynamics and external disturbances on a fixed di-
rected information network and intermittent information trans-
missions. In Ref. [7], the authors studied consensus problems
for first-order multi-agent systems with external disturbances
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and model uncertainty on directed networks with and with-
out time-delay. Moreover, the master-slave synchronization
of chaotic Lurie systems with time delay or external distur-
bances has been well studied.”®?! The cluster synchroniza-
tion for both continuous-time and discrete-time Lurie dynam-
ical networks with interval time-varying delay was studied in
Ref. [15]. In Ref. [16], the cluster synchronization problem
and cluster synchronized region of Lurie dynamical networks
without disturbance were explored by using a local linear con-
trol strategy. However, to the best of our knowledge, the clus-
ter synchronization problem of complex dynamical networks
with external disturbances has not been considered in detail.

The purpose of this paper is to investigate the global clus-
ter synchronization of complex dynamical networks composed
of identical Lurie subsystems with external disturbances and
time delay. Inspired by the previous works,>%%171 the notion
of a cluster synchronized region is developed to demonstrate
the relationship between the cluster synchronization and the
structure parameters of the networks. Criteria in terms of lin-
ear matrix inequalities (LMIs) for the cluster synchronization
and cluster synchronized region with desired H., performance
are derived for both the Lurie subsystems with and without
time delay. Noted that the cluster synchronization of the high-
dimensional Lurie dynamical networks is converted into the
effectiveness of a set of much lower-dimensional LMIs, and
it may help to reduce the computation complexity signifi-
cantly for large scale networks. Different from the existing
works, 1171316181 the assumption of each block in the outer
coupling matrix is eliminated. Namely, there is not an in-
hibitory coupling between the nodes in different clusters. In
addition, it is worth noticing that the cluster synchronization
criteria obtained in this paper do not require the inner-linking
matrix to be diagonalizable, and some previous results/!!~16]
are just special cases of ours.

The following standard notations are used throughout this
paper. %5[0,0) denotes the space of square integrable vector
functions over [0,0). Let 2" and Z"™" be the n-dimensional
Euclidean space and the set of m x n real matrices, respec-
tively. I, € """ denotes the identity matrix. O stands for zero
value or zero matrix with compatible dimensions. For a sym-
metric matrix P, the notation P > 0 (< 0) means that the ma-
trix P is positive-definite (negative-definite). The superscript
T means transpose for real matrices. Symbol ® denotes the
Kronecker product.

2. Problem formulation and preliminaries

Consider a network consisting of N coupled delayed
Lurie systems with external disturbances described by

%i(t) = Axi(t) +Agxi(t — ©(2)) + Bo(Cx;(t))
N
+Da),-(t)+eZgijij(t)+ui(t),
=
yi(t) = Cxi(t),
xi(t) = ¢;(r), t€[-h,0], i=1,2,...,N, (1)

where x;(t) € %" and y;(t) = [yi (t),y22(t),...,yim(t)]T € Z™
are the state and the output of node i, respectively. ®;(z) €
2[0,0) denotes the external disturbance. u;(f) € #" is
a controller to be designed later. A, A; € #"", B €
Fm C e Z"", and D € Z"P are constant matrices.
The constant € > 0 denotes the coupling strength and I" €
Z"™" is the inner-linking matrix. The nonlinear function
o) = [e1i1), ©2(v2), - - -, @ (vim)] T satisfies a sector con-
dition with ¢;(+) (i=1,2,...,m) belonging to the sector [0, K],
where K = diag{k;,ka,...,kn}, ie.,

?i(&) —9i(&)
R
V& #£EeR, i=1,2,....m. 2)

<k; and (p,(O) = 07

¢;(¢) is a given continuous vector-valued initial function. 7(¢)
is the time-varying delay satisfying the following assumption

0<1(t)<h<o and () <V < oo 3)

with constants 2 > 0 and v.

G = [gij] € 2V is the outer coupling matrix describing
the coupling configuration of the network. If there is a con-
nection between node i and node j (i # j), then g;; = g;i > 0;
otherwise, g;; = gji = 0. Assume that the Lurie network (1) is
diffusively coupled, i.e., the diagonal elements of matrix G are
defined by

N
8ii = — Z 8ij» l:172,7N
=i

The network (1) is divided into d communities, where
2<d<N. Let {61,%,...,%4} denote the d communi-
ties of the network satisfying (i) U?:] & ={1,2,...,N}; (ii)
%:N%€; = 0fori# j. The function y; denotes the index of the
community in which node i lies, that is, y; = j if node i be-
longs to the j-th community fori=1,2,....N, j=1,2,....,d.
For any pair of indices i and j, node i and node j belong to
different communities if and only if u; # p;.

Definition 1 The Lurie network (1) is said to realize clus-
ter synchronization with communities {%7,%3,...,%,}, if and
only if, for any initial values, lim; . ||x;() — x;(¢)|| = O for
pi = pj and limy o |lx;(2) —x;(2) || # O for p; # p;.

Let s; = [si1,5,---,8m]" € %" be the solution of an iso-
lated node in the i-th community satisfying

S','(t) = AS,‘(I) +Adsi(t—‘L'(t))JrB(p(Cs,-(t)),
ys; (1) = Csi(t), i=1,2,....d,

where  y;,(t) = [y51(t),552(8),- s ysm(®)]T € %™ and
1imy o0 || 5i(2) —s;(2)|| # O for i # ;.

Define the performance variable z;(t) = C(x; —sy;) € Z4,
where C, € #9*" is a constant matrix. Let
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Definition 2 The Lurie network (1) is said to realize clus- where A= IN RA+eGyR1I, Go =G—-0, Ad =Iv®Ay,
ter synchronization with H., performance index p > 0, if =Iy®B, D=Iy®D, and C = Iy ®C. According to in-
1) the Lurie network (1) with zero disturbance can realize equahty (2), E, belongs to the sector [0,Iy ® K], i.e.,
cluster synchronization;

ii) under zero initial conditions x;(0) = x;(0) =0, i= 0<% _ 9i(ij) = @i (s, 5) <k; and @;(0) =0,
1,2,...,N, one has Cyij Yij = Ywij
i=1,2,....N, j=1,2,. @)
1= [ 00 -p*0" o) dr <0. | |
Note that the Lurie network (1) realizes cluster synchro-

nization if the error system (6) is absolutely stable for any

The local control scheme is designed as follows: ] . o .
nonlinearity satisfying the sector condition (7). The follow-

—eYY gi:[s (1) ing lemma will be useful in this paper.
j=18ijt Su; - 1 2) A NXN ; 3
ui(t) = €0, (xi(1) — 5,(1)), i € Uy, ) Lemma 1" Suppose that R = [7i;] € Z is an irre-
0, i€ Uy, — ﬁ” ducible and symmetric matrix satisfying #;; > 0 for i # j and
o YN #ij=0fori=1,2,... . N.If M =diag{si ihy,... 1ty } >
where Uy, denotes all nodes in the 1;-th community, [7#,' repre- O with at least one 71; > 0. Then all eigenvalues of the matrix

sents the nodes in the p;-th community which has direct links R — M are negative.

with the nodes in other communities, 6; > 0 is the feedback

control gain for i € LNIM and 6; = 0 otherwise. 3. Main results
Let e;(t) = xi(t) — s, (1), ei(t — (1)) = x;(t — (1)) —

s (1 = T(1)), eq; = @i(yij) — @i (Vs j)» and eyi = yi = ys, .

Then the controlled error dynamical system can be written as

In this section, under the local control scheme (4), the
cluster synchronization problem of the Lurie network (1) will
be investigated for two cases: Lurie subsystems without de-

éilt) = Aeilt) +Agei(i — (1)) + Beg, lay and Lurie subsystems with time-varying delay. Denote A;

N (i=1,2,...,N) as the eigenvalues of the matrix Gy. Assume
+ Day(t) +¢ Z giile; )—eOlei(t), that the network is connected, it can be easily derived from
= Lemma 1 that A; is negative, i.e., Ay <--- <Ay < 4; <0.
ey = Ce;, i=1,2,...,N. (5)
3.1. Lurie subsystems without delay
Setting © = diag{6y,6,,....0n}, e = [e],e),....en]T, ey = Firstly, consider the Lurie network (1) with each node be-
[egl,e;27...,e}T,N] ,and Ep = [e (pl,e(pz,...,egN]T with eq, = ing a Lurie system without delay, i.e., A; = 0.
gy, ---+€qy,] T, system (5) takes a compact form as follows: Theorem 1 The Lurie network (1) without delay can
o N _ realize cluster synchronization with H., performance index
¢ = Ae+Age(t — (1)) +BEy + Do, p > 0 under the control scheme (4), if a matrix P > 0 and a
ey = ae, 6) diagonal matrix Q > 0 exist, such that

|
PA+eAI)+(A+eiD)TP PB+C'Q  PD  CT

Z

BTP+QC —20K! 0 0

D'p 0 -p%, 0
C; 0 0o I

<0, i=1,2,...,N. (8)

Proof It follows from Theorem 1 in Ref. [17] and in-

N T
equality (8) that the first condition in Definition 2 is satisfied. + (Aei +Beg +Doite Z gijl'ej = eB,Te,) Pe’} '

j=1
Choose a Lyapunov—Krasovskii candidate as (10)
Z e; (t)Pe;(t 9) Define the following cost performance index
T
Taking the derivative of V| along the trajectories of Eq. (5) Jr :/0 (1) - p* 0" (1) o(1))dt, (11)
gives
where T > 0 and J = limy_. J7.
.y Th
Vi = Y (e] Péi+é] Pe;) en
i=1
- x| P(Ae*Be‘P*D“"“;g’f”f ra) [ G0zt - 26" (o(e) + V(1) dr - (V(T) - V(0))
= Jo
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= /OT(ZT(Z‘)Z(Z) —p*oT(H)w(r)+V(t))dr —V(T). (12)

It can be derived from inequality (7) that €g;;y;; >0, and

-1 -1
k; eg;ily; —-1<0. (13)
Thus, multiplying expression (13) by e, ey,; obtains
€p;j (kfle¢i_j —ey,;) <0,
i=1,2,...,N, j=1,2,....m. (14)

By making use of .#-procedure!*?! and Eq. (12), J; <0
for all nonzero ey, , if there exist scalars r;; > 0,i=1,2,...,N,
Jj=1,2,...,m, such that

N m
-1
Jr 722 Z rijeq?ij(kj Co;; 76}'17)
i=1j=1

T
- /O T (0)Em(1)de —V(T) <0, (15)

where m= [e,E(p,a)}T,R:diag{r“,...,rlm;...;er,...,er},
P=1Iy®P and

PA+ATP+C'C, PB+CTR  PD
== PB+C'R  —2R(Ily®K™') 0
DA 0 Py,
It follows from Schur complement that = < 0 if and only
if
PA+A"P  PB+C'R PD (T
PB+C'R —2R(Ily®K~') 0 0
“T 5 5 <0.
D'P 0 —p“Iyp, O
C; 0 0 —Ing

Defining U € #V*N as such a unitary matrix
that UTDU = A, where the real-diagonal matrix A =
diag{A1,42,...,Av}. Set Uy = diag{U ® I,,U ® I,,,U ®
1,,U ®1,}. Then, one has

UlzZ0, = 2, <0, (16)
where
AJP+PAy  PB+C'R PD (T
—~ _ | PB+C'R —2R(Iy®K™') 0 0
=0 DTp 0 —p2Iy, 0
CZ 0 0 _INq

and Ag = Iy ®A+€eA QI'. Define R = Iy ® Q and all the ma-
trices in Z( are block-diagonal. It is clear from inequality (8)
that inequality (16) holds. From expressions (15), (16), and
V(T) > 0, we can obtain that Jy < 0. Let T — oo. It is easy to
see that J < 0.

Furthermore, the cluster synchronization region of Lurie
network (1) without delay will be studied. It can demonstrate
the relationship between cluster synchronization and structure
parameters of the networks.

Setting e = (U®1,)é, Eg = (U®Ly)Ep, ® = (U®
1,)®, and ey = (U ® I,)é,, where & = [é],el,... eX]T

)

A ST 5T ST AT & _ (AT AT ATIT 5
0 = [e(pl,ew...,e(p]v] , O =[0,0,,...,0y]", and &, =
(671,855, €] ", system (6) without delay is equivalent to

& = (A+eMT)é; + Bég, + Da,
oy = Cé;, i=1,2,...,N.

Therefore, the cluster synchronization of the Lurie network (1)
without delay can be recast into analyzing the following sys-
tem:

E = (A+0I')E+Béy, +Day,

6y =CE, i=12,...N. (17)

where & € #" and 6 € % depending on € and ;.

Definition 3 The region A C R of parameter 8 is called
the cluster synchronized region of Lurie network (1) without
delay under the control scheme (4), if system (17) is asymp-
totically stable.

The following corollary is derived from Theorem 1.

Corollary 1 The region A C R of parameter 6 is the
cluster-synchronized region of Lurie network (1) with no delay
and H.. performance index p > 0 under the control scheme (4),
if a matrix P > 0 and a diagonal matrix Q > 0 exist satisfying

PA+A™P+8(Pr+I'"P) PB+C'Q PD C!

BTP+QC 20" 0 0
T 2 < 0.
D'P 0 -p-I, 0
C, 0 0 -1
(18)

Remark 1 Due to the coupling strength € > 0 and A; < 0,
the cluster synchronized region A is an interval or the union
of several intervals on the left real axis. Note that it may be
bounded or unbounded.

Next, we focus on how to choose the inner-coupling ma-
trix I" to yield an unbounded cluster-synchronized region.

Theorem 2 For a given matrix I, there exists an inner-
coupling matrix I" = I3I; such that Lurie network (1) with
no delay and H., performance index p > 0 under the control
scheme (4) yields an unbounded cluster-synchronized region
A = (—o0, &) for & < 0, if and only if a matrix P > 0 and a
diagonal matrix Q > 0 exist, such that

PA+A"P+ &' PB+C'Q PD (T

BTP+QC —20K' 0 0
DTp 0 pl, 0 <0. (19)
C, 0 0 I,

Proof It follows from Schur complement that inequal-
ity (19) is equivalent to

1

ATP+PA+ &L + 5(PB+ c"0)kQ ' (B"P+QC)
1

+ FPDTDP+ clfc,. <o. (20)

Necessity 1 According to Definition 3, if the cluster-
synchronized region of network (1) without delay under the
control scheme (4) is unbounded, inequality (18) holds for
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some matrix I", matrix P > 0, diagonal matrix Q > 0, and pa-
rameter 6. By means of Schur complement, inequality (18)
with 8 = —1 holds, if and only if a matrix P > 0 and a diago-
nal matrix Q > 0 exist, such that

ATP+PA-I'L'P - PI LG

- % (PB+CTQ)KQ™ ' (B"P+QC) + #PDTDP

+clc. <0. (21)

By introducing a new variable Iy = PI;, inequality (21) be-
comes

ATP+PA - — IDG
1
+ 5(PB+CTQ)KQ‘1 (BTP+0C)
1
+ ?PDTDP—kCZT C, <0. (22)
According to Finsler’s Lemma, [33] there exists a matrix Iy
satisfying inequality (22), if and only if there exists a scalar
0o < 0, such that inequality (20) holds.

Sufficiency 1 If & > €A, i = 1,2,...,N, and take I} =
P~'I;T /2, one has

(A+eXD)T P4+ P(A+eAT)
1

+ 5 (PB+ CTQ)KQ ' (BTP+QC)
1

+ EPDTDP +clc.

= ATP+PA+ el

[Ag—WT—W+S PA;+WT+W
ATP+wT+w  —(1-v)S-WT-w
BTP+MC 0
hw —hW
D'P 0
hQA hQA,
i C. 0

where Ag = (A +eA)TP+ P(A+€eAT), i=1,2,...,N.

Proof It follows from Theorem 4 in Ref. [17] and in-
equality (24) that the first condition in Definition 2 is satis-
fied. Let ey = ei(t+6),—2h < 6 <0, i = 1,2,3. Choose a
Lyapunov—Krasovskii function as

Va(eir) = Var(eir) +Vaz(eir) +Vas(enr), (25)

where

+ %(PB +CTQ)KQ0 1 (BTP+QC)

1
+ ?PDTDP+CZTCZ <0, (23)

which is equivalent to inequality (8) that holds by means of
Schur complement. According to Theorem 1, the Lurie net-
work (1) without delay under the controller (4) with I' =
P’IFITH /2 has an unbounded cluster-synchronized region
(—o0, &p]. This completes the proof.

According to Theorem 2, the largest unbounded cluster-
synchronized region will be discussed. Let the largest un-
bounded cluster-synchronized region A,, = (—co, ,], and it
can be obtained in the following corollary.

Corollary 2 For a given matrix I, &, can be obtained
by solving the following optimization problem

maximize &,
subject to LMI (19) with a matrix
P > 0 and a diagonal matrix Q > 0.

Moreover, the inner-linking matrix I" = P‘ll"lTFl /2, and the
coupling strength € is not less than 6,,,11*1.

3.2. Lurie subsystems with time-varying delays

Theorem 3 The Lurie network (1) with a time-varying
delay 7(¢) satisfying expression (3) can realize cluster syn-
chronization with H., performance index p > 0 under the con-
trol scheme (4), if there exist matrices P > 0,0 > 0,5 >0, W,
and a diagonal matrix M > 0 such that

PB+C™ W' PD HA'Q CT]
0 —hwT 0 hATQ 0
—2MK™! 0 0 hBTQ 0
0 —hQ 0 0 0 | <0, (24)
0 0 —p%, O 0
hQB 0 0 ~hQ 0
0 0 0 0o -]

N ot
Vas(eir) = Z/ el (a)Se;(a)da,

i=1 I*T(t)

equation (5) can be rewritten as
éi(t) = (A—J)ei(t) + (Ag +J)ei(t — (1))

N

+ Be(pi(t) +D(Di(l) +e€ Z gierj(t)
=1

— eGiFei(t) +J€i(l) —Je,-(t— T(I)),

i=1,2,...,N, (26)

where J is a constant matrix. Set W = PJ and use the Newton—
Leibniz formula

eit) =eit—t(t) + [ éa)da.

t—1(1)
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Calculating V, (i = 1,2,3) along the solution of Eq. (26), it
follows that

Vo = Var(eir) + Vaa(eir) + Vaz(eir), (27

Var(ei) = el (1) (ATP+PA—WT —W)e;(r)
+ef (1) (PAq+W)ei(t — T(t)) + e} (t)PD;(t)
+ @ (1)D Pe;(1) + it — T(1)) (AgP+ W )ei(r)
+ eaBTPe,-(t) +e] (t)PBeg,
+ (ei() — et —7(1)))'WT

[ et - @oea)Taa,
eF(0)Se(e) — (1 = #0))el (1= e(0))Sex(r (1),
i=1,2,...,N.

V23(€iz)

As similar as the proof of Theorem 1, by making use of
.7 -procedure, 33 expressions (11), (14), and (25)-(27), Jr <0
for all nonzero ey, , if there exist scalars 7j>0,i=1,2,...,N,
j=1,2,...,m, such that

N m

! Jr—2 Eje¢i'(k;18¢i'_eyi')
x <ei(t —1(t)) + é,-(a)da> ;,:Zl ! S
t—1(1) 1
1 T < f/ N3 (& +hE)mdo—V(T) <0, (28)
+(ate—cp+ [ alajaa) o
t—1(1)
X W (ei(t) —ei(t — (1)), where 1, = [e(r),e(t — t(1)),é(a),Ep(r), )", e =
. 0 .T . .T . T [eTt7"'7eIT\;[]T’Ad:IN®Ada P=IN®P, 0=Ix®0, S=
V22(eil‘) = \/7/1(61' (I)Qei(t)_ei (t+ﬁ)Qel(l+ﬁ>) dﬁ IN®S,W:IN®W,ﬁidiag{?ll,...,71m;...;7N1,...,7Nm},
|
En PA;+WT+W PB+C'R W' PD
ATP+WT4+W —(1-v)S-WT-W 0 -t 0
E = BTP+RC 0 —20(Iv®K~') 0 0 ,
hwW —hW 0 —hQ 0
D'P 0 0 0 —p2Iyp
El1 :gTﬁ+ﬁ;—WT—W+§+5362, and
ATQ AT07"
- AlO _ A0
&= |B'Q|Q |B"Q
0 0
0 0
It follows from Schur complement that =1 + A%, < 0 is equivalent to the following inequality
[ATP+PA-WT-W+S  PAG+WT+W PB+C'R  wWT  PD  hATQ CT ]
ATP+wT+w —(1-v)S—-WwWT-w 0 —hwT 0 hATQ 0
BTP+RC 0 —2R(ly®K~') 0 0 hBTQ 0
hwW —hW 0 —hQ 0 0 0 <0.
D'P 0 0 0 —pily, O 0
hQA hQA,4 hQB 0 0 —hQ 0
| C; 0 0 0 0 0 —Ing |
Defining U, = diag{U®1,,U ®1,,U ®1,,,U ®1,,U ®1,,U ®1,,U ®1,}, where U € #N*N is a unitary matrix satisfying UTDU =
A, one has
[7;(51 +h52)ﬁz = ;TV() <0,
where
(AW WS PA+WT+W  PE+CR WWT BD  hATQ (T
AJP+WT+W  —(1-0)S-WT-W 0 Wt 0 nATQ 0
BTP+RC 0 —2R(Iy®K™') 0 0 &m0 0
hWw —hW 0 —hQ 0 0 0 |,
D'pP 0 0 0 —p%, 0 0
hQA hQA,4 hQB 0 0 —-hQ O
L C; 0 0 0 0 0 -1 |
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and
Av=(IN@A+eART) P+P(IlyRA+eA®T).

Defining R = Iy ® M, this result can be obtained by following
the proof in Theorem 1. This completes the proof.
Similar to Definition 3, cluster-synchronized region of
Lurie network (1) under the control scheme (4) is developed.
Definition 4 The region A C R of parameter 0 is called
the cluster-synchronized region of the Lurie network (1) under
the controllers (4), if the following system

&) = (A+6F)§(t)+Ad§(t_T(I))+Bé¢i(t)(t)+Dd)i(t)7‘

[Ag—WT—W+S PA;+WT+W
ATP+wT+w  —(1-v)S-WT-w
BTP+MC 0
hw —hW
D'P 0
hQA hQA,
i C. 0

where Ag = (A+8I')TP+ P(A+8I).

Remark 2 In most existing works about the cluster syn-
chronization of networks,[!1-161 the inner-linking matrix de-
scribing the interaction of variables was assumed to be a di-
agonal constant matrix. In this paper, cluster synchronization
can be achieved with a general inner-linking matrix. It may
be a symmetric or nonsymmetric matrix. Particularly, in view
of Theorem 2, for giving the nodes dynamics in Lurie subsys-
tem and matrix I7, matrix I" will be designed to yield an un-
bounded cluster synchronization region of Lurie network (1)
under the control scheme (4).

Remark 3 In view of expressions (8), (19), (24), the
cluster synchronization problem of high-dimensional Lurie
dynamical networks can be converted into solving a series
of much lower-dimensional LMIs, which is numerically easy
to verify and may help to reduce the computation complex-
ity significantly if the number of nodes in networks is large.
Particularly, according to Corollaries 1 and 3, the cluster-
synchronized region of this network can be introduced by
making use of LMIs feasible problems.

4. Simulation examples

In this section, two numerical examples will be provided
to verify the theoretical analyses obtained in the previous sec-
tions. For simplicity, assume that the matrices G and ® have
0~1 elements.

Example 1 Consider a network composed of seven-
teen identical nodes without delay as shown in Fig. 1, and
it is divided into three clusters: %1 = {1,2,3,4,5,6}, ¢ =
{7,8,9,10,11,12}, and ¢3 = {13,14,15,16,17}. Only the
nodes 2, 6, 7, 9, 13, 15 are controlled. The uncoupled sub-
system is described by the following Chua circuit

B = o —x(t) +x (1) = f(01 (1)),

8i(t) = C&(1),

is asymptotically stable, where §(¢),&(t — (¢)) € #" and
6 € % depending on € and A;.

According to Theorem 3, the following corollary can be
obtained:

Corollary 3 The region A C R of parameter O is
the cluster-synchronized region of the Lurie delayed net-
work (1) with H., performance index p > 0 under the control
scheme (4), if there exist matrices P >0, Q >0, S > 0, W, and
a diagonal matrix M > 0, such that

PB+C'™M W' PD hA'Q CT]
0 Wt 0 nATQ 0
—2MK™! 0 0 nB'Q o0
0 —ho 0 0 0 | <0, (29)
0 0 —p%, O 0
hQB 0 0 -hQ O
0 0 0 0 1]
| .
Xy =x1(t) —x2(t) +x3(2),
i3 = —PBxa(r) — yx3(1), (30)

where f(x1(t)) = mix1(¢) + (mo — my) (Jxi () + 1] — |x1(2) —
11)/2, a =10, B =15, y=10.0385, my = 1.27, and m; = 0.68.

Let
59 -2 10
B=|0|,D=|-1|, 0=|1],
0 3 1

C=[210], C;=[12-1],

and @(Cx) = %(|x1(t) + 1| = |x1(z) — 1]) belonging to a slope
[0, 1] in Lurie network (1). Choose the H. performance index
p=2.

It can be solved that inequality (8) is feasible for nonsym-
metric inner-linking matrix

700
r=|(120o (31)
000

040501-7
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and coupling strength € = 58. According to Theorem 1, clus-
ter synchronization can be realized in the two cases, and the
state trajectories of all nodes are shown in Fig. 2. Next, con-
sider the unbounded cluster-synchronized region with I =
[—1,—1,0.5]. Solve LMI (19) for feasible solutions

1.1316 —1.4999 —0.3723
P=|—-1.4999 9.9371 —-0.9018
—0.3723 —0.9018 0.7196

Then for the above matrix P, the network with

0.8249 0.8249 —0.4124
I' = [ 0.2054 0.2054 —0.1027 (32)
0.3367 0.3367 —0.1684

has an unbounded cluster-synchronized region (—eo, —20.4]
and the coupling strength € > 5,4, '~ 60.7324. The state
trajectories of each node with e = 61 are shown in Fig. 3.

1000
g 0
~1000

0 02 04 06 08 1.0 1.2 14
Time/s

0 0j2 O:4 0..6 0..8 l..O 1..2 1.4
Time/s

0.2 04 06 08 1.0 12 14
Time/s

Fig. 2. (color online) States trajectories of the Lurie network in Exam-

ple 1 with I" in Eq. (31).

200
] —
~200 —_—
0 0.1 0.2 0.3
Time/s
100
EE OW
~100 —_—
0 0.1 0.2 0.3
Time/s
500 T T T - . .
§ OW
—5005 0.1 0.2 0.3
Time/s

Fig. 3. (color online) States trajectories of the Lurie network in Exam-
ple 1 with I" in Eq. (32) and € = 61.

Example 2 Consider a network composed of six iden-
tical nodes with delays as shown in Fig. 4, and it is divided
into two clusters: 61 = {1,2}, and %, = {3,4,5,6}. Only the
nodes 2 and 4 are controlled. The uncoupled subsystem is de-
scribed by the following two-dimensional Lurie networks (1)
with the following parameters

-8 1 —0.4 1
A:{o —7.5}”‘”’:[ ~1 2]’

s=[ 5] o=[2]

C=[10], C.=[155],9(Cx;) = (]xin(t) + 1| — [xa1 () —
1)/2 (i=1,2,3,4,5) belonging to the slope [0, 1] and t(¢) =
1.2. Choose the H., performance index p = 2. It can be ver-
ified that LMI (24) with inner-linking matrix I" = I, and the
coupling strength € = 8 is feasible. According to Theorem 3,
cluster synchronization can be realized and the state trajecto-
ries of all nodes are shown in Fig. 5.

Fig. 4. (color online) The topology of a network in Example 2.

Time/s

—5
2

'3/104 3
ol 30

Fig. 5. (color online) States trajectories of the Lurie network in Example 2.

5. Conclusions

In this paper, we focus on the cluster synchronization
problem of complex dynamical networks with each node be-
ing a Lurie system with external disturbances and time-varying
delay. Under a local linear control strategy, sufficient condi-
tions for achieving cluster synchronization with desired H.
performance are considered for two cases: Lurie subsystem
with no delay and with time-varying delay. The notion of the
cluster-synchronized region and some conditions guaranteeing
the cluster-synchronized region are derived. It is noted that the
cluster synchronization in the Lurie dynamical networks can
be converted into solving a series of LMIs, and the dimension
of LMIs is the same as that of a single node dynamical system.
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