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Solution of Dirac equation around a charged rotating black hole*
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The aim of this paper is to solve the radial parts of a Dirac equation in Kerr–Newman (KN) geometry. The potential
is replaced by a collection of step functions, then the reflection and transmission coefficients as well as the solution of the
wave equation are obtained by using a quantum mechanical method. The result shows that the waves with different values
of mass will be scatted off very differently.
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1. Introduction
The study of black hole physics has aroused much inter-

est since the birth of black holes as the most striking predic-
tions of general relativity. Particularly, more and more peo-
ple have paid close attention to the quantum properties of
black holes since the discovery of Hawking radiation.[1] By
now, various methods and techniques have been used to study
the radiation or scattering of different particles from differ-
ent black hole spaces.[2–23] The scattering of Dirac particles
has also been studied by many authors[24–33] since a Dirac
equation governing massive spin-1/2 particles in Kerr geome-
try was separated by Chandrasekhar.[34,35] The behaviors of
Dirac particles around Schwarzschild and Kerr black holes
have been studied by many researchers[28–32] using a quantum
mechanical method. They obtained the reflection and trans-
mission coefficients as well as the solution of the incoming
Dirac wave in the whole range. The present work has the
advantage over the earlier work in which only the solutions
close to the horizon(s) were presented. Following the studies
in Refs. [28]–[32], we investigate the scattering of Dirac parti-
cles from Schwarzschild–de Sitter (SdS) space and Reissner–
Nordström–de Sitter (RNdS) space,[36,37] which has seldom
been studied in the aspect of the existence of the cosmological
constant. While the SdS space and RNdS space are all spheri-
cal symmetric, in order to further study the scattering of Dirac
particles from a general stationary black hole, we extend our
work to a Kerr–Newman (KN) black hole in this paper. The
KN black hole is in fact a charged, rotating black hole and it
has two horizons. The region of physical interest is outside the
outer horizon. We consider two cases, one is that the incoming
waves do not hit the potential barrier (i.e. σ2 > V+), and the
other is that the incoming waves hit the potential barrier (i.e.
σ2 <V+).

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the wave equation in KN space. In Sec-
tion 3, we use a quantum mechanical method to solve the wave
equation and the reflection and transmission coefficients. Then
we compare the solutions for several different parameters. The
conclusion is given in Section 4.

The sign (−+++) is adopted, and h̄, c, and G (Newton’s
gravitational constant) are all taken to be unity.

2. Wave equation
The line element of KN space time reads

ds2 = −
(

1− 2Mr−Q2

ρ2

)
dt2 +

ρ2

∆
dr2 +ρ

2 dθ
2

+

[
(r2 +a2)sin2

θ +
(2Mr−Q2)a2 sin4

θ

ρ2

]
dφ

2

− 2(2Mr−Q2)asin2
θ

ρ2 dt dφ , (1)

where ρ2 = r2 + a2 cos2 θ ; ∆ = r2 − 2Mr+ a2 +Q2, with M
being the mass of the black hole, Q the charge of the black
hole, and a = J/M; J is the angular momentum of the black
hole.

Following the Chandrasekhar work,[34,35] we separate the
Dirac equation in KN geometry into radial and angular equa-
tions. The equations governing the radial wave-functions
R±1/2 corresponding to spin ±1/2 are given, respectively, by

𝒟0R−1/2 = (λ + imr)R+1/2, (2a)

∆𝒟†
0R+1/2 = (λ − imr)R−1/2, (2b)

where the operators 𝒟n and 𝒟†
n are given by

𝒟n = ∂r +
iK
∆

+2n
r−M

∆
, (2c)

𝒟†
n = ∂r −

iK
∆

+2n
r−M

∆
, (2d)

*Project supported by the Special Funds of the National Natural Science Foundation of China (Grant No. 11247288) and the Young Scientists Fund of the
National Natural Science Foundation of China (Grant No. 11301350).

†Corresponding author. E-mail: yanlvthp88@aliyun.com
© 2014 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

040403-1

http://dx.doi.org/10.1088/1674-1056/23/4/040403
mailto:yanlvthp88@aliyun.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 23, No. 4 (2014) 040403

where K = (r2 +a2)σ +ama, n is an integer or half-integer, σ

is the frequency of the incident wave, m is the rest mass of the
Dirac particle, ma is the azimuthal quantum number, and λ is
the eigenvalue of the Dirac equation.

The equations governing the angular wave-functions
S±1/2 corresponding to spin ±1/2 are given, respectively, by

L1/2S+1/2 =−(λ −amcosθ)S−1/2, (3a)

L†
1/2S−1/2 = (λ +amcosθ)S+1/2, (3b)

where the operators Ln and L†
n are given by

Ln = ∂θ +ncotθ +q and L†
n = ∂θ +ncotθ −q, (3c)

with q = aσ sinθ +ma cscθ . (3d)

The charge Q is included in the horizon function ∆ , and it
only affects the radial part of the Dirac equation. The angu-
lar equation has the same form as that in Kerr geometry. The
eigenvalue λ satisfies the angular eigenvalue equation for the
spin-1/2 particles as[38][

L1/2L†
1/2 +

amsinθ

λ +amcosθ
L†

1/2

+(λ 2 −a2m2 cos2
θ)

]
S−1/2 = 0. (4)

When m = σ , the eigenvalues and the eigenfunctions become
exact, the detailed procedure to obtain eigenfunctions and
eigenvalues can be found in Ref. [38], so it is not described
here.

The radial equations (2a) and (2b) are in the coupled
form. In order to decouple them and obtain a pair of inde-
pendent one-dimensional (1D) wave equations, we define the
tortoise coordinate

r* = r+
2Mr++ama/σ −Q2

r+− r−
ln
(

r
r+

−1
)

− 2Mr−+ama/σ −Q2

r+− r−
ln
(

r
r−

−1
)
, (5)

where

r+ = M+
√

M2 −a2 −Q2,

r− = M−
√

M2 −a2 −Q2, (6)

and

d
dr*

=
∆

ω2
d
dr

, ω
2 = r2 +a2 +ama/σ . (7)

In the above equations, r± are the radii of the two horizons.
In terms of r*, the operators 𝒟0 and 𝒟†

0 take the forms

𝒟0 =
ω2

∆

(
d

dr*
+ iσ

)
, 𝒟†

0 =
ω2

∆

(
d

dr*
− iσ

)
. (8)

Choosing ∆ 1/2R+1/2 = P+1/2, R−1/2 = P−1/2, Eqs. (2a) and
(2b) become(

d
dr*

+ iσ
)

P−1/2 =
∆ 1/2

ω2 (λ + imr)P+1/2, (9a)

and (
d

dr*
− iσ

)
P+1/2 =

∆ 1/2

ω2 (λ − imr)P−1/2. (9b)

Define a new variable

θ = tan−1(mr/λ ), (10)

which yields cosθ = λ/
√

λ 2 +m2r2, sinθ = mr/
√

λ 2 +m2r2

and

(λ ± imr) = e±iθ
√

λ 2 +m2r2, (11)

then the radial equations will be given by(
d

dr*
+ iσ)P−1/2

=
∆ 1/2

ω2

√
(λ 2 +m2r2)P+1/2 exp[i tan−1(mr/λ )], (12a)(

d
dr*

− iσ
)

P+1/2

=
∆ 1/2

ω2

√
(λ 2 +m2r2)P−1/2 exp[−i tan−1(mr/λ )]. (12b)

Defining

P+1/2 = ψ+1/2 exp
[
− 1

2
i tan−1(mr/λ )

]
(13a)

and

P−1/2 = ψ−1/2 exp
[
+

1
2

i tan−1(mr/λ )

]
, (13b)

we obtain

dψ−1/2

dr*
+ iσ

(
1+

∆

ω2
λm
2σ

1
λ 2 +m2r2

)
ψ−1/2

=
∆ 1/2

ω2 (λ 2 +m2r2)1/2
ψ+1/2 (14a)

and

dψ+1/2

dr*
− iσ(1+

∆

ω2
λm
2σ

1
λ 2 +m2r2 )ψ+1/2

=
∆ 1/2

ω2 (λ 2 +m2r2)1/2
ψ−1/2. (14b)

Further choosing

r̂* = r*+
1

2σ
tan−1(mr/λ )

so that

d r̂* =
(

1+
∆

ω2
λm
2σ

1
λ 2 +m2r2

)
dr*,

the above equations become(
d

d r̂*
+ iσ

)
ψ−1/2 =Wψ+1/2, (15a)
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d

d r̂*
− iσ

)
ψ+1/2 =Wψ−1/2, (15b)

where

W =
∆ 1/2(λ 2 +m2r2)3/2

ω2(λ 2 +m2r2)+λm∆/2σ
. (16)

Now letting Z± = ψ+1/2 ± ψ−1/2, we can combine the
differential equations to give(

d
d r̂*

+W
)

Z− = iσZ+, (17a)(
d

d r̂*
−W

)
Z+ = iσZ−. (17b)

From these equations given above, we readily obtain a
pair of independent 1D wave equations(

d2

d r̂2
*
+σ

2
)

Z± =V±Z±, (18)

where

V± = W 2 ± dW
d r̂*

=
∆ 1/2(λ 2 +m2r2)3/2

[ω2(λ 2 +m2r2)+λm∆/2σ ]2
{

∆
1/2(λ 2 +m2r2)3/2

± [(r−M)(λ 2 +m2r2)+3m2r∆ ]
}

∓ ∆ 3/2(λ 2 +m2r2)5/2

[ω2(λ 2 +m2r2)+λm∆/2σ ]3

× [2r(λ 2 +m2r2)+2m2
ω

2r+λm(r−M)/σ ]. (19)

Equation (18) is nothing but the Schrödinger equation corre-
sponding to the total energy σ2 of the wave. By transforming
r into r̂*, the horizon is shifted from r = r+ to r̂* =−∞.

3. Solutions of the wave equation
In the following calculations, we choose the parameters in

such a way (see Refs. [28]–[30] for further details) that there
is a significant interaction between the particle and the black
hole, then the Compton wavelength of the incoming wave is of
the same order as the KN radius. Similarly, the frequency of
the incoming particle will be of the same order as the inverse
of time, i.e.,

m ∼ σ ∼
[

M+
√

(M2 −a2 −Q2)

]−1

.

For convenience, we choose M = 1 and Q = 0.6.

3.1. The case where waves do not hit the potential barrier

The variation of V+ (r̂*) with r̂* for m = σ = 0.8 and
a = 0.5 is shown in Fig. 1.
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Fig. 1. (color online) Behavior of V+(r̂*) for m = 0.8, σ = 0.8, and
a = 0.5. This is approximated by a collection of steps.

The energy σ2 is always higher than the height of the po-
tential barrier, and therefore the waves do not hit the barrier.
The potential has been replaced by a collection of step func-
tions. The step potential in Fig. 1 is only a diagram. In fact,
we use as many as 104 steps to accurately follow the shape of
the potential so that the steps become indistinguishable from
the actual potential function. The wave function on each step
is given by quantum mechanics as

Z+,n = An exp[iknr̂*,n]+Bn exp[−iknr̂*,n], (20)

where k is the wave number (k =
√

σ2 −V+) and kn is its value
at the n-th step. The following standard junction conditions are
included to ensure that the function is smooth:

Z+,n = Z+,n−1, (21)
dZ+

d r̂*

∣∣∣∣
n
=

dZ+

d r̂*

∣∣∣∣
n−1

. (22)

The local reflection and transmission coefficients at each step
have the forms

Rn =

∣∣∣∣Bn

An

∣∣∣∣2 =
∣∣∣∣∣∣∣∣
(

1− kn−1

kn

)
An−1 exp[ikn−1r̂*,n−1]+

(
1+

kn−1

kn

)
Bn−1 exp[−ikn−1r̂*,n−1](

1+
kn−1

kn

)
An−1 exp[ikn−1r̂*,n−1]+

(
1− kn−1

kn

)
Bn−1 exp[−ikn−1r̂*,n−1]

∣∣∣∣∣∣∣∣
2

, (23)

and

Tn = 1−Rn. (24)

Here, the no-reflection inner boundary condition has been

used: Rn → 0 at Vn → 0.
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Fig. 2. (color online) Variations of reflection and transmission coeffi-
cients of waves with r̂*. The parameters are σ = 0.8, m = 0.8 (solid
line), 0.79 (dotted line), and 0.78 (long-dashed line).
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Fig. 3. (color online) Variations of amplitudes of (a) Re(Z+) and (b)
Im(Z+) of waves with r̂* for σ = 0.8,m = 0.8 (solid line), 0.79 (dotted
line), and 0.78 (long-dashed line).

Figure 2 shows the instantaneous values of the reflec-
tion and transmission coefficients for parameters: σ = 0.8 and
m = 0.80 (solid curve), 0.79 (dotted curve), and 0.78 (long-
dashed curve). No matter what the value of the mass is, the
reflection coefficient goes up and the transmission coefficient
comes down with the increase of potential. As the particle
mass decreases, R comes down and T goes up. While the re-
flection coefficient (or the transmission coefficient) seems to
be independent of the mass of the particle when being close
to the horizon where the potential is close to zero. Figure 3
shows three solutions [(a) amplitudes of Re(Z+), (b) ampli-
tudes of Im(Z+)] for the same three parameters. It is obvious

that the wave with the value of mass being 0.8 is scattered most
strongly. As m comes down, the wavelength comes down and
the amplitude also comes down. While the wavelength and
the amplitude are all independent of the mass of the particle
when being close to the horizon: different particles have the
same wavelength and amplitude, and the waves are all almost
harmonic.

3.2. The case where waves do hit the potential barrier

The potential is shown in Fig. 4 for m = σ = 0.168,
a = 0.79. We replace the potential barrier by a series of step
functions again and use the same quantum-mechanical method
to solve the wave equation. Because the wave hits the poten-
tial barrier, inside the barrier we use the wave function in the
form of

Z+,n = An exp[−αnr̂*,n]+Bn exp[αnr̂*,n], (25)

where αn =
√

V+−σ2. Figure 5 shows the instantaneous val-
ues of the reflection coefficients for parameters: σ = 0.168
and m = 0.168 (solid curve), 0.166 (dotted curve), and 0.164
(long-dashed curve). R goes down as the particle mass de-
creases. When the particle is far away from the peak of the po-
tential, the reflection coefficient R tends toward zero because
the potential is so small that it can be ignored. The comparison
among waves with different parameters in this case is shown
in Fig. 6. The result turns out to be similar to that in Fig. 3.
The variations of the amplitudes for different particles are not
obvious because of the low potential barrier. In this case, the
energy σ2 is lower than the height of the potential barrier. Ac-
cording to classical mechanics, such a particle (σ2 <V+) can-
not cross the barrier, while the same particles can cross the
same barrier according to quantum mechanics. But inside the
potential barrier, the wave will decay. So one can find that all
the waves in Fig. 6 decay rapidly at r̂* → 0, which is the loca-
tion of the potential barrier. This result is also identical to that
in Ref. [30].
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Fig. 4. (color online) Behavior of V+(r̂*) for m = 0.168, σ = 0.168,
and a = 0.79. This is approximated by a collection of steps.
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Fig. 5. (color online) Variations of reflection coefficients of waves with
r̂*. The parameters are σ = 0.168, m = 0.168 (solid line), 0.166 (dotted
line), and 0.164 (long-dashed line).
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Fig. 6. (color online) Variations of amplitudes of (a) Re(Z+) and (b)
Im(Z+) of waves with r̂* for σ = 0.168, m = 0.168 (solid line), 0.166
(dotted line), and 0.164 (long-dashed line).

4. Conclusion
In this paper, we studied the scattering of massive, spin-

half particles from a KN black hole, particularly the nature of
the radial wave functions and the reflection and transmission
coefficients. We used the step-potential method of quantum
mechanics to obtain the spatial dependences of the reflection
and transmission coefficients and the wave functions. Reflec-
tion and transmission coefficients are defined at a single point,
they can be called “instantaneous” reflection and transmission
coefficients. In any case, the waves scattered off are distinctly
different: waves with a smaller mass are scattered off with a

shorter wavelength. Therefore, a black hole can act as a mass
spectrograph. A mixture of waves should be split into its com-
ponents by the black hole. Unlike in the case of a Kerr black
hole,[30] the wavelength is longer and the amplitude is smaller
than those in Kerr geometry when the particle hits the poten-
tial.

There is another problem that needs to be explained. In
the above discussion, we have considered the scattering of in-
cident particles. If we consider the outgoing particles gen-
erated near the event horizon of the black hole according to
Hawking radiation, the average number of particles at infinity
should be the product of the Hawking radiation spectrum and
the barrier penetration coefficient.
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