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Analysis of dynamical properties for the two-site
Bose Hubbard model with an algebraic method∗
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In this work, we propose an algebraic recursion method to study the dynamical evolution of the two-site Bose–
Hubbard model. We analyze its properties from the viewpoints of single partite purity, energy, and trace distance, in which
the model is considered as a typical bipartite system. The analytical expressions for the quantities are derived. We show
that the purity can well reflect the transition between different regimes for the system. In addition, we demonstrate that
the transition from the delocalization regime to the self-trapping regime with the ratio η increasing not only happens for
an initially local state but also for any initial states. Furthermore, we confirm that the dynamics of the system presents a
periodicity for η = 0 and the period is tc = π/2J when the initial state is symmetric.
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1. Introduction

As an important and useful example to describe many-
body quantum systems, the Bose–Hubbard (BH) model has
received a great deal of attention in recent years. Many in-
teresting properties and applications of the BH model, such
as quantum phase transition,[1–3] entanglement generation,[4]

tunneling dynamics,[5–7] etc., are investigated.[8–15] Due to the
fact that the model can be realized in experiment through con-
fining ultracold bosonic atoms in an optical lattice, thus opens
up a possibility to directly observe and control the evolution
of a quantum system in some special conditions.[16–20]

One of the most important properties for the BH model is
the quantum phase transition. In Ref. [1], the authors demon-
strated that at a low temperature limit (zero temperature), a
phase transition arose from a superfluid phase to a Mott insu-
lator via increasing the ratio η = NU/J (U is the amplitude of
the on-site interaction and J is the tunneling matrix element)
for the ground state of the BH model. Then, Greiner et al. ob-
served the quantum phase transition behavior[21] by borrow-
ing the idea of confining ultracold dilute gas of bosonic atoms
in an optical lattice. During this period, other properties for
the BH model were also explored and studied.[22–27] Recently,
Underwood et al. presented a scheme for universal quantum
computation based on spinless interacting bosonic quantum
walkers using a two-dimensional BH model,[28] therefore, a
new practical application of the BH model arose in quantum
information and quantum computation.

In previous studies, two lines of research can be pursued:
one is devoted to studying the stationary properties for the BH

model; the other one is focused on the dynamical evolution of
the model, in which many theoretical approaches have been
proposed and adopted, such as the mean-field theory,[29] the
density-matrix renormalization group method,[30,31] the exact
diagonalization Hamiltonian method,[32,33] and the process-
chain approach.[34] In this paper, we will propose an alter-
native method to investigate the dynamical evolution of the
standard two-site BH model. Our method is much more clear
and explicit to understand the evolutional mechanism of the
system. Four physical quantities, the probability distribution,
purity, energy, and trace distance are used to describe the dy-
namical properties of the model. The analytical expressions of
the quantities are derived based on the new algebraic method.
From the analytical expressions, we note that the influence of
the intrasystem parameters on the previous quantities is ob-
vious. So we investigate the dynamics of the quantities with
the case of η = NU/J ranges from zero to a large value. Our
investigations show that the dynamical quantities exhibit rich
and complicated behaviors. From the behaviors we reprove
that as the ratio η increases, the distribution of the particles
in the two modes demonstrates a transition from a Josephson-
like oscillation to a self-trapping one. In previous works that
studied the dynamics of the two-site BH model, they all con-
sidered an initially local state. But here we demonstrate that
the transition is not dependent on the initial state. This is one
of emphasises in this paper. In addition, for the limit case
of η = 0 (i.e., we ignore the interaction between the bosons),
we find that the dynamics of the system also show a period-
icity but the period is tc = π/2J based on a symmetric initial
state and it is not dependent on the total number of particles.
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Moreover, we discuss the energy transfer and information flow
between two subsystems by investigating the energy and trace
distance.

The paper is constructed as follows: in Section 2, we re-
view the two-site BH model and present the algebraic theo-
retical framework employed in this paper. The definitions of
the purity, energy, and trace distance are also given in this sec-
tion. In Section 3, we present some interesting results for the
dynamical quantities; all works are finished based on two sym-
metirc initial states. We end with a conclusion in Section 4.

2. The theoretical framework
The Hamiltonian of the standard two-site Bose–Hubbard

model is written as follows:[35]

Ĥ =−h̄J(â†
1â2 + â†

2â1)+
h̄U
2

[n̂1(n̂1−1)+ n̂2(n̂2−1)], (1)

where âk and â†
k (k = 1,2) are bosonic annihilation and cre-

ation operators for the two modes and they satisfy [âk, â
†
l ] =

δkl . n̂k = â†
k âk is the particle number operator for the k-th

mode. U is the boson–boson interaction amplitude within each
mode, U > 0 and U < 0 correspond to repulsive and attrac-
tive interactions, respectively. J is the coupling strength be-
tween the two modes (or the tunneling strength between the
two wells), its value equals half of the energy gap between the
first excited state and the ground state of a single boson. For
the sake of simplicity, we assume J > 0 and h̄ = 1 throughout
this work.

For the bipartite system (every mode is considered as a
subsystem), we assume that the total number of particles N is
conserved, then the quantum state for the system can be ex-
pressed in a Hilbert space H = H1⊗H2, which is expanded
with a set of Fock basis: |0,N〉, |1,N−1〉, |2,N−2〉, . . . , |N,0〉.
Obviously, the dimension of the Hilbert space is N+1. For an
arbitrary initial state, the wave function for the whole system
at time t can be written in this space as

|ψ(t)〉= e−iĤt |ψ(0)〉=
N

∑
m=0

Cm(t)|m,N−m〉, (2)

where Cm(t) is a complex coefficient. Through calculation and
after some algebras, Cm(t) can be written in a summation form
as follows:

Cm(t) =
∞

∑
k=0

Mm,N−m
k , (3)

where the recursion formula Mm,N−m
k is given by

Mm,N−m
k = − it

k

(
V1Mm,N−m

k−1 +V2Mm+1,N−m−1
k−1

+V3Mm−1,N−m+1
k−1

)
, (4)

and

V1 =
U
2
[m(m−1)+(N−m)(N−m−1)],

V2 = −J
√

(m+1)(N−m),

V3 = −J
√

m(N−m+1). (5)

The “starting condition” Mm,N−m
0 of the recursion formula

Mm,N−m
k is determined by the choice of the initial state.

Then the density matrix for the system can be obtained by

ρ(t) = |ψ(t)〉〈ψ(t)|

=
N

∑
m=0

N

∑
m′=0

Cm(t)C∗m′(t)|m,N−m〉〈m′,N−m′|. (6)

Correspondingly, the reduced density matrix for subsystem 1,
tracing out subsystem 2, can be expressed as

ρ1(t) = Tr2ρ(t) =
N

∑
κ=0
〈κ|ρ(t)|κ〉

=
N

∑
m=0

N

∑
m′=0

Cm(t)C∗m′(t)|m〉〈m
′|δN−m,N−m′

=
N

∑
m=0
|Cm(t)|2|m〉〈m|, (7)

where m and κ are possible numbers of particles in modes 1
and 2, respectively. It is distinct that the reduced density ma-
trix ρ1(t) is diagonal in the subspace {|m〉,m = 0,1, . . . ,N},
and |Cm(t)|2 is the existing probability of the state |m,N−m〉
at time t.

In order to better understand the recursive process for the
system, in Fig. 1, we take into account the initial state |n1,n2〉
as an example. The evolutional mechanism of the initial state
is illustrated. The effect of the intrasystem parameters U and
J on the evolution of the system is apparent. The U is try-
ing to keep the existence of the source state, while J plays a
divergence role for the source state. Based on the previous
analytical derivation and physical interpretation, in the next
section, we will successively investigate the dynamical prop-
erties of the probability distribution, purity, energy, and trace
distance of the system. The probability distribution |Cm(t)|2

is very easy to be understood and obtained. The definitions of
the other three quantities are as follows:

(i) In order to present the mixedness of the subsystem for
the model, the purity is employed. It is defined as

P = Tr{ρ2
1 (t)}, (8)

where ρ1(t) is the reduced density matrix for subsystem 1. For
a d-dimensional system, purity ranges from 1/d for a com-
pletely mixed state to 1 for a pure state.

(ii) For a composite system, the energy of a single sub-
system, as the expectation value of Hamiltonian H1, is a good
indicator of the energy transfer between subsystems. It can be
obtained by

E1 = Tr{ρ(t)H1}, (9)
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where H1 is the Hamiltonian of subsystem 1. ρ(t) is the den-
sity matrix for the composite system.

(iii) The trace distance, one of the most employed quan-
tifiers for distinguishability of quantum states, is defined
as:[36,37]

D{ρ(1)
1 (t),ρ(2)

1 (t)}= 1
2

Tr|ρ(1)
1 (t)−ρ

(2)
1 (t)|, (10)

where the modulus of an operator A is defined by |A|=
√

A†A.
ρ
(1)
1 (t) and ρ

(2)
1 (t) are two quantum states for subsystem 1.

n↪n>

n↪n>

n↪n>
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Fig. 1. (color online) Schematic illustration of the evolutional mecha-
nism of the initial state |n1,n2〉.

The three quantities are all good measures to represent
the correlation between subsystems in a composite system and
they are employed from different physical backgrounds. So, in
the following, we investigate the dynamical properties for the
two-site BH system via studying the above physical quantities.
Some interesting results will be presented.

3. Results and discussion
In this work, we consider two initial states, that is, Fock

state |ψ1(0)〉 and NOON state |ψ2(0)〉

|ψ1(0)〉 =
∣∣∣N

2
,

N
2

〉
, (11)

|ψ2(0)〉 =
1√
2
(|0,N〉+ |N,0〉). (12)

The choice of the two initial states is motivated by the fol-
lowing facts: first, both of them are symmetric, and contrast
with the asymmetric local state |0,N〉 (or |N,0〉), which is of-
ten used as an initial state in studying the dynamics of the BH
model; second, they have the same total number of particles,
but the former one is a product state and the later is a typical
entangled state. Last, they all can be prepared in experiment
through adjusting the ratio η and this has significant applica-
tions in quantum information and quantum computation, such
as in quantum metrology and quantum sensing.

The “starting condition” for the initial Fock state is

MN/2,N/2
0 = 1, Mm,N−m

0 = 0, (m 6= N/2), (13)

and for the initial NOON state it is

M0,N
0 = MN,0

0 =
1√
2
, Mm,N−m

0 = 0, (m 6= 0,N). (14)

In the following we focus on the effect of ratio η = NU/J on
the dynamical properties of the system.

3.1. Dynamics of the probability distribution

We first investigate the dynamics of the probability dis-
tribution for the system. From the previous analytical expres-
sions, we can see that the time-dependent quantum states of
the system for two initial states have the same forms of Eqs. (2)
and (6). But the values of |Cm(t)|2 are different for the two
cases.

In Fig. 2, we plot the probability distribution as a function
of time t for several values of η with the total number of par-
ticles N = 40. The left column corresponds to the initial Fock
state of Eq. (11) and the right column is for the initial NOON
state of Eq. (12). In panels (a1) and (b1), we first consider the
limit case of η = 0. This means that we ignore the interactions
between bosons. Interestingly, no matter for the case of initial
state (11) or (12), the dynamics of the probability distribution
all demonstrate periodicity (although here we do not post a
much longer time evolution). The periodic behavior is con-
sistent with the results of previous works that the initial state
is based on an asymmetric state |0,N〉. Actually, this period-
icity can be considered as an optical analogy of the bosonic
Josephson oscillation in the non-interacting regime. In addi-
tion, focusing on panel (a1) only, we can note that during the
evolution, a crossover from the Fock state to a coherent-like
state occurs, and various cases of the probability distribution
emerge. The coherence and the superposition among different
bases are important in quantum information processing.

From other panels for the cases of η 6= 0, i.e. the interac-
tion between bosons is considered, we can see that the dynam-
ical evolution of the probability distribution becomes compli-
cated. But an important conclusion can also be obtained. It
is shown that, from panel (a1) to panel (a3) on the left col-
umn, as η increases, the probability distribution concentrates
to the intermediate value of m and the width of the peak of
|Cm(t)|2 becomes narrow. This indicates that the probabilities
for the adjacent states of |N/2,N/2〉 become large while the
local states, such as |0,N〉, |N,0〉, |1,N − 1〉, and |N − 1,1〉,
disappear gradually. The hardening of the localization corre-
sponds to a reduction of the coherence for the system. And
if the value of η increases continually, the state of the system
approaches to the initial Fock state. The same situation can
also be obtained from panel (b1) to panel (b3), where when the
value of η becomes very large, the quantum state of the system
closes to the initial state infinitely. Then the system enters into
the self-trapping regime. This phenomenon can be explained
from the nature of η . Because the large η implies that the
interaction strength U between bosons is relatively stronger
than the coupling strength J between two modes. So the cou-
pling strength is not strong enough to break the interaction be-
tween bosons. It is difficult for the boson to transfer from one
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Fig. 2. (color online) The probability distribution |Cm(t)|2 as a function of time t (m = 0→ N). The parameter of η = NU/J = 0 (a1), 20 (a2), 40 (a3),
0 (b1), 4 (b2), 8 (b3). Panels (a1)–(a3) and (b1)–(b3) correspond to initial states |ψ1(0)〉 and |ψ2(0)〉, respectively. Other parameters are J = 1, N = 40.

mode to the other. Thus, the system presents the self-trapping
regime. Actually, although we focus on the evolution mecha-
nism for a large number of bosons (i.e., the collective behavior
of all bosons), the real reason causing this collective behavior
is the single boson tunnelling mechanism. For the case that
there is only one or two bosons in the two modes, the tun-
nelling mechanism is very clear and the corresponding results
have been proved in experiment. For a single boson, the two
possible states |1,0〉 and |0,1〉 are coupled by the tunnel ma-
trix element J. For the case of two bosons, the states |2,0〉 and
|0,2〉 both directly couple to the state |1,1〉 via the tunnelling
term. For weak interactions (η is very small), the two bosons
can transfer between two modes freely. With η increasing, the
two bosons cannot transfer between two modes independently,
the correlated tunnelling process emerges. With a further in-
crease of η , i.e., for strong interactions U � J, the energy
difference between the states |2,0〉 and |1,1〉 is much larger
than the coupling, resulting in a strong detuning and therefore
in suppressed transitions between these states. The weak self-

trapping phenomenon occurs. This rule is consistent with the
case of many bosons.

Through calculations we also find that the probability dis-
tribution shows symmetry for +η and−η , this reflects that the
repulsive and attractive interactions between bosons have the
same effect on the evolution of the BH system. It should be
mentioned that although Fig. 2 refers to a particular value of
the total number of particles N = 40, our results are checked
for different values of N, and the same characteristics for the
dynamics of the probability distribution are observed.

3.2. Dynamics of purity and energy

In the previous subsection, we have studied the dynamics
of the probability distribution. This characterises the proper-
ties of the whole system. In order to investigate the properties
of the subsystem and the correlation between the subsystems,
the purity and the energy are employed. According to the def-
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initions, they are readily calculated as follows:

P(t) = Tr{ρ2
1 (t)}=

N

∑
m=0
|Cm(t)|2 · |Cm(t)|2, (15)

and

E(t) = Tr{ρ(t)H1}=
N

∑
m=0
|Cm(t)|2

U
2

m(m−1). (16)

As shown in Eqs. (15) and (16), the dynamical quantities
P(t) and E(t) depend strongly on the probability distribution
|Cm(t)|2. We first focus on the properties of purity. The be-
haviors of purity as a function of time t for different values of
η for two initial states are shown in Fig. 3, where panels (a)
and (b) are also for the cases of the initial states (11) and (12),
respectively. From the first row of the figure, we can see that,
for the limit case of η = 0, the evolutions of purity for two
initial states all demonstrate periodic behaviors and the period
agrees with the result of the probability distribution. Clearly,
through calculation we find that the period is involved with
the coupling strength J, it is tc = π/2J. Compared with the
result tRabi = π/J of Ref. [38], this can be approved because
here we choose a symmetric initial state while in Ref. [38] they
considered an asymmetric initial state. Moreover, the case for
the value of the purity which equals 1 appears in the top-left
panel for the Fock state. According to the definition of the
linear entropy Sl(t) = 1−Tr[ρ2

1 (t)], which is used to describe
the entanglement between two subsystems, this illustrates that
entanglement sudden death (ESD) occurs within this special
condition. In addition, for the two kinds of initial states, when
the value of η is relatively small, the amplitude of the purity
is oscillational decay with time evolution. But as η increases,
especially when the value of η ≥ 1, the oscillational behavior
of the purity almost disappears. The purity is always kept in
a low level and approaches to a steady value with time evolu-
tion. This not only means that the mixedness of the subsystem
is large but also means that the entanglement between two sub-
systems is strong. For this case, the near-stability of the purity
also reflects the phenomenon that when the value of η is very
large, the system will enter into the self-trapping regime. In
addition, from the results of purity, the Josephson oscillation
regime for the system is apparent when the value of η is very
small not only for the Fock state but also for the NOON state.
According to the dynamics of the purity, we also obtain the
dynamical properties of entanglement between the two sub-
systems. Furthermore, it is worth noting that all the results
of the purity are also symmetric about η = 0 (the case of +η

is equal to the one of −η). Studying the dynamical behavior
of the purity for composite quantum systems is meaningful,
because any quantum system cannot be completely isolated,
they always interact with their environments more or less. The
changing of the purity for one quantum (sub)system is a good

reflection of the information flow between the (sub)system and
its environment.
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Fig. 3. (color online) The purity P(t) as a function of time t for the ini-
tial states |ψ1(0)〉 (a) and |ψ2(0)〉 (b). The values of the ratio η =NU/J
from the top to the bottom are 0,0.4,0.8,1,5. Other parameters J = 1
and N = 10.

Another notable physical quantity is the energy. The rela-
tionship between the energy transfer and the entanglement de-
coherence in a composite system has been studied in Ref. [39].
In Fig. 4, we present the behaviors of the energy E(t)/U for
subsystem 1 according to Eq. (16) with various sets of param-
eters (here, in order to study the properties of E(t) under a uni-
fied standard, we calculate E(t)/U). All the values of param-
eters are given in the caption. Panels (a) and (b) correspond
to the cases of the initial Fock state and the NOON state, re-
spectively. In the first row, we also consider the limit case of
η = 0. It is apparent that the evolution of the energy is peri-
odic, but the period is not consistent with the ones of the purity
and the probability distribution. We have mentioned that the
employed quantities all have a strong dependence on |Cm(t)|2,
so why does the situation of the different period emerge? From
the analytical expression of E(t), the answer can be found that
the energy of the ground state and the first excited state of sub-
system 1 is not included indeed. In addition, when the value of
η is small, such as η < 1, the dynamics of the energy is oscil-
lationally damping with time evolution, which adopts a similar
behavior to the purity, except for having a different frequency.
However, with η increasing continually, especially for the case
of η ≥ 5, the behavior of the energy E(t) becomes compli-
cated. This reflects that the energy transfer between two sub-
systems is becoming irregular. Then, a furthermore physical
interpretation is that the interaction U between bosons plays a
more important role than the coupling strength J between two
modes in the evolution of the system. This leads to a chaotic
evolution behavior for the system. Although we investigate the
dynamics of the energy for subsystem 1 with various cases,
but contrasted with the dynamics of the probability distribu-
tion and the purity, we recognize that the ability of the energy
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to describe the dynamical properties for the system is poorer
than the other two quantities. One reason is we have pointed
out from the expression of Eq. (16) that we actually ignore the
energy of the ground state and the first excited state for the
subsystem. The other reason is we can see that although the
energy has the same order as the probability distribution, the
number of particles of subsystem 1 will have a correction to
the energy. Finally, it should be emphasized that the complete
energy dissipation does not occur in this model. This is an ob-
vious and essential difference with the open quantum systems.

5
10
15
20

10

20

30

5
10
15

10

20

5
10
15

E
n
e
rg

y
 E
↼t
↽/
U

10

20

5
10
15

10

20

0 1 2 3 4 5
5

10
15

Time  t
0 1 2 3 4 5

10

20

Time  t

(a) (b)

Fig. 4. (color online) The energy E(t)/U as a function of time t for
the initial states |ψ1(0)〉 (a) and |ψ2(0)〉 (b). The values of the ratio
η = NU/J from the top to the bottom are 0,0.4,0.8,1,5. Other param-
eters J = 1 and N = 10.

3.3. Dynamics of the trace distance

Trace distance is one of the most employed quantifiers to
describe the distinguishability of quantum states. A change
of the trace distance between two quantum states for a sys-
tem indicates an information flow between the system and its
environment. In this work, we regard subsystem 1 as the tar-
get system and subsystem 2 as the environment. We study the
dynamics of the trace distance between two quantum states
corresponding to the initial Fock state and the NOON state
for subsystem 1. The trace distance as a function of time t
is plotted in Fig. 5 with various cases of η . As shown in the
figure, the trace distance demonstrates a periodic evolution for
η = 0 (blue line). But, as η increases, the behavior of the
trace distance becomes intricate and it starts oscillating with
time evolution. When η takes a larger value, the trace distance
is almost unchanged, as exhibited for the case of η = 20. In
addition, we note that for all cases of η , the trace distance al-
ways decreased at the early time of evolution and the rate of
the decrease becomes slower with η increasing. This means
that the distinguishability for the two time-dependent quantum
states becomes smaller than both the initial states. A more in-
tuitional description is that the distance between the two quan-
tum states in a Bloch sphere becomes closer with evolution.

Actually, it is not difficult to understand why when η takes a
larger value, the trace distance is almost a constant. In the pre-
vious discussion, we demonstrated that when the value of η

is large, such as η ≥ 5, no matter for the cases of initial Fock
state or NOON state, the time-dependent quantum states are
almost “frozen” in their initial states. So, in this case, the dis-
tinguishability between two time-dependent quantum states is
almost unchanged.
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other parameters are J = 1, N = 10.

4. Conclusion
In this paper, we analytically investigated the dynami-

cal properties for the standard two-site Bose–Hubbard (BH)
model based on an algebraic recursion method. This method
describes the dynamical evolution of the two-site Bose–
Hubbard system clearly and explicitly. The probability dis-
tribution, purity, energy, and trace distance are employed to
describe the dynamical properties for the system. All these
studies are finished based on two symmetric initial states: the
Fock state and the NOON state.

From the analytical expressions of all quantities, we show
that the purity, energy, and trace distance all depend strongly
on the probability distribution of the quantum state. The ra-
tio η = NU/J has a significant impact on the dynamics of the
quantities. According to the behavior of the probability distri-
bution, we find the regime transition of the BH system from
the Josephson oscillation to the self-trapping as η increases
from zero to a large value. We demonstrated that the emer-
gency of the regime transition is not only based on an initially
local state |0,N〉 but is also based on an arbitrary initial state,
such as a product state and a entangled state. Through in-
vestigating the behaviors of purity and energy, we discussed
the correlation between the two subsystems. When the value
of η is relatively small, the behaviors of the purity and en-
ergy are oscillationally damping with time evolution. This re-
flects that the information flow between the two subsystems
is regular and often. But with the value of η increases, the
quantities show rich and complex behaviors. And, when η

040305-6



Chin. Phys. B Vol. 23, No. 4 (2014) 040305

increases up to a certain value, the time-dependent quantum
state of the system seems to be suppressed. In this situation,
the tunneling effect between two modes is restricted and the
self-trapping phenomenon for the system occurs. In addition,
we discussed the distinguishability of the two quantum states
corresponding to both the initial states by studying the dynam-
ics of the trace distance. Moreover, the limit case of η = 0 is
considered as an emphasis, the probability distribution and the
purity all demonstrate periodic behaviors for both symmetric
initial states and the period is tc = π/2J. The entanglement
sudden death is also found under the special case. In the end,
we should emphasize again, that first, the evolution mecha-
nism for the two-site BH system, which is described by our
proposed algebraic recursion method, is based on an arbitrary
initial state. Secondly, the rule of the regime transition for
the BH system with the parameter η increasing is valid for all
initial states, although we only consider two symmetric initial
states in this work, this has been proved by our calculation.
And lastly, for the special case of η = 0, the dynamics of the
system demonstrates periodicity for any initial states, and for
an asymmetric initial state, the period is tc = π/J, while for a
symmetric state, the period is tc = π/2J.

Actually, the increasing of η means that the on-site in-
teraction between bosons becomes strong and the coupling
between two modes becomes weak. The regime transition
from the Josephson oscillation to the self-trapping with η in-
creases is a gradual process. From all results for the investi-
gated quantities in previous ones, we recognize that for the
non-interacting regime η = 0, the dynamical properties for
the system demonstrate meaningful characteristics. However,
this requires a very low experimental temperature and an ex-
tremely diluted atomic gas sample to be achieved in experi-
ment.
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[29] Oktel M Ö, Niţă M and Tanatar B 2007 Phys. Rev. B 75 045133
[30] Ejima S, Fehske H and Gebhard F 2011 Europhys. Lett. 93 30002
[31] Rossini D and Fazio R 2012 New J. Phys. 14 065012
[32] Zhang J M and Dong R X 2010 Eur. J. Phys. 31 591
[33] Wang L, Hao Y and Chen S 2008 Eur. Phys. J. D 48 229
[34] Teichmann N, Hinrichs D and Holthaus M 2009 Phys. Rev. B 79

224515
[35] Mazzarella G, Moratti M, Salasnich L and Toigo F 2010 J. Phys. B: At.

Mol. Opt. Phys. 43 065303
[36] Breuer H P, Laine E M and Piilo J 2009 Phys. Rev. Lett. 103 210401
[37] Laine E M, Piilo J and Breuer H P 2010 Phys. Rev. A 81 062115
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