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Nonlocal non-Markovian effects in dephasing environments∗
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We study the nonlocal non-Markovian effects through local interactions between two subsystems and the correspond-
ing two environments. It has been found that the initial correlations between two environments can turn a Markovian to a
non-Markovian regime with extra control on the local interaction time. We further research the nonlocal non-Markovian
effects from two situations: without extra control, the nonlocal non-Markovian effects only appear under the condition that
two local dynamics are non-Markovian–non-Markovian (both of the two local dynamics are non-Markovian) or Markovian–
non-Markovian, but not under the condition of Markovian–Markovian; with extra control, the nonlocal non-Markovian
effects can occur under the condition of Markovian–Markovian. It shows that the function of correlations between two
environments has an upper bound, which makes a flow of information from the environment back to the global system
beginning finitely earlier than that back to one of the two local systems, not infinitely. Then, we proposed two special ways
to distribute classical correlations between two environments without initial correlations. Finally, from numerical solutions
in the spin star configuration, we found that the self-correlation (internal correlation) of each environment promotes the
nonlocal non-Markovian effects.
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1. Introduction
A realistic physical system inevitably interacts with the

surrounding environment, leading to lose information from
the system to the environment. If the environment can feed
back the information to the system in the finite time, it sig-
nifies that the non-Markovian effects appear due to the envi-
ronmental memory. And if the environment only feeds back
the information in the infinite time, it means that the whole
dynamics is Markovian. The dynamical process of Marko-
vianity can also be treated as a limiting approximation of non-
Markovianity.[1,2]

It is highly interesting to explore the non-Markovian ef-
fects, because there are many systems suffering from the
strong back-action from the environment.[3–11] Hence, the
non-Markovianity plays an important role in many respects.
Up to now, there have been a lot of studies about this.
Non-Markovianity can assist the formation of steady state
entanglement;[12] non-Markovian coherent feedback control
can also suppress the decoherence;[13] and non-Markovian ef-
fects are considered in a new theory of polymer reaction ki-
netics so that the dynamics of polymers can be controlled.[14]

The direct observation of non-Markovian radiation dynamics
has been completed in three-dimensional (3D) bulk photonic
crystals;[15] and the observation of non-Markovian dynamics
of a single quantum dot has also been completed in a micropil-
lar cavity.[16]

It is worth noting that the authors in Ref. [17] found a new

resource for quantum memory effects by the nonlocal non-
Markovianity, where they utilized the correlations between
two environments and controled the local interaction time to
turn a Markovian to a non-Markovian regime. It will become
more and more interesting in further research about the nonlo-
cal non-Markovian effects, such as how to enhance and control
the nonlocal non-Markovian effects.

In this article, we shall first discuss the nonlocal
non-Markovian effects when the local dynamics are non-
Markovian–non-Markovian, Markovian–non-Markovian, and
Markovian–Markovian. Then, we find that without extra con-
trol, the nonlocal non-Markovian effects cannot appear under
the condition of Markovian–Markovian. Besides taking con-
trol on the interaction time in Ref. [17], we find that reduc-
ing the strength of the interaction also turns a Markovian to a
non-Markovian regime. Surprisingly, increasing the strength
of the interaction can also do it. In both of the two examples
given in Ref. [17] they considered that the initial correlations
of two environments are nonlocal (having quantum correla-
tions). We find that the classical correlations can perform very
well without the quantum correlations. In many real situa-
tions, the classical correlations between two environments are
easier to be formed as compared to the quantum correlations.
And we advise two special ways to form the classical correla-
tions, leading to the nonlocal non-Markovian effects. Finally,
we investigate the non-Markovian effects in the spin star con-
figuration under two different situations: with and without the
self-correlation of each environment. We get the numerical so-
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lution and obtain that the self-correlation of each environment
can promote the nonlocal non-Markovian effects.

2. Theoretical model
We consider that the initial state of two subsystems is a

pure state given by

|Ψ 12
S (0)〉= a|00〉+b|01〉+ c|10〉+d|11〉. (1)

Under the local interactions with environments 1 and 2, a de-
phasing map for two qubits of general form[17] is

|a|2 ab∗κ2(t) ac∗κ1(t) ad∗κ12(t)
ba∗κ∗2 (t) |b|2 bc∗Λ12(t) bd∗κ1(t)
ca∗κ∗1 (t) cb∗Λ ∗12(t) |c|2 cd∗κ2(t)
da∗κ∗12(t) db∗κ∗1 (t) dc∗κ∗2 (t) |d|2

 ,

where the initial value κi(0) = 1 for i = 1, 2, and 12; Λ12(0) =
1.

The dephasing process of local systems ρ1
S (t) and ρ2

S (t)
are fully determined by the functions |κ1(t)| and |κ2(t)|. Be-
sides |κ1(t)| and |κ2(t)|, the dephasing process of global sys-
tem ρ1

S (t) also depends on the functions |κ12(t)| and |Λ ∗12(t)|.
It is possible that the functions |κ1(t)| and |κ2(t)| decrease,
meanwhile, the function |κ12(t)| or |Λ ∗12(t)| increases. In
another words, it is possible that the local systems lose in-
formation by the local dephasing, but at the same time, the
global system increases the information by the nonlocal non-
Markovianity. The measure for the non-Markovianity of the
dephasing process Φ(t)[2] can be given by

N (Φ) = maxρ1,2(0)

∫
σ>0

dtσ(t,ρ1,2(0)), (2)

where ρ1 and ρ2 represent two different states of the same sys-
tem,

σ(t,ρ1,2(0) =
d
dt

D(ρ1,ρ2),

and the trace distance

D(ρ1,ρ2) =
1
2

tr
√
(ρ1(t)−ρ2(t))†(ρ1−ρ2).

The function σ(t,ρ1,2(0) > 0 represents that the information
flows back to the system from the environment. Namely, the
dynamics is non-Markovian.

For a two-level system, such as the local system 1, if the
state of the system recovers coherence at a finite time t, i.e.,

d
dt
|κ1(t)|> 0,

the local dynamics is non-Markovian; otherwise, the local dy-
namics is Markovian. This can be proved as follows. Choose
two arbitrary initial states(

a1 b∗1
b1 d1

)
and

(
a2 b∗2
b2 d2

)
.

After the dephasing process, the two states are given by(
a1 b∗1γ(t)

b1γ∗(t) d1

)
and

(
a2 b∗2γ(t)

b2γ∗(t) d2

)
.

Then, we obtain the function

σ(t,ρ1,2(0)) =

d
dt
|γ(t)|√

|b1−b2|2|γ(t)|2 +(a1−a2 +d2−d1)2/4
.

So σ(t,ρ1,2(0))> 0 is equivalent to

d
dt
|γ(t)|> 0.

For a many-level system (global system), as long as the
function

d
dt
|κ12(t)|> 0

or

d
dt
|Λ12(t)|> 0

at a finite time, the information of some systems must be-
gin to increase, signifying that the global dynamics is non-
Markovian, and vice versa. In other words, in the dephasing
environment, whether the global dynamics is non-Markovian

depends on
d
dt
|κ12(t)| > 0 and

d
dt
|Λ12(t)| > 0 (global sys-

tem) at finite time t, besides
d
dt
|κ1(t)| > 0 (local system 1)

and
d
dt
|κ2(t)|> 0 (local system 2).

3. Three dynamic processes
We consider that the environments have continuous en-

ergy levels w and the corresponding eigenstate |w〉 (h̄ = 1
throughout this article). The initial state of environment i is
generally given by

ρ
i
E(0) = Zi

0

{∫
∞

0
dwexp[−(w−wi

0)
2]|w+ ci〉〈w+ ci|

+
∫ 0

−∞

dwexp[−(w+wi
0)

2)]|w+ ci〉〈w+ ci|
}
, (3)

where for i = 1 and 2 (using this notation in the following
sections), the energy level wi

0 ≥ 0 and Zi
0 is the normalization

coefficient. The energy level wi
0 and ci can influence whether

the local dynamics is non-Markovian or Markovian.
Firstly, we discuss that the local dynamics are non-

Markovian–non-Markovian. The initial correlations between
the two environments are classical correlations. So, without
loss of generality, let the initial state of the two environments
be

ρ
12
E (0)
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= Z1

{∫
∞

0
dwexp[−(w−1)2]|w〉〈w|⊗ |w〉〈w|

+
∫ 0

−∞

dwexp[−(w+1)2)]|w〉〈w|⊗ |w〉〈w|
}
. (4)

The interaction Hamiltonian is given by

H i
int = gi

∫
∞

−∞

dwσ
i
zσ

i
w, (5)

where σw = w|w〉〈w| is the generalized operator of the envi-
ronment; gi is a coupling constant; and σ i

z is the Pauli operator
of system i. Then, we can obtain the dephasing factors

|κ1(t)|= |κ2(t)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−(w−1)2]cos(2gwt)

∣∣∣∣ ,
|Λ12(t)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−(w−1)2]cos(4gwt)

∣∣∣∣ ,
|κ12(t)|= 1, (6)

where g = gi like g in the following Eq. (8) and Eq. (10). As
shown in Fig. 1, at time t = 0.36, |Λ12| begins to increase when
κ1 and κ2 keep on decreasing. It means that the flow of infor-
mation from the environment back to the global system begins
earlier than that back to both of the two local subsystems.

t

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

1.0

κ↼t↽

Λ↼t↽

Fig. 1. (color online) The evolution of |κ1| changing with time t, in
comparison with |Λ12|. Here, the coupling constant g = 1. Both |κ1|
and |Λ12| begin to increase after some time, signifying that the global
and local dynamics are non-Markovian.

Secondly, we consider that the local dynamics are
Markovian–non-Markovian. The initial state of two environ-
ments is given by

ρ
12
E (0) = Z1

{∫
∞

0
dwexp[−w2]|w〉〈w|⊗ |w+1〉〈w+1|

+
∫ 0

−∞

dwexp[−w2)]|w〉〈w|⊗ |w+1〉〈w+1|
}
.(7)

The interaction Hamiltonian is the same as Eq. (5). Then we
obtain

|κ1(t)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(2gwt)

∣∣∣∣ ,
|κ2(t)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[g(2w+2)t]

∣∣∣∣ ,

|Λ12(t)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[g(4w+2)t]

∣∣∣∣ ,
|κ12(t)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(2gt)

∣∣∣∣ . (8)

In Fig. 2, we show the change of |k1|, |k2|, |k12|, and |Λ12|with
time t. It is clearly seen that after some time, Λ12 begins to in-
crease when κ1 and κ2 keep on decreasing, meaning that the
flow of information from the environment back to the global
system begins earlier than that back to the local subsystem 2.

Where, |κ1| always reduces (
d
dt
|κ1|< 0 for all the time), rep-

resenting that the dynamics of subsystem 1 is Markovian.

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8

1.0

t

κ

κ

κ

Λ

Fig. 2. (color online) The evolutions of |κ1|, |κ2|, |κ12|, and |Λ12|
changing with time t. Here, the coupling constant g = 1.

Finally, we consider the case that the local dynamics are
Markovian–Markovian. A classical initial state of two envi-
ronments is described by

ρ
12
E (0) = Z1

{∫
∞

0
dwexp[−w2]|w〉〈w|⊗ |w〉〈w|

+
∫ 0

−∞

dwexp[−w2]|w〉〈w|⊗ |w〉〈w|
}
. (9)

Furthermore, by making use of the same interaction Hamilto-
nian (see Eq. (5)), we get

|κ1(t)|= |κ2(t)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(2gwt)

∣∣∣∣ ,
|Λ12(t)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[4gwt]

∣∣∣∣ ,
|κ12(t)|= 1. (10)

In Fig. 3, we plot the evolution of |κ1| and |Λ12| with time t.
It is shown that Λ12 always decreases. When the local dynam-
ics are Markovian–Markovian, we cannot find an initial state
of two environments to make the nonlocal non-Markovian ef-
fects appear, even the existence of quantum correlations be-
tween two environments.
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Fig. 3. (color online) The evolutions of |κ1| and |Λ12| changing with
time t. Here, the coupling constant g = 1.

From the above three dynamic processes and correspond-
ing figures, we gain the conclusion that the correlations be-
tween two environments only make the flow of information
from the environment back to the global system begin finitely
earlier than that back to one of two local subsystems. In other
words, there is an upper bound on the function of the correla-
tions between two environments. So if the local dynamics are
Markovian–Markovian, the correlations cannot shorten the in-
finite starting time of the flow of information from the environ-
ment back to the global system to a finite time. Namely, the
global dynamics is still Markovian when the local dynamics
are Markovian–Markovian.

4. Extra control
In the foregoing investigations, we only consider the case

without extra control. In other words, the whole Hamiltonian
of the systems and the two environments is independent of
time. So if there is any other control, it is possible to obtain
the nonlocal non-Markovian effects under the condition that
the local dynamics are Markovian–Markovian.

In Ref. [17], the authors controled the time of two local
interactions to turn a Markovian to a non-Markovian regime.
Here, we find that reducing the coupling strength gi, i.e., re-
ducing the rate of local dephasing, we can also achieve the
goal.

Let the initial state of two environments be Eq. (9), and
the interaction Hamiltonian be given by Eq. (5). Namely,
the local dynamics are Markovian–Markovian. As discussed
in Section 3, without extra control, the global dynamics is
Markovian.

We now discuss the case with extra control to change the
global dynamics from Markovianity to non-Markovianity. We
first consider the case by reducing the coupling strength. At
the beginning, we choose the coupling strength g1 = 3 and
g2 = 2. At time t = 1, we reduce g1 from 3 to 1 and get

|κ1(t ′)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(wt ′+3w)

∣∣∣∣ ,

|κ2(t ′)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[2wt ′+2w]

∣∣∣∣ ,
|Λ12(t ′)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[3wt ′+5w]

∣∣∣∣ ,
|κ12(t ′)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(w−wt ′)

∣∣∣∣ , (11)

where t ′ = t − 1. As shown in Fig. 4, it is obvious to see
that |κ12| increases with time t ′. This indicates that reducing
the strength of coupling g1 can turn a Markovian to a non-
Markovian regime.
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Fig. 4. (color online) The evolution of |κ1|, 500|Λ12|, |κ2|, and |κ12|
with time t ′, where, in order to better compare them, we replace |Λ12|
by 500|Λ12|.

Then, we discuss the case by increasing the coupling
strength. We first set the coupling strength g1 = 2 and g2 = 1;
when t = 1, we increase g2 from 1 to 3, we can obtain

|κ1(t ′)|=
∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(wt ′+2w)

∣∣∣∣ ,
|κ2(t ′)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[2wt ′+w]

∣∣∣∣ ,
|Λ12(t ′)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos[5wt ′+3w]

∣∣∣∣ ,
|κ12(t ′)|=

∣∣∣∣2Z1

∫
∞

0
dwexp[−w2]cos(w−wt ′)

∣∣∣∣ , (12)

where t ′ = t− 1. The evolutions of |κ1|, |κ12|, |κ2|, and |κ12|
with time t are shown in Fig. 5. It is clearly seen that |κ12|
also increases, representing that the nonlocal non-Markovian
effects appear when the coupling strength increases.
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Fig. 5. (color online) The evolution of |κ1|, |Λ12|, |κ2|, and |κ12| with
time t ′.
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5. Classical correlation forming
Usually two nonlocal environments do not have any cor-

relations. It is very hard to create quantum correlations be-
tween two macroscopical environments; however, classical
correlations can be formed relatively easy. As discussed in
the previous sections, classical correlations can perform very
well for nonlocal non-Markovian effects. In this section, we
propose two ways to form classical correlations between two
environments.

We first consider that an entanglement system in Bell state
1√
2
(|00〉+ |11〉) disentangles by the local interaction with two

uncorrelated environments, where the environments are com-
posed of bosons. After some time, let the system interact with
the same two environments. The initial uncorrelated environ-
ments will form classical correlations due to the interaction
with the entanglement system, and the correlations will make
the information flow back to the system.

The interaction Hamiltonian is given by

H i
int(t) = χi(t)

ni

∑
ki=1

gkiσ
i
z(b

†
ki
+bki)

+ χ
′
i (t)

ni

∑
ki=1

gkiσ
′i
z(b

†
ki
+bki), (13)

where the first term on the right-hand side is the interaction
Hamiltonian between the system and the environments; the
second one is the interaction Hamiltonian between the entan-
glement system (σ ′iZ is the Pauli operator of the correspond-
ing subsystem i) and the same environments; the function
χ ′i (t) = 1 for 0 ≤ t ≤ t ′ and zero otherwise; χi(t) = 1 for
ts
i ≤ t ≤ tf

i and zero otherwise. Here, ts
i and tf

i denote the
time when the interaction is switched on and switched off
in system i, respectively; 0 and t ′ denote the time in the en-
tanglement system. We denote that ti(t) =

∫ t
0 χi(t ′)dt ′ and

t ′i(t) =
∫ t

0 χ ′i (t
′)dt ′. The Hamiltonian of environments is de-

scribed by

H12
E =

n1

∑
k1=1

wk1b†
k1

bk1 +
n2

∑
k2=1

wk2b†
k2

bk2 . (14)

The initial state of environments is in the thermal equilibrium
state ρ12

E = (1/Z12)exp(−βH12
E ), where Z12 is the partition

function.
Then, using weak coupling approximation [exp(αkb† −

α∗k b),exp(−iwkb†
kbk)]≈ 0, and performing a continuum limit

with Ohmic spectrum density Aiwexp(−w/Ωi),[18–20] where
Ai is the coupling constant and Ωi is the frequency cutoff, we
get

|κ1|=
∣∣∣∣exp(−Γ1)cos

[∫
dwA1 exp(−w/Ω1)ξ1

]∣∣∣∣ ,
|Λ12|=

∣∣∣∣exp(−Γ1−Γ2)cos
[ 2

∑
i=1

∫
dwAi

× exp(−w/Ωi)ξi

]∣∣∣∣, (15)

where

ξi = 2sin[w(ti(t)− t ′i(t))]−2sin[wti(t)]+2sin[wt ′i(t)],

Γi =
∫

dwAi exp(−w/Ωi)coth(2w/β )(1− cos[wti(t)],

αk = gk
1− exp(iwkt)

wk
.

As shown in Fig. 6, the information begins to flow back to the
global system when |Λ12| begins to increase, indicating that
the correlations between the two environments are formed to
make the nonlocal non-Markovian effects emerge. We find
that the Bell state has the same function as the classical state
(1/2)(|00〉〈00|+ |11〉〈11|) on forming the classical correla-
tions of two environments, so it has robustness against some
noise. If one wants to form stronger correlations, the number
of Bell states should be increased.

t

0.1 0.2 0.3 0.4 0.5

0.2

0.4

0.6

0.8

1.0

κ

Λ

Fig. 6. (color online) The evolutions |κ1| and |Λ12| change with time t.
Here, the parameter Γ2 = 0.5, A1 = 1, β = 0.2, ξ2 = π/2, t ′1(t) = t ′2(t) =
1 and t1(t) = t.

The second way we proposed is that after two subsys-
tems interact locally with the corresponding two environments
without initial correlations for some time, by exchanging the
locations of two subsystems, they interact locally with both
environments. A similar calculation can be performed as be-
fore. It is easy to observe the nonlocal non-Markovian effects.
The reason is that the system loses information to create corre-
lations between two environments. It is necessary to exchange
the locations of two subsystems because if the exchange does
not happen, the correlations between the system and the two
environments will keep the system losing information, and fi-
nally the appearance of nonlocal non-Markovian effects can-
not occur. The benefit of this way is that the correlations be-
tween two environments can be formed without the needs of
other correlation states. Obviously, very strong correlations
cannot be formed like the first way, and furthermore, the strong
non-Markovian effects cannot be created.
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6. The self-correlation promoting the nonlocal
non-Markovian effects
In this section, we explore whether the self-correlation

of two environments promotes the nonlocal non-Markovian
effects. We consider a simple model: the spin star configu-
ration.[21]

The interaction Hamiltonian is described by

Hint =
2

∑
i=1

ni

∑
j=1

ηi(t)gi jσ
z
i jσ

z
iS, (16)

where ηi(t) = 1 for ts
i ≤ t ≤ tf

i and zero otherwise; σ
z
i j and σ

z
iS

are the Pauli operators of environment i and subsystem i, re-
spectively. The initial two environments are in the thermal
equilibrium state ρ12

E = (1/Z12)exp[−βH12
E ], in which, the

Hamiltonian of two environments H12
E = ∑

2
i=1 BiSz

i +αSz
1Sz

2.
We define operator Sz

i = ∑
ni
j=1 σ

z
i j/2 without self-correlation

of each environment (the internal correlations among spins in
each environment) and

Sz
i =

ni

∑
j=1

[
1
2

σ
z
i j +(Ji/Bi) ∑

〈mn〉
σ

z
imσ

z
in

]

with self-correlation, where 〈mn〉 denotes |m−n|= 1 to show
the nearest neighbor interaction in each environment. Then we
obtain

|κ1(t)|=

∣∣∣∣∣Tr

[
exp

[
−2i

n1

∑
j=1

∫ t

0
dt ′η1(t ′)g1 jσ

z
1 j

]
ρ

12
E

]∣∣∣∣∣ ,
|Λ12(t)|=

∣∣∣∣∣Tr

[
exp

[
−2i

2

∑
i=1

ni

∑
j=1

∫ t

0
dt ′ηi(t ′)gi jσ

z
i j

]
ρ

12
E

]∣∣∣∣∣ .
(17)

The numerical results of Eq. (17) are shown in Figs. 7 and 8,
it is obvious that the nonlocal non-Markovian effects with the
self-correlation is stronger, according to the growth of Λ12(t).
In another words, the self-correlation promotes the non-local
non-Markovian effects.

0.05 0.10 0.15 0.20 0.25
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κ

Λ

Fig. 7. (color online) The evolution of |κ1| and |Λ12| changing with time
t with the self-correlation. The parameters are ni = 5, α = 4, β = 0.01,
Bi = 2, Ji = 10,

∫ t
0 dt ′η2(t ′) = 0.2,

∫ t
0 dt ′η1(t ′) = t, and gi j = 1 for

i = 1,2; j = 1, ...,5.
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Fig. 8. (color online) The evolution of |κ1| and 107|Λ12| changing with
time t without the self-correlation. Here, the parameters are ni = 5,
α = 4, β = 0.01, Bi = 2,

∫ t
0 dt ′η2(t ′) = 0.785,

∫ t
0 dt ′η1(t ′) = t, and

gi j = 1 for i = 1,2; j = 1, ...,5.

7. Conclusion
In this article we explored a quantum system composed

of two subsystems locally interacting with two environments.
We found that the function of correlations between two envi-
ronments has an upper bound, which makes a flow of infor-
mation from the environment back to the global system start-
ing finitely earlier than that back to one of the two local sys-
tems, not infinitely (when the whole Hamiltonian of the sys-
tem and two environments is independent of time). It means
that nonlocal non-Markovian effects cannot appear when both
of the two local dynamics are Markovian. Of course, extra
control can turn a Markovian to a non-Markovian regime. Be-
sides the control of the local interaction time, reducing the
coupling strength of the local interaction, i.e., reducing the
rate of losing information of subsystems, can make the non-
local non-Markovian effects appear. Surprisingly, enhancing
the couping strength of the local interaction, i.e., increasing
the rate of losing information of subsystems, can also achieve
it. We proposed two ways, which are easy to be realized in
experiment, to form the classical correlations between two en-
vironments without initial correlations. We also found that the
self-correlation of two environments can promote the nonlocal
non-Markovian effects.

Recently, the authors in Ref. [22] accessed the non-
Markovianity based on ideas of divisibilities of channels; the
authors in Ref. [23] proposed a way to quantify the memory
effects in the spin-boson model; in Ref. [24], two different
approaches to quantify non-Markovianity were proposed; the
authors in Ref. [25] quantified non-Markovianity via corre-
lations. It is very interesting to quantify the nonlocal non-
Markovianity in different ways in order to better understand
and characterize the nonlocal non-Markovian effects in more
complex systems, which may be used to perform some quan-
tum information process, such as quantum memory[26] and
quantum error correction.[27] The results obtained in this paper
will be helpful for how to utilize and control the nonlocal non-
Markovian effects by controlling the local dynamics in future
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