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A time delay model of a two-layer barotropic ocean with Rayleigh dissipation is built. Using the improved perturba-
tion method, an analytic asymptotic solution of a better approximate degree is obtained in the mid-latitude wind field, and
the physical meaning of the corresponding solution is also discussed.
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1. Introduction

Variations of coupled air–sea systems have been widely
investigated.[1–3] An atmospheric wind anomaly will cause
an ocean flow anomaly. Many scholars have discussed this
phenomenon. Cabanes et al.[4] considered wind stress driven
sine Sverdrup balance and first order baroclinic Rossby waves.
Qiu and Chen[5] used a wind stress driven reduced-gravity
model to discuss the dynamic mechanism of temporal and
spatial variations of sea surface height in the south Pacific.
Considering the effect of the mid-latitude surface west wind
stress anomaly on sea flow, the anomaly is that mid-latitude
has a maximal wind stress which decays gradually toward the
north and south. So wind stress in the meridional zone shows
no uniform distribution. In order to overcome the limit of
a horizontal one-dimensional model some scholars[6–13] built
a two-dimensional barotropic quasi-equilibrium ocean linear
model under wind forcing, considering Rayleigh friction. Re-
cently, many scholars[14–17] have studied nonlinear problems
and built many approximate methods. Using the perturbation
method and other methods, the authors et al.[18–23] also con-
sidered a class of nonlinear problem. In this paper, we consider
a time delay weakly nonlinear model in the absence of a base
flow and mass change between two levels by vertical station-
ary atmospheric wind stress and seek its analytic asymptotic
solution.

2. Wind field of the two-layer barotropic ocean
model
Considering a time delay weakly nonlinear model in the

absence of a base flow and mass change between two levels,
as well as Rayleigh friction induced by vertical stationary at-
mospheric wind stress:[6–9]

( f0 +β y)vk−
∂ (akΦ1 +Φ2)

∂ x
− γδk(u1−u2)

= ε Fk(uk(x,y−µ),vk(x,y−µ)), (1)

( f0 +β y)uk +
∂ (akΦ1 +Φ2)

∂ y
+ γδk(v1− v2))

= ε Gk(uk(x,y−µ),vk(x,y−µ)), (2)
∂ uk

∂ x
+

∂ vk

∂ y
= 0, (3)

where t is the time variable, x is the zonal variable, and y is
the meridional variable; k = 1,2 indicate up and down levels
respectively; uk is the zonal wind speed and vk is the merid-
ional wind speed; γ is the Rayleigh friction factor, which is
a constant value; f0 is the Coriolis parameter at y0 where
β = (∂ f/∂ y)y=y0 , y0 is the center position of β channel; Φ

is the geopotential height, where a1 = 1, 0 < a2 = ρ1/ρ2 < 1;
ρ1 and ρ2 are up and down level densities respectively. Tracer
coefficients δk are defined as δ1 = 1 and δ2 = −1; εFk and
εGk are nonlinear force perturbed term stresses and let each of
them be a sufficiently smooth bounded function, ε and µ are
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both small positive parameters.
In this article, we consider an ideal ocean climate in a

middle-high latitude under stationary wind forcing and assume
that the β channel in the x direction is a semi-infinite space.
Let the boundary conditions of this model of west coast (x= 0)
and y = y0±M for β channel be

uk |x=0 = (−1)kacos
π

2M
(y− y0), vk |x=0 = 0, (4)

∂ uk

∂ y

∣∣∣∣y=y0±M =
∂ vk

∂ y

∣∣∣∣y=y0±M =0, (5)

where a and M are both constants.

3. Improving perturbed solving method for sea–
air time delay model
In order to obtain approximate solutions for the sea–

air time delay model, we need to improve the perturbation
method. That is, we need to deal with the delay function,
which contains small parameter µ . Therefore, we first develop
the time delay functions of µ as follows:

uk(x,y−µ) = uk(x,y)−µ
∂ uk(x,y)

∂ y
+

µ2

2!
∂ 2uk(x,y)

∂ y2

− µ3

3!
∂ 3uk(x,y)

∂ y3 + · · · , (6)

vk(x,y−µ) = vk(x,y)−µ
∂ vk(x,y)

∂ y
+

µ2

2!
∂ 2vk(x,y)

∂ y2

− µ3

3!
∂ 3vk(x,y)

∂ y3 + · · · . (7)

And let

uk =
∞

∑
i, j=0

uki j(x,y)ε i
µ

j, k = 1,2, (8)

vk =
∞

∑
i, j=0

vki j(x,y)ε i
µ

j, k = 1,2. (9)

Substitute Eqs. (6)–(9) into Eqs. (1)–(5), expand the non-
linear terms in ε and µ , equate the coefficients of the same
powers of ε and µ , and let the coefficient of ε0µ0 equal zero,
then we will obtain

( f0 +β y)vk00−
∂ (akΦ1 +Φ2)

∂ x
− γδk(u100−u200) = 0, (10)

( f0 +β y)uk00 +
∂ (akΦ1 +Φ2)

∂ y
+ γδk(v100− v200) = 0, (11)

∂ uk00

∂ x
+

∂ vk00

∂ y
= 0, (12)

uk00 |x=0 = (−1)kacos
π

2M
(y− y0), vk00 |x=0 = 0, (13)

uk00 = (−1)kaexp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

× cos
π

2M
(y− y0), k = 1,2. (14)

Let

uk00 =−
∂Wk00

∂ y
, vk00 =

∂Wk00

∂ x
, k = 1,2. (15)

From Eqs. (12) and (15), we can obtain[8,9]

∂ (W100 +W200)

∂ x
= 0, (16)

W100−W200

= −4aM
π

exp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

× sin
π

2M
(y− y0). (17)

From Eqs. (10)–(17), it is easy to see that

vk00 = (−1)k+1 2aM
π

[
β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2]

×exp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2

x
)]

× sin
π

2M
(y− y0). k = 1,2, (18)

uk00 = (−1)kaexp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

× cos
π

2M
(y− y0), k = 1,2. (19)

Note Substituting Eqs. (18) and (19) into Eqs. (10)–(14),
we can also obtain the geopotential heights Φ1 and Φ2. But
their constitutions are omitted.

Substituting Eqs. (6)–(9) into Eqs. (1)–(5), expanding the
nonlinear terms in ε and µ , equating the coefficients of the
same powers of ε, µ , letting the coefficient of ε iµ j (i, j =
0,1,2, . . . , i 6= 0) equal zero, then we have

( f0 +βy)vki j−
∂ (akΦ1 +Φ2)

∂x
− γδk(u1i j−u2i j) = F̄ki j, (20)

( f0 +βy)uki j−
∂ (akΦ1 +Φ2)

∂y
+ γδk(v1i j− v2i j) = Ḡki j, (21)

∂ uki j

∂ x
+

∂ vki j

∂ y
= 0, (22)

uki j |x=0 = vki j |x=0 =
∂ uki j

∂ y

∣∣∣∣y=y0±M

=
∂ vki j

∂ y

∣∣∣∣y=y0±M =0, (23)

where

F̄ki j =
(−1) j

i ! j !

[
∂ i

∂ε i
∂ j

∂ µ j Fk

(
∞

∑
j=0

ukε
i
µ

j,
∞

∑
j=0

vkε
i
µ

j
)]

ε=µ=0
,

k = 1,2, i, j = 0,1,2, · · · , i 6= 0,

Ḡki j =
(−1) j

i ! j !

[
∂ i

∂ε i
∂ j

∂ µ j Gk

(
∞

∑
j=0

ukε
i
µ

j,
∞

∑
j=0

vkε
i
µ

j
)]

ε=µ=0
,

k = 1,2, i, j = 0,1,2, . . . , i 6= 0,

which are known functions successively. Let

uki j =−
∂Wki j

∂ y
, vki j =

∂Wki j

∂ x
, k = 1,2, (24)
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from Eqs. (20)–(24), we can have

W1i j−W2i j = −
[
Ci j exp

[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

+Hi j(x,y)
]

sin
π

2M
(y− y0). (25)

where Ci j are arbitrary constants, and

Hi j(x,y)

=
1
2γ

∫ x

0

[
∂

∂ y
(F̄1i j(ξ ,y)− F̄2i j(ξ ,y))

+
∂

∂ ξ
(Ḡ1i j(ξ ,y)− Ḡ2i j(ξ ,y))

]

× exp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
(x−ξ )

]
dξ .

From Eqs. (24) and (25), we obtain

−u1i j +u2i j

=
π

2M

[
Ci j exp

[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

+Hi j(x,y)
]

cos
π

2M
(y− y0)

+
∂Hi j

∂ y
sin

π

2M
(y− y0).

Substituting x = 0, and considering condition (23), we have
Ci j = 0. Thus

−u1i j +u2i j =
π

2M
[Hi j(x,y)]cos

π

2M
(y− y0)

+
∂Hi j

∂ y
sin

π

2M
(y− y0), (26)

and

β

(
∂ u1i j

∂ x
+

∂ u2i j

∂ x

)
= − ∂

∂ y

[
∂

∂ y
(F̄1i j + F̄2i j)+

∂

∂ x
(Ḡ1i j + Ḡ2i j)

]
,

u1i j + u2i j

= − 1
β

∂

∂ y

∫ x

0

[
∂

∂ y
(F̄1i j(ξ ,y)+ F̄2i j(ξ ,y))

+
∂

∂ x
(Ḡ1i j(ξ ,y)+ Ḡ2i j(ξ ,y))

]
dξ . (27)

Then from Eqs. (26) and (27), we have

uki j = − 1
2β

∂

∂ y

∫ x

0

[
∂

∂ y
(F̄1i j(ξ ,y)+ F̄2i j(ξ ,y))

+
∂

∂ x
(Ḡ1i j(ξ ,y)+ Ḡ2i j(ξ ,y))

]
dξ

+(−1)k π

4M
[Hi j(x,y)]cos

π

2M
(y− y0)

+
(−1)k

2
∂Hi j

∂ y
sin

π

2M
(y− y0).

k = 1,2, i, j = 0.1,2, . . . , i 6= 0. (28)

Considering conditions (22) and (23) and Ci j = 0, we
have

vki j =
1

2β

[
∂

∂ y
(F̄1i j + F̄2i j)+

∂

∂ x
(Ḡ1i j + Ḡ2i j)

]
− (−1)k

2
∂Hi j

∂ x
sin

π

2M
(y− y0),

k = 1,2, i, j = 0.1,2, . . . , i 6= 0. (29)

From Eqs. (18), (19), (28), and (29), substituting
uki j, vki j, k = 1,2 into Eq. (6), we then obtain perturbation
solutions for the original time delay problem (Eqs. (1)–(5))
ukmper and vkmper (k = 1,2):

ukmper = (−1)ka exp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

× cos
π

2M
(y− y0)

+
m

∑
i=1, j=0

[
− 1

2β

∂

∂ y

∫ x

0

[
∂

∂ y
(F̄1i j(ξ ,y)+ F̄2i j(ξ ,y))

+
∂

∂ x
(Ḡ1i j(ξ ,y)+ Ḡ2i j(ξ ,y))

]
dξ

+(−1)k π

4M
[Hi j(x,y)]cos

π

2M
(y− y0)

+
(−1)k

2
∂Hi j

∂ y
sin

π

2M
(y− y0)

]
ε

i
µ

j +O(λ ),

k = 1,2, λ = min(εm+1
µ

m,εm
µ

m+1),

0 < ε, µ � 1, (30)

vkmper = (−1)k 2aM
π

(
β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)

× exp
[
−
(

β

4γ
+

1
2

√(
β

2γ

)2

+

(
π

M

)2)
x
]

× sin
π

2M
(y− y0)

+
m

∑
i=0, j=0

[
1

2β

[
∂

∂ y
(F̄1i j + F̄2i j)+

∂

∂ x
(Ḡ1i j + Ḡ2i j)

]
− (−1)k

2
∂Hi j

∂ x
sin

π

2M
(y− y0)

]
ε

i
µ

j +O(λ )

k = 1,2, λ = max(εm+1
µ

m,εm
µ

m+1),

0 < ε, µ � 1. (31)

4. Example
Observations show that there exists a maximal surface

westerly intensity near 40◦ N over the west Pacific Ocean.
Thus, let the center of β channel be at 40◦ N, and half
width M = 103 km, µ = 3 × 10−7 s−1, β = 1.7536 ×
10−8 km−1·s−1,[8,9] for convenience, then we set nonlinear
perturbation wind stress Fk = ε uk(x,y− µ), Gk = 0, param-
eter a = 1. So the time delay weak nonlinear maritime climate
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model under atmospheric wind stress forcing Eqs. (1)–(5) can
be transformed into

( f0 +1.7536×10−11 y)vk−
∂ (akΦ1 +Φ2)

∂ x
−3×10−7

δk(u1−u2)

= ε uk(x,y−µ), (32)

( f0 +1.7536×10−11 y)uk +
∂ (akΦ1 +Φ2)

∂ x
+3×10−7

δk(v1− v2) = 0, (33)
∂ uk

∂ x
+

∂ vk

∂ y
= 0, (34)

uk |x=0 = (−1)k cos(y− y0), vk |x=0 = 0, (35)

∂ uk

∂ y

∣∣∣y=y0±106 = =
∂ vk

∂ y

∣∣∣y=y0±106 = 0. (36)

Now, we come to seek the approximate perturbation so-
lutions for the model of Eqs. (32)–(36). Set

ukper =
∞

∑
i, j=0

uki jε
i
µ

j, vkper =
∞

∑
i, j=0

vki jε
i
µ

j, k = 1,2. (37)

Substituting Eq. (37) into Eqs. (32)–(36), expanding non-
linear terms in ε and µ , equating the coefficients of the same
powers of ε , µ , letting the coefficient of ε0µ0 equal zero, then
we will have uk00 and vk00 as follows:

uk00 = (−1)k exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× cos
π

2×106 (y− y0), k = 1,2, (38)

vk00 = (−1)k 2×106

π

(
1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
× exp

[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin
π

2×106 (y− y0), k = 1,2. (39)

From Eqs. (38) and (39), the simulation results of approx-
imate solutions uk00 and vk00 (k = 1,2) for the weak nonlin-
ear maritime climate model of Eqs. (32)–(36), which is under
stationary atmospheric wind stress forcing, are obtained and
shown in Figs. 1–4 (ε = 0 and ε = 0.5). From the figures, it
follows that they accord with physical facts.
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Fig. 1. (color online) Simulated contour u100.
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Note that from Eqs. (38) and (39), we can also obtain the

geopotential heights Φi (i = 1,2). But their constitutions are

omitted too.

Substituting Eq. (37) into Eqs. (32)–(36), expanding non-

linear terms in ε and µ , equating the coefficients of the same

powers of ε , µ , and letting the coefficient of ε1µ0, ε1µ1 equal

zero, we have uk10, vk10 and uk11, vk11

uk10 = (−1)k π

24×105 exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

x

× sin
π

106 (y− y0), (40)

vk10 = − 1
1.7536×10−8

[
π

2×106 exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin
π

2×106 (y− y0)

]
−(−1)k 10π

12

[
1− x

(
1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)]
×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin2 π

2×106 (y− y0)

]
, (41)

uk11 = −(−1)k
(

1
12×10−7

)(
π

2×106

)3

×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

x

× cos
π

106 (y− y0)

]
, (42)

vk11 = (−1)k+1 1
24×10−7

(
π

2×106

)2

×(1+ x)
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin
π

106 (y− y0)

]
. (43)

Thus, we obtain the asymptotic solutions uk11per and

vk11per for the time delay weak nonlinear maritime climate

model under atmospheric wind stress forcing Eqs. (32)–(36)

as follows:

uk11per = (−1)k exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× cos
π

2×106 (y− y0),

+ε(−1)k π

24×105 exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

x

× sin
π

106 (y− y0)

+ε µ (−1)k 107

3

(
π

2×106

)3

×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

×
[

3
2

sin2 π

2×106 (y− y0)−1
]

x+O(λ )

]
,

k = 1,2, λ = max(ε2
µ, εµ

2),

0 < ε, µ � 1, (44)

vk11per = (−1)k 2×106

π

(
1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
× exp

[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin
π

2×106 (y− y0)

−ε

[
1

1.7536×10−8

[
π

2×106

× exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]
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× sin
π

2×106 (y− y0)

]]
+(−1)k 10π

12

[
1− x

(
1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)]
×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin2 π

2×106 (y− y0)

]
+ε µ (−1)k+1 107

12

(
π

2×106

)2

×
[
−1+

(
1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

×
[

exp
[
−
(

1.7536×10−4

12

+
1
2

√(
1.7536×10−4

6

)2

+

(
π

106

)2)
x
]

× sin
π

106 (y− y0)

]
,

k = 1,2, λ = max(ε2
µ, εµ

2),

0 < ε, µ � 1. (45)

5. Simulated contour for asymptotic solution

From Eqs. (44) and (45), the simulated contours uk10per

and vk10per (k = 1,2) with ε = 0.01 and µ = 0 of perturbation
solutions for the time delay weak nonlinear maritime climate
model under atmospheric wind stress forcing Eqs. (32)–(36)
are obtained and shown in Figs. 5–8.
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Fig. 5. (color online) Perturbation solution of u110per.

From Figs. 5–8, we can to see that, as ε = 0.01, µ = 0,
there is a small correction as ε = µ = 0 (Figs. 1–4).
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Fig. 6. (color online) Perturbation solution of u210per.
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Fig. 7. (color online) Perturbation solution of v110per.
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Fig. 8. (color online) Perturbation solution of v210per.

From Eqs. (44) and (45), the simulated contours uk11per

and vk11per (k = 1,2) with ε = 0.01, and µ = 0.02 of perturba-
tion solutions for the time delay weak nonlinear maritime cli-
mate model under atmospheric wind stress forcing Eqs. (32)–
(36) are obtained and shown in Figs. 9–12.
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Fig. 9. (color online) Perturbation solution of u111per.
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Fig. 10. (color online) Perturbation solution of u211per.
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Fig. 11. (color online) Perturbation solution of v111per.
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Fig. 12. (color online) The perturbation solution of v211per.

From Figs. 9–12, we can also see that with ε = 0.01 and

µ = 0.02, there is a smaller correction as in the case ε = µ = 0

(Figs. 1–4).

Note that we can also obtain higher order terms and more

accurate asymptotic solutions using the same method repeat-

edly.

6. Physical meaning of the asymptotic solution

The results of the asymptotic solution can obtain the

strong flow near the west boundary, which is more accordant

with the actual situation of the flow. The flow in the upper

layer is convergent to center dimensions (40◦ N) and then

moves to the east. The asymptotic solution of the low layer

flow reverses its direction but with the same magnitude as that

of an upper layer flow. The asymptotic solutions of the flow

are qualitatively consistent with the actual situation, just be-

cause the asymptotic solutions near the west boundary give a

partially strong flow, in contrast, interior gyres appear to be

much weaker.

7. Summary

The time delay atmospheric mid-latitude western wind

field anomaly will cause a mid-latitude upper layer ocean flow

anomaly, which is a complicated natural phenomenon. In

order to study the time delay nonlinear model for the mid-

latitude upper layer ocean flow, we sometimes need to solve

them using an approximate method. In this paper, the per-

turbation method is a simple and valid method. This method

differs from a general numerical simulation method. The an-

alytic solutions obtained using the asymptotic perturbation

method can be analytically operated repeatedly. Thus, from

the asymptotic perturbation solutions we can perform the dif-

ferential and integral operations sequentially and obtain the

corresponding physical quantities. Then we can make predic-

tions and take the necessary measures in due time to reduce

unnecessary damage.
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