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An approximation for the boundary optimal control problem
of a heat equation defined in a variable domain*

Yu Xin(T Ji)¥, Ren Zhi-Gang({EEN)P), and Xu Chao(i #4)PT

2) Ningbo Institute of Technology, Zhejiang University, Ningbo 315100, China
b) The State Key Laboratory of Industrial Control Technology and Institute of Cyber-Systems & Control, Zhejiang University, Hangzhou 310027, China

(Received 28 October 2013; revised manuscript received 6 December 2013; published online 10 February 2014)

In this paper, we consider a numerical approximation for the boundary optimal control problem with the control
constraint governed by a heat equation defined in a variable domain. For this variable domain problem, the boundary of
the domain is moving and the shape of the boundary is defined by a known time-dependent function. By making use
of the Galerkin finite element method, we first project the original optimal control problem into a semi-discrete optimal
control problem governed by a system of ordinary differential equations. Then, based on the aforementioned semi-discrete
problem, we apply the control parameterization method to obtain an optimal parameter selection problem governed by a
lumped parameter system, which can be solved as a nonlinear optimization problem by a Sequential Quadratic Programming
(SQP) algorithm. The numerical simulation is given to illustrate the effectiveness of our numerical approximation for the
variable domain problem with the finite element method and the control parameterization method.
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1. Introduction

Interest in the problems governed by various partial dif-
ferential equations (PDEs) defined in variable domains has
been growing in the last several decades because of their appli-
cations in physical science, chemical engineering, and many
industrial processes. This kind of problem is classical and
has been studied by many authors, including solidification
with heat transfer and fluid flow,!'! chemical reaction within
spherical particles,?! drug release from matrix systems, ! the
formation of sedimentary ocean deltas,* and directional so-
lidification of binary alloys with a curvature-dependent melt-
ing temperature.>! For more applications and studies of this
kind of problem, we would like to mention some other related
works.[6-%1

In the existing published literature on variable domain
problems, one of the main topics is the numerical method for
approximations of PDEs’ solutions. In Ref. [10], the author
considered general linear parabolic equations in a given time-
dependent domain and presented a general class of Galerkin-
type approximations with applications to space-time finite el-
ements, which are continuous with respect to the space vari-
ables, but admit discontinuities with respect to time at each
step. Unconditional stability was proved and a general er-
ror estimate was established. In Ref. [11], a discretization
of the one-dimensional heat equation in a time-dependent
domain was considered. A generalization of the Crank-
Nicholson scheme for the discretization with respect to time
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was constructed. Moreover, an application of this discretiza-
tion method to a one-dimensional Stefan problem was given.
Based on a finite-difference solution of equations of motion
on an orthogonal curvilinear coordinate system, the authors in
Ref. [12] presented a numerical technique for solving axisym-
metric (or two-dimensional) free-boundary problems of fluid
mechanics. There are many other numerical methods for ap-
proximations of PDEs defined in the variable domains. [>!3:14]

By far, many of the papers studying variable domain
problems are concerned with numerical methods for various
PDEs. But few works are devoted to numerical approxima-
tions of optimal control problems defined in variable domains.
In this paper, we consider a numerical approach for solving an
optimal boundary control problem with control constraint gov-
erned by a heat equation in a variable domain. In this case, the
boundary of the variable domain is moving and the shape of
the boundary is defined by a known time-dependent function.

Assume that s : [0,7] — R is a continuously differen-
tiable function satisfying

s(0) =s0, s(T) =L and s(t) >0, r€]0,T]. (1

Write
O0={(x1); 0<x<s(t),0<t<T}

and define the following set of functions by
U={vel*0,T); a<v(t) <bae.tc0,T]}.

where a,b € R are two given constants.
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The problem we shall study in this paper is the follow-
ing boundary optimal control problem governed by a parabolic

equation:

(P) min{;/OT /Os(t)(y(x,t)yd(x,t))zdxdt

ucl

1 T d 2
+f/ lu(t) — u (1) |2 dt
2 Jo
subject to

Vi—yu=f, 0<x<s(t),0<r<T,
yx(0,2) +ay(0,2) = u(t), y(s(t),t) =0,
0<t<T,

¥(6,0) =),

(@)

0 <x < s,

where y* € L%(0,s0), f € L*(Q), o € R is the given constant
and y¢ € L*(Q),u? € L*(0,T) are two given target functions.
Here and in what follows, we shall omit the notation ¢ in the
functions of ¢ and the notations (x,7) in the functions of (x,t)
to make sure there is no confusion.

As the development of the theory of optimal controls for
PDEs,13:16] the related theoretic results are expected to be
used in fields of applied sciences. Thus, researchers are getting
more and more interested in problems on the numerical ap-
proximation of optimal controls for PDEs.!!7~1°! In this paper,
we will study the numerical approximation for the problem
(P), which is a boundary optimal control problem governed
by a heat equation defined in a variable domain. By introduc-
ing a new variable, we can get an optimal control problem (P)
with a fixed domain. Then, we shall set up a semi-discrete op-
timal control problem projected by the problem (P) with the
discretization of spacial variables. There are many spacial dis-
cretization methods, such as the difference method, 2% mesh-
less method, 122! finite element method,?324! and so on. In
our paper, by the Galerkin finite element method, we can ob-
tain the semi-discrete optimal control problem (P, ), which is
an optimal control governed by a system of ordinary differ-
ential equations. Based on the aforementioned semi-discrete
problem, the control parameterization technique, which has
been successfully applied to standard optimal control prob-
lems governed by finite dimensional systems,>>-27! will be
used to approximate the admissible controls by suitable piece-
wise constant functions. In this case, the optimal control prob-
lem can be reduced to an optimal parameter selection problem
(P,lf) and can be solved as a nonlinear optimization problem by
numerical optimization methods such as SQP. Finally, a nu-
merical simulation is given to show that the numerical results

are in good agreement with the exact solutions.

2. Reformulation of the original problem (P)

We see from Eq. (1) that s(¢) > 0 on [0, T]. By introducing
the following new variable

X
=— 3
=50 ©)
and the new unknown function
¥z, 1) = y(zs(t),1), 4)
we can rewrite the controlled equation (2) as

S .
yt‘m@’z—mkz—f’

0<z<1,0<t<T,

1

SO0 as0.0 =u), 500 =0, )

0<t<T,

¥(z,0) = 5°(2),

where 7°(z) = y%(zs0) and f(z,t) = f(zs(t),t). We denote by

Q the product set (0,1) x (0,T), then we have f € L*(Q).
Thus, it follows from the transformations (3) and (4) that

the problem (P) can be restated as

0<z<,

(P) min{;/OT/OI()?(Z,I)—yd(z,t))zs(t)dzdt

ucld
%/OT lu(r) ud(t)|2dt}

subject to Eq. (5), where 3 (z,1) = y¥(zs(t),t) € L*(Q).

3. Semi-discrete approximation of (P)

In this section, we shall set up a semi-discrete approxima-
tion problem (P,) for the problem (P) with the finite element
method. Associated with a parameter 4 with & > 0, let 7" be
a standard triangulation of [0, 1] into a finite number of subin-
tervals using the grid points

O=z1<< - <zy<zns1 =1,

where the mesh size of the triangulation 77 is h. Thus, 7" can
be written as

T"={I; = [zj,zj41] 5 = 1,2,...,N}.
Associated with every triangulation 7", we define a finite
dimensional space as follows:
yh = {vp €C[0,1] ; Vh|1j e b (Ij)
for j=1,2,...,N, v;(1) =0},
where P (I) denotes the space of all polynomials of a degree
less than or equal to 1, which are defined on the subinterval
I; € T". 1tis clear that V! € H}(0,1) = {v € H'(0,1); v(1) =
0}. Write P, for the L?-projection from L?(0,1) onto V", de-
fined by

(Pyv,vp) = (vvp), Wve L2(0, 1),v, € vh (6)
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where (-,-) is the usual inner product of L?(0,1). Then, the
finite element approximation of Eq. (5) consists in finding

yiu(t) = yp(-,1), which belongs to V" for t € [0, T], and satisfies
1
(Ghyn(t),vn) + m(azyh(t)a )
s'(t) o
- 2091, Vi) — —yr(0,)v4(0
S(t) ( 2Vh h) S([)yh( ) h( ) (7)
~ 1
= (Fovw) = Sy ulemn(0), von € Vi 0<i<T,
yh(o) = Ph)_’o
Let {¢;; i=1,2,...,N} be the basis for the finite dimen-

sional space V. Without loss of generality, we can take the
basis functions to be continuous and piecewise linear polyno-
mials that satisfy

1, fori=j;
q)’(z-’){o, fori j,

fori=1,2,...,N ., N+ 1. Thus, we can write

Mz

y(z,t) = Y Yi(1)9;(z), yu(z,0)= ZY‘)% (8)

Il
—_

J

Substituting the first equation of Eq. (8) into Eq. (7) and taking
vip = ¢;, we have

N N
Z i, 9,)Y; 1, 0:0;)Y;(t)
j=1 J:
S/ N
- ((f; Zl<z¢,7a 0,)%1(0)
=
a N
0 Zl $:(0)9;(0)Y;(7)
=
= (f,¢)— %u(t)dn(o)’ Yo €V 0<t<T. (9)

Moreover, by the definition of the L2-projection (P, ), substi-
tuting the second equation of Eq. (8) into Eq. (6) yields

Z ¢la¢]

Thus, combining Egs. (9) and (10), we see that equation (5)

=", 91). (10)

is equivalent to the following system of controlled ordinary
differential equations

Y()=F(Y(1),

u(t)) = M~V [=A(0)Y (0) + F () — B(O)u(t)),
0<t<T,

Y(0) =YY,

(1)

where

Y(1) = [Yi(0)]vx1, Y0 = [F0]nx,
_ 1 s'(t) o
AO =20 S st

M =1[(¢1,9)Inxn, K= [(0:0:,0:0;)Inxn,
W = [(20:,9:0;)Inxn, P =1[9i(0)0;(0)]nxn,
and

— il

F(t) =[(f,9)nx1, B(t)= ()[ 0;(0)]nx1-

Moreover, if we write

& =[5, 0)lvx1,
we can compute Y through
ME.

To get the semi-discrete form of the cost functional, we replace
the target function y, in the cost functional (P) by

N
Py (x,1) Z ¢;(x) forr€[0,T].

Again by Eq. (6), we have

N

Z(%%)Y"( 1) =(7(1), 91).

]:
Thus,

Y1) =M"n(),

where

7 (1), 0i)]nx1-

Then, the semi-discrete form of the boundary optimal control

Ye(n) =Y (Olvxr, ()=

problem (P) reads

() min{; /0 CSO000) — ¥, M (6 — ¥ (1)

ucl

+;/OT|M(I)—ud(I)2dZ} (12)

subject to Eq. (11), where (-,
RN,

-)gv denotes the inner product of

4. The approximation for (P,) with the control
parameterization method

4.1. Control parameterization

To solve problem (P,), we will apply the control pa-
rameterization technique, which is a versatile approach that
has been successfully applied to a wide variety of practical
problems. Control parametrization involves approximating the
control function by a piecewise-constant function with possi-
ble discontinuities at a set of pre-assigned switching points,
so that the original optimal control problem can be reduced to
an optimal parameter selection problem. The heights of this
piecewise-constant function are regarded as decision variables
to be selected optimally.
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To be more specific, we subdivide the time horizon [0, T
into p subintervals [t_1,%),k=1,2,...,p, where p > 1 is a
fixed integer and #;,k =0, 1,...

that

, D, are fixed knot points such

O=t<n<n<--<tp1<t,=T. (13)

Then, the control function u(¢) is approximated by a constant
vector on each subinterval

ut) o', t€rn), k=12,...p, (14)

where 6% denotes the approximate value of u(t) on subinter-
val [fy_1,1;). The piecewise-constant approximation (14) can
be expressed as follows:

o7}, 15

Xl lfk

I M-o

where X, , ;) is the indicator function of the interval [t 1, #)
defined by
1, ifre [tk—latk)a
X[tk—latk>(t) = . (16)
0, otherwise.
Define

U={o=[c!,06%...,0°" €RP;
a<c'<bhi=12,..ph

After the control parameterization, the dynamic system (11)
becomes

' N o A k

Let YP(-|o) denote the solution of system (17) corresponding
to o € U. To determine YP(-|o), we can solve Eq. (17) se-

quentially over the subintervals [t;_1,%), k=1,2,..., p. Now,
the cost functional of problem (P,) becomes
2/ )(YP(t]o) — Y4, M(YP(t]) — Y9))gr it
+ /tk k d()‘zd (18)
- o — t t.
2 kg'] Tk—1 !

We may state the approximate optimal parameter selection
problem as follows:

Py in 7P 1
() min 7" (o) (19)
subject to the lumped parameter system (17).

4.2. Solving the problem (P})

Problem (P}E’ ) is an optimal parameter selection problem
in the canonical form,?”! which can be solved as a nonlin-
ear optimization problem using the SQP method. However, to

do this, we need the gradient of the cost functional (18) with
respect to the decision parameters. We now show that this gra-
dient can be computed using the sensitivity method described
in Ref. [28].

We first define the state variation with respect to o* as
follows:
aYP(t|o)
k _ _
Furthermore, let
1, ifk=1I,
O = :
0, otherwise,
and
N 1, ifk<lI,
Op = .
0, otherwise.

Foreachl=1,2,...,p, it follows from Eq. (17) that

t

(tale)+ [ F(YP(s]o),0')ds,
-1

tet1,4). (1)

YP(t|o) = YP

If k < I, then differentiating Eq. (21) with respect to o* yields

IYP(tlo)  IYP(fy_4|o)
dok dok
1 QF(Y?(s|o),c) dYP(s|o)
)T oy PR
1€ [t-1,1), (22)
where
IF(YP(s),uP(s)) _
— - —M A(s). (23)
If k = 1, differentiating Eq. (21) with respect to 6* yields
IYP(tlo)  IYP(1;_|o)
dok  dok
t JF(YP(s|o),0!) AYP(s|o)
+ /,,,1 oY Jok 48
t L (VD l
b0 EIP19) 0D ). 24

1 8u
If k > [, then it is obvious that

IY?(t|o)
dok

Combining Egs. (22), (24), and (25), we obtain
dYP(t|o)

=0, t€t1,1). (25)

_ 5 9YP(ilo)

dok M50k
t o IF(XP(s|o),c!) IYP(s|o)
+/,l a5y gok &
t F(YP !
N 5k18F(Y (s|0'),0')ds7
1 du
teft,n). (26)
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By differentiating Eq. (26) with respect to time #, we obtain

il "9}

_ 4 IF (YP(t|o), ') dYP(t|o)
- Y Jok
JF (YP L
+&;%, te i) 27)
u
Moreover,
oYP(0lo)
Taot (28)

It follows from Eqs. (27) and (28) that, foreach k= 1,2,...,p,
the state variation defined in Eq. (20) satisfies the following
dynamic system

JOF (YP(tlo
$K(tlo) = 5k1$5k(t|a')
= vp /
15, (i)
Ju
te[tlflatl)a l:1a2a~--7l77 (29)
with the initial condition
$4(0lo) = (30)

As a result, by using the chain rule, we can derive the gradient
of JP(o) as follows:

IT? (o)
do*k

- /OTs(t)[Yp(t|0')—Yd]TMSk(t|a')dt

T

+

kaud(t)‘ dr, k=1,2,....p. (31

Tk—1

By incorporating these formulae into a nonlinear program-
ming algorithm such as SQP, we can solve the problem (P}; )

numerically.

5. Numerical simulation

In this section, we present a numerical simulation for the
boundary optimal control problem (P). Take ¢ =1, T =1,
b=0,a=-1,

sy =e"", 1e0,1],

Y(x) =0, xe[0,1],
and
flot)=2t—0.12)e My —2r, (x,1)€Q
in Eq. (2). Moreover, take
Y )= (e "x—1), (x1)eQ
and
wl@)y=(e " —1)% relo,1]

in the cost functional of (P). Thus, for problem (P), we have

)—]O(Z):O’ € [031}7
Fflz,t) = (2t =011}z =21, (z,1) € O,
and
F()=E-1, (1)e

by Eq. (3). Under this setting, we see that the exact solu-
tion (i.e., the optimal control function) for the problem (P)

is known as

u(t)= (e - 1%, relo,1],

which is also the optimal control for the original problem (P).
Moreover, we can get the corresponding state function for the
problem (P) as

y(Z,I)Z(Z—l)IZ (th)€Q~

In this case, we have u = u? fort € [0,1], y = 3 for (z,1) € O,
and then, the optimal value of the cost functional of problem
(P)is 0.

To get the numerical result for the problem (P), we should
first obtain the form of the semi-discrete problem (P,) with the
finite element method. For any 1 <i < N, the basis function

¢; is given by

Nx—xi—1), xio1 <x<ux,
0i(x) =< —N(x—xiy1), i <x < Xip1,
0, otherwise.

By direct computations, we can obtain

1/3N 1/6N 0 0 0
1/6N 2/3N 1/6N 0 0
1/6N 2/3N 1/6N 0|
0 0 - 23N
0O --- 0
—N 2N —N 0 - 0
0 -N 2N -N - 0 |
0O 0 0 0 - 2N
~1/6N 1/6N 0 0 -~ 0
—1/3N —1/3N 4/6N 0 - 0
0 —5/6N ~1/3N 7/6N - 0 7
0 0 0 0 - —1/3N
1000 0
0000 -~ 0
p_| 0000 0|
0000 0
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and

B(t) = 6*0.11‘(1’0707_“ 70)*

Moreover, we have

1/6N? 1/2N
1/N? 1/N
F(t)=@—012) | 2/N* | _o| UN
N—1/N? 1/N

and
1/6N? 1/2N
1/N? 1/N
Yd(t):tszl 2/N2 _t2M71 1/N
N—1/N? 1/N

In this simulation study, we take N = 10, which means the
finite element triangulation 7" has divided the interval [0, 1]
into 10 subintervals.

Then, by making use of the control parameterization
method, the admissible controls can be approximated by
piecewise constant functions and the optimal control problem
(Py) can be reduced to an optimal parameter selection prob-
lem (P}). We will study three cases for p = 10, p = 20, and
p = 30, respectively.

The following simulations are carried out by using the
SQP procedure with an active strategy within the MATLAB
environment and run in a personal computer. The numerical
results of the optimal controls for the problem (P}Z3 ) are com-
pared with the exact solution for the problem (P) in Figs. 1,
2, and 3, which show that the numerical results are in good
agreement with the exact solution. Moreover, when p is in-
creased from 5 to 10 and 20, the errors between the numerical

values and the analytic values are decreased obviously.

0.02 - - " -
-e- numerical values
04 — analytical values |
—0.02 J
s —0.04 » 1
3
—0.06 \\
—0.08 \\
—0.105 0.2 0.4 0.6 0.8 1.0

Fig. 1. (color online) Numerical values and analytical values for p = 10.

0.02

—- numerical values
0f — analytical values A

—0.02}

—0.04}

u(t)

—0.06}

—0.08}

—0.10

Fig. 2. (color online) Numerical values and analytical values for p = 20.

0.02 - - - .
— numerical values
— analytical values -

—0.02}
—0.04}

u(t)

—0.06}

—0.08}

—0.10

Fig. 3. (color online) Numerical values and analytical values for p = 30.

6. Conclusion

This paper is concerned with the numerical approxima-
tion for the optimal boundary control problem with control
constraint governed by a heat equation in a variable domain,
where the boundary of the variable domain boundary is de-
fined by a known time-dependent function. Following the
schedules of the Galerkin finite element discretization and
control parameterization technique, the original optimal con-
trol problem can be reduced to an optimal parameter selection
problem and can be solved by numerical optimization meth-
ods. A numerical simulation is given to illustrate the effective-
ness of our numerical approximation for the variable domain

problem.
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