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Radial imaging techniques, such as projection-reconstruction (PR), are used in magnetic resonance imaging (MRI)
for dynamic imaging, angiography, and short-T2 imaging. They are less sensitive to flow and motion artifacts, and support
fast imaging with short echo times. However, aliasing and streaking artifacts are two main sources which degrade radial
imaging quality. For a given fixed number of k-space projections, data distributions along radial and angular directions will
influence the level of aliasing and streaking artifacts. Conventional radial k-space sampling trajectory introduces an aliasing
artifact at the first principal ring of point spread function (PSF). In this paper, a shaking projection (SP) k-space sampling
trajectory was proposed to reduce aliasing artifacts in MR images. SP sampling trajectory shifts the projection alternately
along the k-space center, which separates k-space data in the azimuthal direction. Simulations based on conventional and
SP sampling trajectories were compared with the same number projections. A significant reduction of aliasing artifacts was
observed using the SP sampling trajectory. These two trajectories were also compared with different sampling frequencies.
A SP trajectory has the same aliasing character when using half sampling frequency (or half data) for reconstruction. SNR
comparisons with different white noise levels show that these two trajectories have the same SNR character. In conclusion,
the SP trajectory can reduce the aliasing artifact without decreasing SNR and also provide a way for undersampling recon-
struction. Furthermore, this method can be applied to three-dimensional (3D) hybrid or spherical radial k-space sampling
for a more efficient reduction of aliasing artifacts.
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1. Introduction
Nowadays, more and more new techniques have been

put forward in the magnetic resonance imaging (MRI) area,
which contain hardware improvement[1,2] and theoretical
innovation.[3] Projection acquisition (also called radial acqui-
sition) has been used since the beginning in MRI.[4] With re-
cent advances in gradient hardware and sequence design, rapid
imaging has become one of the most important objectives in
clinical applications. There are essentially two ways to in-
crease imaging speed: a faster scanning of k-space or a reduc-
tion in k-space coverage.[5] Rapid k-space traverse is hardware
dependent, and reduced k-space coverage always introduces
artifact and reduces the signal to noise ratio (SNR).

Radial sampling has advantages of shorter echo times,
less sensitivity to motion, and higher temporal resolution
for some applications.[6] Some applications, such as time-
resolved contrast enhanced magnetic resonance angiography
(CE-MRA),[7,8] are quite tolerable to angular undersampling.

A high temporal resolution can be achieved without spatial
resolution reduction and much streak artifact. However, most
radial sampling techniques are subject to aliasing and streak-
ing artifacts[9] which may significantly degrade the image
quality. In recent years, a variety of advanced radial sampling
techniques have been proposed to address these challenges.

MR imaging suffers aliasing artifacts[10] when the excited
object exceeds the prescribed field of view (FOV). There are
some methods to overcome the aliasing problem by selective
excitation or selective saturation. The multidimensional selec-
tive excitation pulse[11] was designed to excite only spins in
the region of interest (ROI). However, the actual implemen-
tation of such a pulse may be difficult for some specific ROI
shapes. Selective saturation pulses to presaturate spins outside
the ROI[12] are used before the primary sequence to decrease
the aliasing artifact. However, the minimum repetition time
(TR) is prolonged and the steady state of spins within the ROI
may be corrupted if the saturation pulses are not used in ev-
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ery TRs. Some studies overcome the aliasing problem with
modified k-space trajectories. Nayak et al[13] showed that ran-
domized trajectories could disrupt the coherence of aliasing ar-
tifacts. However, truly randomized trajectories[14] are difficult
to implement on a scanner. Variable sample densities[15,16]

from k-space center to edge in spiral and cartesian trajecto-
ries were used to decrease the aliasing artifact. However, such
trajectories are not used in radial trajectory.

In this paper, we put forward a novel radial k-space sam-
pling pattern, which shakes projections alternately (as shown
in Fig. 1). The simulation samplings k-space data of SP and
conventional trajectories were reconstructed by using gridding
algorithms. PSFs were also generated to describe the trajec-
tory difference. Aliasing artifacts were compared between
these two sampling patterns. Compared with the conventional
radial k-space trajectory, the SP trajectory was proved to de-
crease the aliasing artifact when using the same number of
data. These two trajectories were also compared with differ-
ent sampling frequencies. SP trajectory has the same aliasing
character when using a half sampling frequency (or half data)
for reconstruction. SNR simulation with different white noise
levels showed that these two trajectories have similar SNR re-
sults. In conclusion, the SP trajectory is a good way to reduce
the aliasing artifact without SNR decrease and can apply for
undersampling reconstruction.

(b)(a)

Fig. 1. Illustration of conventional sampling trajectory (a) and SP sam-
pling trajectory (b). The graphic uses six projections and ten samples in
the radial direction for illustration only. The projections with triangle
points pass through k-space center, and projections with circle points
shift ∆kr/2 relatively. These two patterns of projections alternate in the
azimuthal direction.

2. Model and method
2.1. SP sampling pattern

In this method, k-space is scanned on a radial polar grid.
SP sampling trajectory shifts the projection alternately along
the k-space center, as shown in Fig. 1(b). The projections with
triangle points pass through the k-space center, and projec-
tions with circle points shift ∆kr/2 relatively. These two pat-
terns of projections alternate in the azimuthal direction. Com-
pared with the conventional sampling trajectory (as shown in
Fig. 1(a)), data points in the azimuthal direction separate into
double circles in the SP trajectory. The SP trajectory can be
considered as two trajectories, a triangle point trajectory and a

circle point trajectory. The circle point projection is symmet-
rically divided by k-space center and without k-space center
sampled.

2.2. Theory

MR images are reconstructed from a limited number
of k-space samples. The resulting image degradation is
usually described by PSF of the corresponding sampling
trajectory.[17–19] The image reconstructed from a sampling tra-
jectory is the original image convolved with the correspond-
ing PSF. The conventional radial sampling function S(kr,kθ )

(Fig. 1(a)) is a sum over the product of two delta functions as

S(kr,kθ )

= ∆kθ ∆kr

Nθ−1

∑
nθ=0

Nr/2−1

∑
nr=−Nr/2

δ(kθ −nθ ∆kθ )δ(kr−nr∆kr), (1)

where Nθ is the number of projections separated by the angular
increment of ∆kθ = π/Nθ , and Nr is the number of samples in
the kr direction with radial increment ∆kr. The sampling func-
tion of the SP sampling trajectory (Fig. 1(b)) can be written
as

S(kr,kθ )

= S4(kr,kθ )+S�(kr,kθ )

= ∆kθ ∆kr

Nθ /2−1

∑
nθ=0

Nr/2−1

∑
nr=−Nr/2

[δ(kθ −2nθ ∆kθ )δ(kr−nr∆kr)

+δ(kθ − (2nθ +1)∆kθ )δ(kr− (nr +1/2)∆kr)] . (2)

The resulting PSF is given as

PSF(r,θ)

=
∫

π

kθ=0

∫ kr=+∞

kr=−∞

S(kr,kθ )e2π irkr cos(kθ−θ)|kr|dkθ dkr (3)

by the Fourier transformation in polar coordinates of the sam-
pling function S(kr,kθ ). The SP sampling pattern has the
same angular increment ∆kθ and projections Nθ with conven-
tional sampling pattern and is expected to have nearly the same
streaking artifact level. Continuous sampling in an angular di-
rection was investigated by Lauzon and Rutt.[19] For this ring-
like sampling, equation (3) reduces to

PSF(r) =
π(∆kr)

2

4
+2π(∆kr)

2
Nr/2−1

∑
nr=1

nrJ0(2π∆krnrr), (4)

which is a sum over the zeroth-order Bessel functions J0. Dis-
cretization by ∆kr in the radial direction leads to radial ring
lobes at r = j/∆kr, j = 1,2, . . .. The concentric ring lobes sur-
rounding the main peak at r = 0 are responsible for the radial
aliasing artifact.

Assume that we sample nearly continuously in the angu-
lar direction, therefore, the PSF of sampling function Eq. (2)
reduces to
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PSF(r)

=
1
2
[PSF4(r)+PSF�(r)]

=
1
2

[
π(∆kr)

2

4
+2π(∆kr)

2
Nr/2−1

∑
nr=1

nrJ0(2π∆krnrr)

+2π(∆kr)
2

Nr/2

∑
nr=1

(
nr−

1
2

)
J0

(
2π∆kr

(
nr−

1
2

r
))]

.(5)

For conventional radial sampling, the aliasing artifact occurs
when the object size exceeds the circular FOV with a diameter
of 1/∆kr. From Eq. (4), PSF(1/∆kr) of conventional trajectory
is calculated as

PSF
(

1
∆kr

)
C
=

π(∆kr)
2

4
+2π(∆kr)

2
Nr/2−1

∑
nr=1

nrJ0(2πnr), (6)

where C denotes the conventional trajectory. High intensity
will generate at r = 1/∆kr based on zero-order Bessel function
J0 character. This bright ring always brings a heavy aliasing
artifact especially in undersampling radial k-space. Likewise,
PSF(1/∆kr) of the SP sampling trajectory is shown as

PSF
(

1
∆kr

)
SP

=
π(∆kr)

2

8
+π(∆kr)

2
Nr/2−1

∑
nr=1

nrJ0(2πnr)

+π(∆kr)
2

Nr/2−1

∑
nr=1

(nr−1/2)J0(2π(nr−1/2)). (7)

Based on the oscillation character of Bessel function J0,
part two and part three in Eq. (7) are opposite in sign. There-
fore, a smaller PSF value can be generated around r = 1/∆kr.
This is expected to cause a lower aliasing artifact.

2.3. Gridding reconstruction

MRI acquisitions using radial trajectories are usually re-
constructed with either back projection reconstruction or re-
gridding methods.[20] Gridding is more popular for recon-
structing data from nonrectilinear k-space trajectories.[21,22]

The gridding algorithm can be divided into two stages: sam-
pling density compensation and inverse Fourier transform. In
the gridding algorithm, the inverse Fourier transform is es-
timated by convolving the density compensated data with a
finite kernel, sampling onto a Cartesian grid, performing an
FFT and multiplying by an apodization correction function.
Jackson et al examined many different functions that could be
used for gridding kernels and found the Kaiser–Bessel window
preferable since it is easy to compute and offers near optimal
performance.[21]

The collected data must be properly weighted before
interpolation.[23] We used the area of the Voronoi cell around
each sample as a measure for its spatial extent.[24] As shown

in Fig. 2, the density weighting of each sampling point outside
k = 0 was calculated by its sector area. The areas of points at
k = 0 was calculated by two symmetrical sectors with radius
of ∆kr/2. A Kaiser–Bessel kernel with a window size w = 4
and β = 18.5547 was used with typically grid oversampling
ratio α = 2.[21]

Fig. 2. Density weight of each sampling point by using the Voronoi cell
area of each sample. Each sampling point outside k = 0 was calculated
by its sector area. The areas of points at k = 0 were calculated by two
symmetrical sectors with radius of ∆kr/2.

2.4. Sampling simulation

Based on the well-known Nyquist criterion, πn/2 projec-
tions have to be obtained for an image with a base resolution of
n×n sample points. In order to compare the aliasing artifact,
both the conventional and SP patterns were set to satisfy the
Nyquist condition. 402 projections (256 samples each) were
sampled from the Shepp–Logan phantom. The simulations
were written using Matlab (MathWorks, Natick, MA). Recon-
structed images with matrix 256×256 were cut from the grid-
ding reconstructed images with a matrix of 512× 512. Dif-
ferences with the original Shepp–Logan phantom image were
calculated after normalization. The aliasing artifact power
(AP)[27] was calculated in these two methods using the fol-
lowing equation:

AP =
∑ j ‖ Iref

j | − | Irecon
j ‖2

∑ j | Iref
j |2

, (8)

where j is a pixel index, Iref is the original phantom image, and
Irecon are the reconstructed images from these two methods.
Note that a higher value of AP represents increased artifacts
and reduced image quality.

In PSF image of radial sampling, bright rings in the PSF
induce aliasing artifacts. The locations of these rings satisfy
∆krFOV = n, where n is the number of bight rings. In order
to present more ring lobes, we choose a sampling matrix of
201 projections (128 samples each) and generate a PSF image
matrix of 512×512 in PSF comparison.
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2.5. Noise simulation

Compared with the conventional radial sampling trajec-
tory, half number of projections in SP trajectory were sampled
without k-space centers. This may influence the SNR of the
image. To investigate the SNR character of the SP trajectory,
the noise simulation has been done by adding the same level of
white noise to these two trajectories k-space data.[25] Different
noise levels from −20 dB to −40 dB were used in the simula-
tion. Since undersampling will induce the streaking artifacts,
fully sampling (402 projections) was used in the noise simu-
lation. The SNRs from different noise levels were calculated.
In order to eliminate aliasing artifact degradation, images with
different noise levels were subtracted by the noise free image
from each trajectory, and the differences were used to calculate
the image noise. The bright ellipse edge was used to calculate
as a signal. The SNR was calculated using the following equa-
tion:

SNR =
√

2
Ī
σ
. (9)

2.6. Different sampling bandwidth simulation

From the PSF formula (4), we know that the value of ∆krr
effects the aliasing artifact location. If we double the value of
∆kr, an aliasing artifact will appear at location r = FOV/2.
Doubling the sampling step size means using a half sampling
bandwidth. Decreasing the sampling bandwidth can decrease
electronic noise. In this simulation, these two trajectories were
sampled with steps ∆kr = 1 and ∆kr = 2 individually. The
same FOV was used in these simulations.

3. Results
3.1. Sampling simulation results

Shepp–Logan phantom was used in the simulation. Full
sampling with 402 projections (256 samples each) was used
in both trajectories to eliminate the streaking artifact. After
regridding the reconstruction, the images from these two sam-
pling trajectories were obtained as shown in Figs. 3(a) and
3(c). Although we used oversampling in the reconstruction
that the aliasing artifact was not overlapped on the phantom,
the aliasing artifacts still appeared at the corners of the con-
ventional trajectory generated image (as shown in Fig. 3(a)).
However, in the image generated by SP trajectories, aliasing
artifacts disappeared. In order to compare these two recon-
structed images, the images were normalized before being dis-
played in the same gray level. Clearly differences were seen
by subtracting these two reconstructed images from the origi-
nal phantom image after normalization (as shown in Figs. 3(b)
and 3(d)). Obvious aliasing artifact elimination can be found

by comparing Figs. 3(c) and 3(d). The aliasing AP of a con-
ventional trajectory is 0.1208 and the SP trajectory is 0.0176.
Significant improvement (nearly 7 times) in the aliasing arti-
fact is found in images acquired with the SP trajectory.

(a) (b)

(d)(c)

Fig. 3. Shepp–Logan phantom images were reconstructed from conventional
(a) and SP (c) trajectories. (b) and (d) show the difference between the origi-
nal fully sampled Shepp–Logan phantom image and the newly reconstructed
images acquired with conventional and SP trajectories, respectively.

1 128 256 384 512
 

 
C
SP

(a) (b)

256

(c)

Fig. 4. (color online) PSF comparison between these two sampling trajecto-
ries. PSF image was generated from full sampling k-space with 201 projec-
tions and 128 points on each projection. (a) shows PSF reconstructed from the
conventional sampling trajectory, and (b) shows the reconstructed PSF from
the SP sampling trajectory. The centerlines of these two PSFs are shown in
panel (c). The red line is conventional and blue line is the SP trajectory.
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In PSF comparison, in order to show more aliasing ring
lobes in the PSF image, PSF was generated using a smaller
sampling matrix with 201 projections (128 samples each) and
a reconstructed image matrix of 512× 512. Figures 4(a) and
4(b) show PSFs reconstructed from conventional and SP sam-
pling trajectories. In comparison, we found that the first prin-
ciple ring of PSF from the SP trajectory was diluted and spread
out. The center line of PSFs were extracted as shown in
Fig. 4(c). The bright circle of the conventional method PSF
has a higher amplitude than the SP method. The effective FOV
of the SP trajectory was bigger than that of the conventional
trajectory. The amplitude of PSF around the first bright ring
oscillate sharply in the SP trajectory, which was caused by the
summation of part two and part three in Eq. (7). With such
PSF in convolution, the reconstruction got an aliasing artifact
free image.

3.2. Noise simulation results

Different white noise levels from−20 dB to−40 dB were
added to k-space data as the electronic noise. The mean am-
plitude value of bright ellipse edge of Shepp–Logan phantom
was calculated as a signal, and the difference between noise
image and noise free image was calculated as a noise value.
The signal and noise change as added noise levels are shown
in Figs. 5(a) and 5(b). The SNR changing with different noise
levels is shown in Fig. 5(c). Signals of the SP trajectory were
a little higher than the conventional trajectory (1.3%). Noises
of these two trajectories were increasing as more white noise
was added. However, noises from the conventional trajectory
increase faster than that from the SP trajectory. SNRs calcu-
lated from Eq. (8) were similar. The SNR of the SP trajectory
is 7.8% higher than that of the conventional trajectory.

(a) (b) (c)
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Fig. 5. (color online) Noise simulations with different noise levels (−40 dB–−20 dB) added to full sampling trajectories. Signals
were calculated from bright ellipse edge of phantom (a), and noises were calculated from subtraction images (b). The SNR of the SP
method is 7.8% higher than that of the conventional trajectory (c).
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S

(c)

(a) (b)

Fig. 6. (color online) Images with −40-dB noise added to the k-space
of conventional and SP trajectories ((a) and (b)). (c) shows the signals
compared with the standard phantom along the across dotted lines. The
black lines in panel (c) are from the standard phantom signal, and red
and blue lines are from conventional and SP trajectories generated im-
ages, respectively.

Figures 6(a) and 6(b) show image comparisons when
−40-dB noise was added to k-space of conventional and SP
trajectories. Signals along the oblique dotted lines are shown
in Fig. 6(c). Standard phantom signal along that line is present
as a black line in Fig. 6(c). Aliasing artifact amplitudes are
shown in Fig. 6(c) as arrow points. Except the aliasing arti-
facts difference, similar noise performances are seen in these
two methods.

3.3. Different sampling bandwidth simulation results

Figure 7 was the results with different sampling band-
widths. The left column images (as shown in Figs. 7(a) and
7(c)) were simulated with sampling steps ∆kr = 1 and 2 for
the right column images. The upper row images (Figs. 7(a)
and 7(b)) are the conventional trajectory and the lower row
is the SP trajectory. The aliasing artifact in the conventional
trajectory image (Fig. 6(a)) was very bright and gathering to
the center when the sampling step was doubled. The same
phenomenon was seen in the SP trajectory, but the aliasing ar-
tifact did not contaminate the phantom image. The image of
the SP trajectory with sampling step of 2 was similar to that
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when using a conventional trajectory with a sampling step of
1. This means that we can obtain a similar image using the
half sampling bandwidth in the SP trajectory. Using a half
sampling bandwidth can also improve the SNR by decreasing
the electronic noise.

(a) (b)

(c) (d)

Fig. 7. Comparison of different sampling bandwidths. (a) and (b) recon-
structed from the conventional trajectory and (c) and (d) reconstructed
from the SP trajectory. The right side images were sampled with a half
bandwidth that compared with the left side images. The image from the
SP trajectory with a half bandwidth has a similar aliasing character as
that of the conventional trajectory.

4. Discussion
The phantom studies show that the SP trajectory is able to

decrease the aliasing artifact effectively. Usually, the aliasing
artifact can be decreased by increasing the FOV or increas-
ing the sampling points (the same as decreasing the sampling
step). The novel method increases neither the scan time nor the
reconstruction time, but can reduce the aliasing artifact in the
final image. Therefore, with the same aliasing artifact stan-
dard requirement, the novel radial sampling pattern provides
an option to use a low sampling bandwidth or short echo time.
In addition, this method can decrease the noise by using the
low sampling bandwidth.

In the SP trajectory, half k-space center (k = 0) data points
were not sampled. However, the SNR of the SP trajectory was
a little higher than that of the conventional trajectory. The rea-
son for signal gain in the SP trajectory may be that the k-space
center (k = 0) has already been oversampled in both trajecto-
ries. More data sampled around k = 0 instead of only oversam-
pling the k = 0 point will be better for image quality. In reality,
a nonlinear projection with non-equidistance data points was
usually used. In these projections, more k-space data around
the center were sampled and less in the edge.[16] Such projec-
tions can also be combined with the shaking projections tech-

nique as necessary.
In a given fixed number of data points radial k-space sam-

pling, the data in the angular and radial direction distributions
affect the streaking and aliasing artifact levels.[5] Too many
data distributed along the angular direction and fewer circles
in the radial direction will cause an aliasing artifact. On the
contrary, too many data lying along the radial direction and
fewer projections will cause a streaking artifact. The novel k-
space sampling method increases cycles in the radial direction
with the same projection number. It makes the data distributed
more discrete in the radial direction. Based on the same idea,
more and more novel k-space sampling methods will be de-
signed not only in radial but also in spiral or other trajectories.

The novel sampling method can also be extended to
three-dimensional (3D) imaging that uses either a cylindri-
cal k-space volume with a stack of 2D radial projections
combined with Cartesian encoding in the slice direction (hy-
brid radial)[28] or a spherical k-space volume with 3D radial
projections.[29] In addition, shaking projections can also be
used in TWIRL[30] and WHIRL,[31] which combine radial
and spiral trajectories. Additional simulation and research are
needed in other k-space sampling trajectories and applications.

5. Conclusion
In conclusion, the SP trajectory can decrease the aliasing

artifact effectively and without SNR decrease and also pro-
vide a way for undersampling reconstruction. Furthermore,
this novel sampling method can also be extend to 3D imaging
trajectories and other 2D trajectories. Additional simulation
and research are needed in other k-space samplings and appli-
cations.
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