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Self-consistent field theory of adsorption of flexible polyelectrolytes
onto an oppositely charged sphere∗
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The adsorption of flexible polyelectrolyte (PE) with the smeared charge distribution onto an oppositely charged sphere
immersed in a PE solution is studied numerically with the continuum self-consistent field theory. The power law scaling
relationships between the boundary layer thickness and the surface charge density and the charge fraction of PE chains
revealed in the study are in good agreement with the existing analytical result. The curvature effect on the degree of charge
compensation of the total amount of charges on the adsorbed PE chains over the surface charges is examined, and a clear
understanding of it based on the dependences of the degree of charge compensation on the surface charge density and the
charge fraction of PE chains is established.
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1. Introduction
Polyelectrolytes (PEs) are polymers with ionizable func-

tional groups on the polymer chain backbones. PEs are in-
teresting from a theoretical point of view and have a wide
range of technical applications, and are also of crucial impor-
tance in the perspective of biological and life sciences.[1–10]

There are many interesting phenomena related to PEs, some
of which may appear counter-intuitive, such as the like-charge
attraction mediated by PEs. The adsorption of PEs on op-
positely charged objects has drawn great attention in recent
decades.[11–32] In the absence of the short range PE-surface
non-electrostatic interaction, the PE adsorption is mainly gov-
erned by the competition between the PE-surface attractive
electrostatic interaction and the entropy loss of the polymer
chains upon the adsorption. The understanding of the PE ad-
sorption lags behind that of the neutral polymer adsorption be-
cause the PE adsorption is much more complicated due to the
long-range nature of the Coulomb electrostatic interaction and
the additional length scales introduced by PEs and the mobile
ions.

A central aspect of PE adsorption is the so-called charge
inversion, that is, the total amount of charges on adsorbed
PE chains overcompensates that of the surface charges of the
object.[13–17,21–23] Other interesting issues regarding the PE
adsorption, such as the thickness of the polymer layer, the crit-
ical condition for the adsorption, the effect of the added salt
ions, the effect of short-range PE-surface non-electrostatic in-
teraction, the influence the smeared (corresponding to strongly

dissociating PEs) and annealed (corresponding to weakly dis-
sociating PEs) charge distributions, and the difference be-
tween planar and curved (cylindrical, spherical) charged ob-
jects, have also attracted the research attention.[13–23]

In the study of PE adsorption, molecular simula-
tion methods such as molecular dynamics (MD), Monte
Carlo (MC), and Brownian dynamics (BD), are extensively
used.[24–26,33–35] They have the advantage of accurately com-
puting the Coulomb electrostatic interaction. On the other
hand, coarse-grained numerical methods such as the self-
consistent field theory (SCFT) have also been employed to
study the PE adsorption.[13–17,21–23] They are computation-
ally cheap and provide an attractive alternative to the study
of polyelectrolytes. The continuum SCFT have been applied
to the study of the adsorption of PEs on charged planar and
cylindrical surfaces.[13,14] Recently, the continuum SCFT was
adopted to numerically study the adsorption of PEs with the
smeared charge distribution on an oppositely charged sphere
in the ground dominance limit.[15] The effects of the added
salt ions and the short-range PE-surface non-electrostatic in-
teraction were investigated in the study. In our previous works,
the continuum SCFT for flexible PEs was employed to study
the adsorption of PEs with the smeared charge distribution
onto two oppositely charged columns with a square cross-
section,[21,22] and the curvature effect of a charged curved sur-
face was not considered. In this work, we apply the continuum
SCFT for PEs to the study of the adsorption of PEs with the
smeared charge distribution onto an oppositely charged sphere
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immersed in a PE solution. The curvature effect of the charged
sphere on the degree of charge compensation is carefully ex-
amined. The rest of the paper is organized as follows. In Sec-
tion 2, the theory and SCF equations for PEs with the smeared
charge distribution are described. In Section 3, results and
discussion regarding the boundary layer scaling, the degree of
charge compensation, and the curvature effect of the charged
sphere are presented. In Section 3, the main results are sum-
marized.

2. Theory and model equations
In this work, we consider a flexible PE solution with the

smeared charge distribution in which a spherical object with
uniform surface charges of the opposite sign is immersed and
study the adsorption of PE chains onto the charged sphere. For
numerical convenience, the PE solution is confined in a much
bigger concentric sphere of radius Rs than the charged sphere
of radius R and the bigger sphere has a neutral hard wall, and
then the system size is V = 4π

(
R3

s −R3
)
/3. It will be shown

later in the paper that the spherical geometry of the system
under study and the hard wall exerts no influence on the ad-
sorption behaviors of PE chains onto an oppositely charged
sphere as long as the system size, i.e., the radius of the sphere
in which the PE solution is confined, is large enough.

The continuum SCFT theory for an inhomogeneous
multi-component weakly charged polyelectrolyte system has
been derived in Refs. [27] and [28]. The dimensionless SCF
equations are as follows:

φP (𝑟)+φS (𝑟)−1 = 0, (1)

ωP (𝑟) = χPSNφS (𝑟)+η (𝑟) , (2)

ωS (𝑟) = χPSNφP (𝑟)+η (𝑟) , (3)

ω± = Nν±ψ (𝑟) , (4)

φP (𝑟) =
φ̄P

QP

∫ 1

0
dsq(𝑟,s)q(𝑟,1− s) , (5)

φM (𝑟) =
φ̄M

QM
exp
[
−ωM (𝑟)

N

]
, (6)

∇ · [ε (𝑟)∇ψ (𝑟)]

= −N [αPνPφP (𝑟)+ν+φ+ (𝑟)+ν−φ− (𝑟)] . (7)

In the above equations, φ j with j = P, S, and ± are
the dimensionless volume fractions of PE chains, solvent
molecules, and mobile ions, the incompressibility of the sys-
tem is enforced through the introduction of the Lagrange mul-
tiplier η (𝑟) (see Eqs. (2) and (3)), χPS denotes the Flory–
Huggins interaction parameter between monomers and sol-
vent molecules, ω j denotes the conjugate interaction field
within the SCFT formalism, ψ (𝑟) denotes the electric po-
tential field, the volume-averaged densities φ̄P ≡ nPN/(ρ0V )

and φ̄M ≡ nM/(ρ0V ) with nP and nM representing respec-
tively the total number of PE chains with a chain length N

and species M (M = S,+,−), ρ0 denotes the same density of
PE segments and the solvent molecules, ε (𝑟) denotes the per-
mittivity, QP =

∫
d𝑟q(𝑟,1)/V , QM =

∫
d𝑟 exp [−ωM/N]/V .

In the present study, the permittivity of the medium is as-
sumed to be a constant, the same as that of the pure water.
In Eq. (7), αP denotes the average degree of ionization or the
charge fraction of PE chains with the smeared charge distri-
bution, νP = −1, ν± = ±1 are for the charge valences of PE
chains and the mobile ions respectively. In this relatively short
paper, we limit our attention to a salt-free PE solution, and
the effect of short-range PE-surface non-electrostatic interac-
tion will not be considered. Thus, φ+ (𝑟) refers to the di-
mensionless number density of counter-ions which come from
the ionization of the functional groups on PE chains, whereas
φ− (𝑟) denotes the dimensionless number density of co-ions
which come from the ionization of the functional groups on
the sphere and the sphere is then positively charged. More-
over, because the number densities of counter-ions and co-ions
in this study are rather low, which are on the order of 10−4–
10−3, the effect of size of these mobile ions is not considered
(see Eq. (1)).

The propagator q(𝑟,s) corresponding to the probability
of finding the end-segment of a polymer chain of length s at 𝑟
satisfies the following modified diffusion equation

∂q(𝑟,s)
∂ s

=∇2q(𝑟,s)−ωp (𝑟)q(𝑟,s) . (8)

To study the charge inversion phenomenon, the parameter
of the degree of charge compensation is introduced as follows:

Ξ =
∫

V
αp
[
φp (𝑟)−φf (𝑟)

]
d3𝑟/Q, (9)

where Q is the total amount of charges on the surface of the
charged sphere, φf (𝑟) denotes the volume fraction of the free
chains in the system. To study the PE adsorption on the
charged sphere and calculate different chain conformations,
the region between the surface of the sphere and the second
inflection point of the monomer radial density profile away
from the charged sphere is defined as the boundary layer. The
free chains that are not adsorbed onto the charged sphere are
calculated as φf (𝑟) =

(
φ̄P/QP

)∫ 1
0 dsqf (𝑟,s)qf (𝑟,1− s). The

propagator qf (𝑟,s) corresponds to PE chains with none of
their segments falling into the boundary layer. Please refer to
Ref. [21] for the calculations of the adsorbed PE chains with
tail, loop and train conformations.

To elucidate the relations between the distributions of
counter-ions and co-ions and the surface charge density of the
sphere, the relative amount of the total charges of the counter-
ions and co-ions inside the boundary layer are computed as
follows:

Ξ+ =
∫

BL
φ+ (𝑟)d3𝑟/Q, (10)

Ξ− =
∫

BL
φ− (𝑟)d3𝑟/Q, (11)
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where BL denotes the volume occupied by the boundary layer.

To numerically solve the SCF equations, it is natural to
use a spherical coordinate system (r,θ ,φ) where the center
of the sphere is placed at the origin. Furthermore, it is quite
reasonable to assume that all the physical quantities have no
dependence on the two angular coordinates θ , φ , and vary
only along the radial direction. Thus, the dimensionality of
the problem is reduced to one. Accordingly, the volume ele-
ment is transformed to dV ≡ d3𝑟 = 4πr2 dr.

In numerically solving the SCF equations, the grid
size of the one-dimensional computational domain is set to
0.03125Rg or 0.015625Rg (Rg is the radius of gyration of a
flexible PE chain), and the time step size for solving q(r,s)
is 0.01. The modified diffusion equation and the Poisson
equation are solved by using the standard linear multigrid
method.[21] On the surface of the charged sphere, the Neu-
mann boundary condition of (∂ψ/∂ r)|BC = (6N)1/2

σb2/ε

in the dimensionless form is applied,[21] and q = 0. On the
hard wall of the spherical system, that is at r = Rs, q = 0,
∂ψ/∂ r = 0. Furthermore, the zero reference electric potential
is located at r = Rs.

3. Results and discussion

In this paper, for simplicity, the segment size is set as
b = 0.7 nm, the chain length of PE chain is fixed as N = 50,
the Flory–Huggins parameter χPS = 0.0. The bulk monomer
volume fraction is fixed as 0.005, which is not far from the
chain overlapping concentration φ ∗ for a semi-dilute polymer
solution with φ ∗ = Nb3/

(
N3/5b

)3 ≈ 0.04. The radius of the
charged sphere is varied from 0.75 to 10.0Rg. The dimension-
less dielectric constant of the system is fixed at ε = 0.4762,
which corresponds to the dielectric constant of pure water at
room temperature. The charge fraction of a PE chain is varied
from αp = 0.05 to αp = 0.3. Note that the range of αp can
be estimated by equating the electrostatic energy of a charged
polymer coil in a good solvent to the thermal energy, i.e.,

(
Nαp

)2 e2

ε0εr
(
N3/5b

) ∼ kBT ⇒ αp ∼ N−7/10l−1/2
B b1/2, (12)

where lB = e2/(ε0εrkBT ) is the Bjerrum length which is about
0.7 nm in water at room temperature (ε0, εr denote the vac-
uum permittivity and the dielectric constant respectively). For
a PE chain length N = 50, αp∼ 0.065. The sphere is positively
charged with a surface charge density of σ . The product of σ

and b2 is varied from σb2 = 0.02381 to σb2 = 0.19048, which
corresponds to a charge density of σ = 4.857×10−2 nm−2 to
σ = 3.8856×10−1 nm−2.

3.1. Scaling relationships between the boundary layer
thickness and the surface charge density of the spher-
ical particle/the charge fraction of PE chains

It can be clearly seen from Fig. 1 and its inset that, for the
PE adsorption on an oppositely charged sphere, the boundary
layer thickness scales with both the surface charge density and
the charge fraction of PE chains as a power law. The scaling
exponent is −0.35 for both scaling relationships. This scaling
exponent is in good agreement with the analytical result ob-
tained from the Green’s function equation in the ground state
dominance limit. For PE chains with a smeared charge distri-
bution, the Green’s function method suggests that the surface
charge density and the charge fraction of PE chains form a
universal parameter governing the boundary layer thickness,
and the scaling exponent remains as −1/3 for both planar and
curved (cylindrical and spherical) charged surfaces.[18–20]
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Fig. 1. (color online) The double logarithmic plot of the boundary layer
thickness against the charge fraction of PE chains for a sphere with
R = 1.0Rg at a surface charge density of σb2 = 0.09524. In the inset,
the double logarithmic plot of the boundary layer thickness against the
surface charge density at a PE monomer charge fraction of αp = 0.2 for
a sphere with R = 1.0Rg is displayed.

The effects of the radius of the charged sphere on the
boundary layer thickness LB and the scaling laws between LB

and αp, σ are investigated. It is found from the numerical
study that LB decreases slightly with the increase of the ra-
dius and LB eventually reaches a constant for the radius larger
than about 5.0Rg (see the inset of Fig. 2), thus approaching
the planar surface limit. Our numerical study shown in Fig. 3
reveals that, in the planar surface limit, the scaling exponents
between LB and αp, σ are both −0.33, which is in excellent
agreement with the analytical result from the Green’s function
method.[18–20] It should also be noted that, the scaling expo-
nent of −0.33 is also in good agreement with our numerical
result of the PE adsorption on two charged columns with a
square cross-section.[21,22] It should be pointed out that the
scaling laws obtained here only apply to the scenario in which
the PE chains are weakly charged and flexible, and the adsorp-
tion substrate is also weakly charged. A weakly charged sur-
face can be quantitatively defined by the electrostatic coupling
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constant proposed by Netz et al.,[31] which is equal to 4πl2
Bσ .

A weakly charged surface corresponds to an electrostatic cou-
pling constant ≤ 1 under which the mean-field theories such
as SCFT work well. The highest surface charge density of
0.19048 studied in this paper corresponds to an electrostatic
coupling constant of about 2.4, which is not far away from
this limit. Furthermore, it should be noted that the advantage
of SCFT over the Green’s function method is that the different
chain conformations can be quantified. The Green’s function
method is unable to calculate the total amount of the adsorbed
chains or the degree of charge compensation.
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Fig. 2. The magnitude of the dimensionless particle surface electric po-
tential is plotted against the radius of the charged sphere at αp = 0.2,
σ = 0.04762. The radius of the sphere is in the unit of Rg. In the inset,
the boundary layer thickness is plotted against the radius of the charged
sphere at αp = 0.2, σ = 0.04762.
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Fig. 3. (color online) The double logarithmic plot of the boundary layer
thickness against the charge fraction of PE chains for a sphere with
R = 6.0Rg at a surface charge density of σb2 = 0.09524. In the inset,
the double logarithmic plot of the boundary layer thickness against the
surface charge density at a PE monomer charge fraction of αp = 0.15
for a sphere with R = 6.0Rg is shown. The slopes in the figure and the
inset are −0.33.

The trend of the boundary layer thickness with the vari-
ation of the radius of the charged sphere is likely due to the
influence of the surface electric potential. Imagine that an
isolated and uniformly charged sphere is imbedded in an in-
finitely large dielectric medium, it is straightforward to show
that the surface electric potential is ψs = σR/ε0εr. Thus, the

surface potential linearly increases with the radius. In the
present study, the surface electric potential can be obtained by
numerically solving the Poisson equation (i.e., Eq. (7)). A typ-
ical example of the variation of the surface potential with the
sphere radius is shown in Fig. 2. Evidently, the magnitude of
the surface potential increases with the radius of the charged
sphere, and levels off in the large radius limit.

3.2. Effects of the system size on the boundary layer thick-
ness and the degree of charge compensation of PE
chains adsorbed on an oppositely charged sphere

For the PE adsorption onto an oppositely charged sphere
studied in this paper, we employ a spherical system capped
by a hard wall in which there is a PE solution and a spherical
oppositely charged sphere, and the spherical system and the
charged sphere are concentric. The adoption of such a spheri-
cal system capped by a hard wall is for the sake of the numer-
ical convenience. As long as the radius of the spherical sys-
tem is large enough compared with the radius of the charged
sphere, the effect of confinement of the hard wall on the ad-
sorption behaviors of PEs can be removed. As can be clearly
seen from Fig. 4 and the inset, for a large enough system size,
the effect of confinement of the hard wall indeed exerts no
influence on the boundary layer thickness and the degree of
charge compensation.
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Fig. 4. The plot of the degree of charge compensation against the radius
of the spherical system at σb2 = 0.04762 and αp = 0.2. In the inset, the
boundary layer thickness is plotted against the radius of the spherical
system at σb2 = 0.04762 and αp = 0.2.

3.3. Dependence of the degree of charge compensation of
PE chains adsorbed on an oppositely charged sphere
on the charge fraction of PE chains and the surface
charge density

Our numerical results suggest that, for the PE adsorption
on an oppositely charged sphere and in the absence of short-
range non-electrostatic PE-surface interactions, the degree of
charge compensation of the total amount of charges on the ad-
sorbed chains over the surface charges increases with increas-
ing charge fraction of PE chains (see Fig. 5), but decreases
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with the increase of the surface charge density (see the upper
left inset of Fig. 5). Such trends are identical to those for the
PE adsorption on two oppositely charged columns with square
cross-section in our previous study.[21] Please note that the ab-
solute amount of the adsorbed PE chains increases with the
surface charge density (see the lower right inset of Fig. 5).
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Fig. 5. The plot of the degree of charge compensation against the charge
fraction of PE chains at a surface charge density of σb2 = 0.04762 and
R = 1.0Rg. In the upper left inset, the plot of the degree of charge com-
pensation against the surface charge density at a PE charge fraction of
αp = 0.15 and R = 1.0Rg is displayed. In the lower right inset, the plot
of the total amount of charges on the adsorbed PE chains against the
surface charge density is displayed with the same system parameters as
in the upper left inset. In the label of the y axis in the lower right inset,
Q denotes the total surface charges on the sphere, Q0 denotes the total
surface charges at σb2 = 0.03572, which is used to normalize the total
amount of charges on the adsorbed chains.
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Fig. 6. The plot of the relative amount of charges of counter-ions in-
side the boundary layer against the surface charge density at the same
system parameters as in Fig 5. In the inset, the plot of the total amount
of charges of the counter-ions inside the boundary layer against the sur-
face charge density is displayed with the same system parameters as in
the figure. In the label of the y axis in the inset, Q denotes the total
surface charges on the sphere, Q0 denotes the total surface charges at
σb2 = 0.03572.

Another interesting aspect of PE adsorption on the
charged sphere is the relations between the distributions of the
mobile ions and the surface charge density.[30,32] As shown in
Fig. 6 and its inset, the relative and absolute amounts of the
positive counter-ions inside the boundary layer decrease with

the increase of the surface charge density. This is because both
the counter-ions and the surface charges on the sphere are of
the same charge sign. For negatively charged co-ions, with the
increase of the surface charge density of the sphere, due to the
stronger electrostatic attraction between the co-ions and the
surface charges, the absolute amount of the co-ions inside the
boundary layer also increases as shown in the inset of Fig. 7.
On the other hand, the relative amount of the co-ions inside the
boundary layer shows a nontrivial dependence on the surface
charge density, as revealed from Fig. 7.
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Fig. 7. The plot of the relative amount of charges of co-ions inside the
boundary layer against the surface charge density at the same system pa-
rameters as in Fig. 5. In the inset, the plot of the total amount of charges
of the co-ions inside the boundary layer against the surface charge den-
sity is displayed with the same system parameters as in the figure. In
the label of the y axis in the inset, Q denotes the total surface charges
on the sphere, Q0 denotes the total surface charges at σb2 = 0.03572.

3.4. Effect of the radius of charged sphere on the degree
of charge compensation of PE chains adsorbed on an
oppositely charged sphere

It can be clearly seen from Fig. 8 that the degree of charge
compensation of the adsorbed PE chains Ξ shows interesting
and unusual dependence on the radius of the charge sphere.
At relatively low surface charge density σ and high charge
fraction αp, Ξ decreases with the increase of the radius, and
eventually saturates in the planar surface limit. On the other
hand, at relatively high surface charge density σ and low αp,
Ξ increases with the increase of the radius, and levels off for
large enough radius. The numerical study in subsection C
clearly suggests that Ξ increases with the increase of αp, but
decreases with the increase of σ . Then the different trends of
Ξ with varying radius of the charged sphere shown in Fig. 8
can be rationalized as follows. For the parameter combination
of relatively low σ and αp which corresponds to relatively high
Ξ , the degree of charge compensation tends to decrease with
increasing radius to minimize the electrostatic repulsion be-
tween adsorbed PE chains. In the opposite parameter regime
which corresponds to relatively low Ξ , Ξ will most likely in-
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crease with the increase of the radius before approaching a
constant in the planar surface limit.

Ξ

0 2 4 6 8 10

0.50

1.00

1.50

2.00

2.50

R

Fig. 8. (color online) The degree of charge compensation of total
amount of the charges on the adsorbed PE chains on the surface charges
are plotted against the radius of the charged sphere at different surface
charge densities and charge fractions of PE chains. In the figure, the
curves from the top to the bottom correspond to sets of system pa-
rameters of σ = 0.04762, αp = 0.30; σ = 0.04762, αp = 0.10; and
σ = 0.19048, αp = 0.10; respectively.

4. Summary

In this paper, the continuum self-consistent field theory
is applied to numerically study the adsorption of PEs with
the smeared charged distribution onto an oppositely charged
sphere immersed in a PE solution. The power law scaling re-
lationships between the boundary layer thickness and the sur-
face charge density and the charge fraction of PE chains are
identified in the numerical study. The scaling exponents are in
good agreement with the existing analytical result. The surface
electric potential likely plays a role in the dependence of the
boundary layer thickness on the radius of the charged sphere.

The numerical result reveals interesting trends of the vari-
ation of the degree of charge compensation with the radius of
the charged sphere. A clear understanding regarding the de-
pendence of the degree of charge compensation on the radius
is established. In the parameter regime of low surface charge
density and high charge fraction of PE chains, in which the
degree of charge compensation is relatively high, the degree
of charge compensation decreases with the increase in radius.
In the opposite regime which corresponds to relatively low de-
gree of charge compensation, the degree of charge compensa-
tion increases with the increase in radius.
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