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Dendrite to symmetry-broken dendrite transition in directional
solidification of non-axially oriented crystals∗
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In this paper, the morphological transition from dendrite to symmetry-broken dendrite is investigated in the directional
solidification of non-axially-oriented crystals using a quantitative phase-field model. The effects of pulling velocity and
crystal orientation on the morphological transition are investigated. The results indicate the orientation dependence of the
symmetry-broken double dendrites. A dendrite to symmetry-broken dendrite transition is found by varying the pulling
velocity at different crystal orientations and the symmetry-broken multiple dendrites emerge as a transition state for the
symmetry-broken double dendrites. The state region during the transition can be well characterized through the variations
of the characteristic angle and the average primary dendritic spacing.
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1. Introduction
Solidification microstructure pattern formation is a

widely investigated subject in nonequilibrium and nonlinear
statistical physics.[1,2] Dendrite is the most frequently formed
morphology of non-faceted crystals in solidification process-
ing, where the anisotropy of the surface tension clearly plays
an important role in stabilizing the dendritic tip with the den-
drite growing into a free space.[3] In directional solidification,
the sample is pulled through a linear temperature gradient at a
constant pulling velocity, which gives rise to a variety of inter-
facial patterns.[4,5] The temperature gradient and the pulling
velocity are two control parameters in the directional solidi-
fication. The most basic microstructure pattern is a periodic
array of cells or dendrites that forms when the pulling velocity
exceeds a critical velocity which is presented by the Mullins–
Sekerka instability.[6] In the last decades, studies in exper-
iments and simulations show that possible steady-state pat-
terns forming in the directional solidification are much richer
than that ever anticipated. Symmetry-broken (SB) double cells
(doublets) in directional solidification, i.e., two asymmetrical
cells which are mirror images of each other with a deep groove
between them, were first observed in experiments by Jam-
gotchian et al.[7] The existence of SB multiple cells (triplets
or multiplets) was also noted in their work. Following their
work, a number of theories, simulations, and experiments[8–18]

have probed the stability, characteristics, and formation of SB
fingers. The simulations presented by Kopczynski et al.[8]

revealed the existence of branches of SB double cells and
higher-order multiple ones with narrow grooves. By impos-
ing a periodic perturbation in phase-field simulations, Losert
et al.[9] tested the stability of the SB double cells, and they
found that the SB double cells only have a transient state with-
out the imposed perturbation. Akamatsu et al.[10] observed
experimentally the SB double dendrites in a thin-film direc-
tional solidification in a velocity range higher than that for the
cellular case. Both types of SB double fingers (cells and den-
drites) have the same symmetry but different branch origins.
Hence, they should be treated as a separated morphological
class. As shown in Ref. [8], the SB double cells, the one
branch of the series of SB multiple cells, emerge when the
pulling velocity is low. In contrast, the SB double dendrites
emerge when the pulling velocity is high. They are possibly
related to the morphologies of the doublon branch found by
Ihle and Muller-Krumbhaar[12] and Singer et al.[13] although
their studies are based on the dendritic solidification in a pure
undercooled melt.

In the directional solidification of a non-axially-oriented
crystal, the orientation of the crystal (〈100〉 for ordinary face-
centered cubic (fcc) and body-centered cubic (bcc) alloys)
must be specified with respect to the axis of the thermal gradi-
ent which is also the axis of the pulling velocity. The angle be-
tween the orientation of the crystal and the axis of the thermal
gradient can be defined as Θ0. The most obvious characteristic
of the actual crystal growth direction is that the growth direc-
tion rotates from the thermal gradient direction to the crystal
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orientation direction with the increase of the pulling velocity
at a constant thermal gradient, which can only be attributed
to the interfacial anisotropy.[19–21] Usually, the growth pat-
tern strongly depends on the crystal orientation with respect
to the solidification setup. A large variety of interfacial pat-
terns hence emerge in the directional solidification of such
non-axially-orientated crystals. Except for the pulling veloc-
ity and the thermal gradient, it is believed that the dendrite
to SB dendrite transition depends sensitively on the sample
thickness, crystal orientation, and possible solute segregation.
Based on experimental results, Akamatsu et al.[9] provided
schematic diagrams of growth patterns as a function of the
orientation of the crystal and the pulling velocity, where the
SB double dendrites appear at high pulling velocities. Utter
et al.[22] found that the stable SB double dendrites break apart
into unstable structures with the increase of the solute concen-
tration in experiments. However, the precise mechanism of the
dendrite to SB dendrite transition remains unclear. Therefore,
understanding how the transition is controlled by the thermal
gradient, pulling velocity, and crystalline orientation is crucial
not only for carrying out experiments of directional solidifica-
tion of real alloys and transparent alloys but also for predicting
the microstructure evolution by numerical methods.

In this paper, we report phase-field simulations that iso-
late the effects of the pulling velocity and the crystalline orien-
tation on the dendrite to symmetry-broken dendrite transition
and the stability of growth patterns. A full quantitative phase-
field model[23] is used to carry out our two-dimensional simu-
lations. Wang et al.[24,25] have discussed the non-equilibrium
effects of this quantitative phase-field model and the initial
instability with different surface tension anisotropies. With
different crystalline orientations, a morphological transition
from dendrite (or cell) to symmetry-broken dendrites, includ-
ing double or even higher-order multiple ones, is found as the
pulling velocity is increased. The state region during the tran-
sition can be shown to be well characterized through the vari-
ations of the characteristic angle Θ and the average primary
dendritic spacing λ ∗. According to the results of our phase-
field simulations, a detailed transition map has been plotted.

2. Model and method
We first consider the directional solidification of a dilute

binary alloy with straight solidus and liquidus lines of slopes
m/k and m, respectively. The concentrations of solute at the
solid side and the liquid side of the solid–liquid interfaces
yields the partition relation cs = kcl, where k is the partition
coefficient. Because the diffusion of solute in the solid is typ-
ically several orders of magnitude lower than that in the liq-
uid, the diffusion in the solid can be neglected, i.e., one-sided
model. Since the latent heat production is neglected, the so-

called frozen temperature approximation is adopted for the di-
rectional solidification issues, yielding

T = T0 +G(z−Vpt), (1)

where T0 is a reference temperature, the temperature gradi-
ent G is aligned with the z direction, and the sample is pulled
with a constant pulling velocity Vp. Furthermore, the convec-
tion in the liquid is also neglected. For the surface tension
anisotropy, a four-fold anisotropy is implemented here, where
the anisotropy function can be expressed as

A(ψ) = 1+ ε cos4(ψ−Θ0) , (2)

where ε is the anisotropic intensity of the surface tension, ψ is
the angle between the direction normal to the interface and the
thermal gradient direction, and Θ0 is the misorientation angle.
With the above assumptions, the sharp-interface equations for
the directional solidification of a dilute alloy are

∂tc = Dl∇
2c, (3)

cl (1− k)𝑉n = −Dl∂c/∂𝑛|l , (4)

cl/c0
l = 1− (1− k)d0κ

[
A(ψ)+∂2A(ψ)/∂ψ

2]
− (1− k)

(
z−Vpt

)
/lT− (1− k)βVn, (5)

where c∞ is the far-field solute concentration, c0
l = c∞/k is the

concentration at the liquid side of the interface, Dl is the solute
diffusivity in the liquid phase, lT is the thermal length, k is the
partition coefficient, m is the liquidus slope, 𝑉n is the interface
velocity, κ is the curvature of the interface, d0 = Γ /∆T0 is the
capillary length, Γ is the Gibbs–Thomson coefficient, ∆T0 =

|m|(1− k)c0
l is the freezing range, lT = |m|c∞ (1− k)/(kG) is

the thermal length, lD = Dl/Vp is the solute diffusion length,
and β = 1/(µk∆T0) is the kinetic coefficient. The characteris-
tic lengths of this problem are d0 and lD.

The phase-field model of dilute binary alloy direc-
tional solidification with the anti-trapping current proposed
by Echebarria et al.[24] to model the limit of local thermo-
dynamic equilibrium at the solid–liquid interface is employed
here. This model is the only fully quantitative phase-field
model for directional solidification that allows for unequal so-
lute diffusivities in the solid and liquid. The previous inves-
tigations demonstrate that this model allows for accurate and
fully grid independent simulations of alloy solidification on
the microstructure scale. With constant material properties,
this model neglects the solute diffusion in the solid. It can
reduce to the sharp-interface model in the thin interface limit
when the kinetic effects are neglected. The thickness of the
interface is chosen to be smaller than the dendritic tip radius
but larger than the width of the real solid–liquid interface. In
the phase-field model, φ , representing the phase field, takes
on the values φ = 1 in the bulk solid phase and φ = −1 in
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the bulk liquid phase. It goes smoothly within the interface
region. The complete set of phase-field equations with crys-
talline anisotropy is given by

τ(ψ)

[
1− (1− k)

z−Vpt
lT

]
∂φ

∂ t

=∇ ·
[
W 2(ψ)∇φ

]
+∂x

(
|∇φ |2 W (ψ)

∂W 2(ψ)

∂ (∂xφ)

)
+ ∂z

(
|∇φ |2 W (ψ)

∂W 2(ψ)

∂ (∂zφ)

)
+ φ −φ

3 +λ
(
1−φ

2)2
(

U +
z−Vpt

lT

)
, (6)[

1+ k
2
− (1− k)φ

2

]
∂U
∂ t

=∇ ·
[

D
1−φ

2
∇U +

W
2
√

2
[1+(1− k)U ]

∂φ

∂ t
∇φ

|∇φ |

]
+

1
2
[1+(1− k)U ]

∂φ

∂ t
, (7)

U = [(2kc/c∞)(1+ k− (1− k)φ)−1]/(1− k), (8)

W (ψ) =W0A(ψ), (9)

τ(ψ) = τ0A2(ψ), (10)

where ψ is the angle between the direction normal to the inter-
face and the horizontal axis, and U is the dimensionless solute
concentration in the whole domain. The parameters of the in-
terface thickness for the phase field are linked to the physical
quantities by two relations d0 = a1W0/λ and τ0 = a2λW 2

0 /Dl,
where the constants are a1 = 0.8839 and a2 = 0.6267. Here τ0

and W0, representing the relaxation time and a measure of the
interface width, respectively, are used to non-dimensionalize
Eqs. (6) and (7).

The dendrite to symmetry-broken dendrite transition sim-
ulations presented in the following are for the Al–3 wt.% Cu
alloy. The physical properties of the alloy[1] are provided
as follows: the liquid diffusion coefficient D = 3000 µm2/s,
the partition coefficient k = 0.14, the Gibbs–Thomson coef-
ficient Γ = 0.24 K·µm, the slope of the liquidus line m =

−2.6 K/wt.%, and the chemical capillary length d0 = 5×
10−3 µm. The surface tension anisotropy intensity is ε = 0.01
as shown in Ref. [26]. Equations (6) and (7) are solved by
using the explicit finite difference method on a fixed grid. A
schematic diagram of the computational domain used in the
present directional solidification simulations is shown in fig-
ure 1(a). The bottom and the top boundaries are treated peri-
odically to reduce the domain size, and no-flux boundary con-
ditions are applied to the left and the right boundaries for both
φ and U . The system size is 600× 3000 with grid spacing
∆x/W = 0.8 and time step ∆t/τ0 = 0.008. In the phase-field
simulations, the thickness of the interface increases with the
increase of the coupling constant λ . As discussed in Refs. [23]
and [27], λ = 10 can be used for the independent results of the
interface width. We simulate the directional solidification with

𝑉p oriented along the z axis and the surface tension anisotropy
oriented in the 〈100〉 direction while the crystal grows in the
real direction 𝑉g. It is well known that the angle between the
real growth direction 𝑉g and the z axis is Θ rather than Θ0. The
initial value for the dimensionless concentration U is taken as
−1 (C = C∞). Simulations start from a planar solidification
front applied by a sinusoidal perturbation

δ = δ0 sin(λfx) , (11)

where δ0 is the amplitude of this sinusoidal perturbation, and
λf is the wavelength. In the simulations, we use a very small
amplitude (δ0 is 2∆x/W ) to provide the initial perturbation to
the solidification front. The wavelength λf = 13.5 µm is used
here. Note that the sinusoidal perturbation can be introduced
in experiments by using a perturbation technique reported by
Losert et al.[9] To study the effect of the velocity on the transi-
tion, the thermal gradient G = 0.07 K/µm is fixed for all sim-
ulations and Vp is examined from 500 µm/s to 16000 µm/s,
while Θ0 is varied from 15◦ to 40◦. For Θ0 = 45◦, a transition
of growth pattern from seaweed to SB dendrite emerges when
the pulling velocity is increased, which will not be discussed
in this paper.
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Fig. 1. (color online) Schematic diagram of the computational domain
used in the numerical simulations of the dendrite to symmetry-broken
fingers in directional solidification.

3. Results and discussion
We find that the morphological transition can be charac-

terized by the characteristic angle Θ and the average primary
dendritic spacing λ ∗1 . For single tilted cells/dendrites, after the
structure has reached the state stage, Θ ≡Θtip can be calcu-
lated by

Θtip = tan−1 ([x(t + dt)− x(t)]/[y(t + dt)− y(t)]) . (12)

For the SB double dendrites, Θ is defined as the angle
between the direction of the deep groove and the z axis using
Eq. (12). Figure 2(a) shows Θ as a function of Vp with the
typical interfacial morphologies corresponding to every state
region, and the typical interfacial morphologies for the den-
drite to SB dendrites transition when Θ0 = 40◦. It can be seen
from the insets that the interfacial morphology undergoes a
transition from tilted cells/dendrites, to transition state fingers,
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and to steady SB double dendrites with the increase of Vp. The
transition state region can be divided into two sub-regions in
the case of Θ0 = 40◦ according to the interfacial morpholo-
gies: a region of fine dendrites and a coexistence region of
dendrites and SB double dendrites. Once Vp exceeds a cer-
tain critical value (around 13000 µm/s), the interfacial mor-
phology transforms from SB double dendrites to unsteady fin-
gers, where the resulting growth pattern cannot be spatially
periodic because they are unsteady and chaotic. Also, the
average primary dendritic spacing λ ∗1 as a function of Vp is
shown in Fig. 2(b). The morphological regions are separated
and the insert shows the variation of Θ with Péclet number
Pe = Vpλ ∗1 /Dl, which satisfies the relation proposed by De-
schamps et al.,[21]

Θ =Θ0−Θ0/(1+aPeb). (13)

According to the variation of Θ , in the tilted dendrite/cell re-
gion, the real growth direction rotates from the z direction
to the crystal orientation with the development of the side
branches as Pe increases. Meanwhile, λ ∗1 is nearly a con-
stant. The results in the tilted cell/dendrits region can be fitted
well by Eq. (13) with the fitting parameters a = 0.12808 and
b = 2.09482. However, away from this region, the variation of
Θ with Pe (Vp) no longer satisfies Eq. (13), and the increase
of Vp results in a smooth decrease of Θ , as shown in Fig. 2(a).
However, λ ∗1 exhibits remarkable changes in different regions
and sub-regions, and the value of λ ∗1 is nearly unique at each
region/sub-region. Thus, the evidence of the dendritic refine-
ment and the dendrite to SB double dendrite transition can be
quantified by examining the variation of λ ∗1 . As shown in
Fig. 2(b), λ ∗1 decreases from 13.5 µm in the region of tilted
dendrites/cells to 3.476 µm in the region of steady SB double
dendrites as Vp increases. It is also observed that the width of
the steady SB double dendrite region is rather narrow in com-
parison with that of other regions.

The overgrowth of the ternary arm is a common phe-
nomenon to reduce the dendrite spacing, and the development
of the tertiary arm exhibits a wide variety of growth patterns
in the case of directional solidification of non-axially-oriented
crystals. With the help of phase-field simulations, the growth
of the ternary arm is quantitatively determined by the inter-
dendritic undercooling by Wang et al.[28] In our simulations,
we find that the mechanism of the transition from tilted den-
drites/cells to subsequent complex structures can be explained
by the development of ternary arms. The evolutions of three
typical morphological ternary arms are shown in Fig. 3, i.e.,
fine dendrites in Figs. 3(a) and 3(b), SB double dendrites in
Figs. 3(c) and 3(d), and SB multiple dendrites in Figs. 3(e) and
3(f). For the case of Θ0 = 40◦ and Vp = 7500 µm/s (Figs. 3(a)
and 3(b)), each ternary arm on the secondary arms grows in an
isolated mode, i.e., the pairs of the ternary arms separate with

the primary spacing between the arms increasing gradually
with time. Eventually, the primary spacing becomes nearly
equivalent and fine dendrites form. Contrary to this case, the
ternary arms grow with the neighboring arms in pair mode for
the case of Θ0 = 40◦ and Vp = 12000 µm/s (Figs. 3(c) and
3(d)). This is because the increase of Vp provides more ternary
arms, and the initial primary spacing between the periodic per-
turbations provides a larger space. Finally, the structure stabi-
lizes in SB double dendrites, where two mirror dendrites are
separated by a narrow groove of liquid of constant width, i.e.,
a stable width between two mirror dendrites. It indicates that
if the distance between the arms falls within the stable range
of the spacing of SB double dendrites, a pattern of SB double
dendrites form, otherwise the dendritic structure appears. The
SB multiple dendrites will be discussed later in the case of low
Θ0 and low Vp.
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Fig. 2. (color online) (a) Characteristic angle Θ and (b) average den-
dritic spacing λ ∗ as a function of the pulling velocity Vp. Insets in panel
(a) are the typical morphological growth patterns, and the inset in panel
(b) is the Peclet number dependence of Θ .
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Fiure 3. (color online) Morphological evolution of ternary arms for three typical cases: (a) and (b) Θ0 = 40◦ and Vp = 7500 µm/s;
(c) and (d) Θ0 = 40◦ and Vp = 12000 µm/s; (e) and (f) Θ0 = 20◦ and Vp = 10500 µm/s.

In order to investigate the crystal orientation dependence
of the growth pattern selections, phase-field simulations for
different crystal orientations Θ0 with variations of Vp are car-
ried out. Figure 4(a) shows Θ as a function of Vp for different
Θ0. For all cases, Θ increases up to Θ0 with the increase of
Vp in the low pulling velocity range. Then it decreases slightly
once Vp exceeds a certain critical value. It can be seen that
the decrease of Θ0 leads to the decrease of the critical veloc-
ity. However, the growth patterns are different for different
Θ0 with Vp increasing. Simulation results from all cases pro-
vide us with sufficient indications about the types of possi-
ble growth patterns in this problem. A morphological transi-
tion map for directional solidification of non-axially-oriented
crystals is shown in Fig. 4(b). Four regions exist in this map:
dendrite/cell region, transition state region, steady SB double
dendrites region, and the unsteady region. The dendrite/cell
region emerges at lower Vp, where Θ is a function of Pe, sat-
isfying Eq. (13), as discussed above. The steady SB double
dendrite region locates at the corner of the map, i.e., higher Θ0

and higher Vp, while the unsteady state can be found when Vp is
extremely large for a large Θ0. Consequently, we can carefully
propose that the final fate of the growth pattern is the unsteady
state if Vp can be further increased. The transition region can
be divided into three parts, where the intermediate states of
growth patterns are included. The spacing of the dendrites is
modified in the fine dendrite region, but from the point view
of the interfacial morphology, it is very close to the tilted den-
drite/cell. The SB multiple dendrite region occurs for lower Θ0

and higher Vp where high-order symmetry-broken dendrites
can be found. The typical interfacial morphology of the SB
triple dendrites (a group of three dendrites) can be seen in the
inset of Fig. 4(b), and Figs. 3(e) and 3(f) show the formation
of SB triple dendrites at Θ0 = 20◦ and Vp = 12000 µm/s. It is
clear that the SB triple dendrites have a typical sandwich struc-
ture, where an asymmetrical dendrite is sandwiched between
two asymmetrical dendrites. Similarly to the SB double den-

drites, the SB triple dendrites in simulations also result from
the development of ternary arms. With the increase of Vp, SB
multiple dendrites for lower Θ0 and fine dendrites for higher
Θ0 can be converted into the intermediate state, a coexistence
region of dendrites and SB double dendrites. It indicates that
for higher Vp, the SB double dendrites are by far more pre-
ponderant than the other growth patterns. Therefore, we con-
jecture that the SB multiple dendrites can be considered as an
intermediate growth pattern from tilted dendrites to SB double
dendrites. In the experiments of SB double dendrite growth
during directional solidification by Utter et al.,[22] an orienta-
tional dependence of the SB double dendrite growth was also
observed, which is consistent with our results. We find that the
SB double dendrites are oriented in particular directions, and
the growth pattern selection depends strongly on the crystal
orientations. Also, the direction of the SB double dendrites is
a function of the crystal orientation (see Fig. 4(a) and the mor-
phological map in Fig. 4(b)), which demonstrates that the sta-
bility and characters of the SB double dendrites are dependent
on the crystal orientation. This implies that the anisotropy of
the crystal forces the arrays of SB double dendrites to be close
to the 〈100〉 axis. Similarly to the morphological diagrams in
Refs. [11]–[13] and [16], the basis of higher velocity growth
is the SB double dendrites in our simulations. However, there
is no evidence that the SB double dendrites are the basis for
seaweed growth if the unsteady pattern cannot be considered
as the seaweed structure. With Θ0 ranging from 15◦ to 40◦,
we find that the dendrites to symmetry-broken dendrites tran-
sition occurs with the increase of Vp. This transition could
be considered as a process from a symmetrical state (arrays
of dendrites) to a quasi-symmetrical state (arrays of pairwise
fingers), where fine dendrites, the coexistence of SB double
dendrites and dendrites, and SB multiple dendrites are seen as
the transition states. Except for the unsteady state, we conjec-
ture that the final fate of the growth pattern is the pattern with
pairwise dendrites.
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Fig. 4. (color online) (a) Characteristic angle Θ as a function of the pulling velocity Vp with different crystal orientation Θ0. (b)
Dendrites to symmetry-broken fingers transition map for the directional solidification of non-axially-oriented crystals.

4. Conclusion
In conclusion, the transition from dendrite to symmetry-

broken double dendrites, existing in the directional solidifica-
tion of non-axially-oriented crystals, can be characterized by
the variation of the characteristic angle Θ and the average pri-
mary dendritic spacing λ ∗. Specifically, we have discussed the
morphology transition in the Θ0–Vp space, in which the den-
drite to symmetry-broken double dendrite transition emerges
in the high Vp and high Θ0 region. The SB double dendrites are
oriented in particular directions with the growth pattern selec-
tion depending strongly on the crystal orientations. Although
our simulations are carried out in two-dimensional space, the
predicted results are useful to elucidate various aspects of the
morphology transition during the directional solidification of
non-axially oriented crystals. Also, three-dimensional simula-
tions are needed for further investigations.
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