Chin. Phys. B Vol. 23, No. 3 (2014) 037502

Thermodynamic properties of Heisenberg magnetic systems”

Qin Wei(Z% f4), Wang Huai-Yu(EE)?, and Long Gui-Lu(JEH: &)
Department of Physics, Tsinghua University, Beijing 100084, China

(Received 10 November 2013; revised manuscript received 5 December 2013; published online 24 January 2014)

In this paper, we present a comprehensive investigation of the effects of the transverse correlation function (TCF)
on the thermodynamic properties of Heisenberg antiferromagnetic (AFM) and ferromagnetic (FM) systems with cubic
lattices. The TCF of an FM system is positive and increases with temperature, while that of an AFM system is negative and
decreases with temperature. The TCF lowers internal energy, entropy and specific heat. It always raises the free energy of
an FM system but raises that of an AFM system only above a specific temperature when the spin quantum number is S > 1.
Comparisons between the effects of the TCFs on the FM and AFM systems are made where possible.
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1. Introduction

Magnetic systems have been successfully described by
This model could be
treated by a number of approximation methods such as

the well-known Heisenberg model.

molecular-field theory,!!-?) the Opechowski high-temperature
expansion method,>* the cluster method by Oguchil® and
the many-body Green’s function method (MBGFM) of quan-
tum statistical theory.[°2>) The MBGFM is valid in the whole
temperature range, a merit superior to other methods. The
treatment of Heisenberg ferromagnetic (FM)[®~! and antifer-
romagnetic (AFM) models!!*!!l by means of the MBGFM has
been proved successful.

Although magnetization, parallel susceptibility, and Néel
temperature of Heisenberg AFM systems have been investi-
gated by researchers,?>=7] a comprehensive study of the ther-
modynamic properties of FM and AFM systems is desired. In
this paper, we present such a comprehensive study, focusing on
the effects of the transverse correlation function (TCF) which
measures the correlation between two spins in directions per-
pendicular to the magnetization. We first derive the internal
energies of AFM and FM systems by means of the MBGFM
including the contribution from the TCEF, and then the thermo-
dynamics quantities of FM and AFM systems, such as mag-
netization, parallel susceptibility, internal energy, entropy, and
specific heat, are numerically calculated in detail.

The TCF of an FM system is positive and increases with
temperature, while that of an AFM system is negative and de-
creases with temperature. Specially, the TCF of an FM sys-
tem vanishes at zero temperature but that of an AFM does not.
The TCF has a considerable contribution to the thermodynam-
ics properties. It lowers internal energy, entropy, and specific
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heat. It always raises the free energy of an FM system but only
above a specific temperature for an AFM system when the spin
quantum number is § > 1.

The thermodynamics properties of an AFM system in the
presence of an external magnetic field are also investigated.
Under the small fields we considered, they have an unremark-
able contribution to the thermodynamics properties below the
Néel point. Above this point, the increase in the internal en-
ergy, entropy and decrease in the specific heat with tempera-
ture are observable compared to those without the TCF, while
the free energy remains decreasing with temperature in suc-
cession.

This paper is organized as follows. Section 2 derives
the formulas of internal energies of AFM and FM systems.
Section 3 investigates numerically the magnetization, paral-
lel magnetic susceptibility, TCF, and its effects on thermody-

namic properties. Section 4 gives our conclusions.

2. Formulas of internal energy

We first derive the formulas of the internal energy of an
AFM system, and then present that of an FM system conse-
quently. An AFM lattice is considered to be divided into two
sublattices denoted by subscripts 1 and 2. When an external
magnetic field is present, the spins in sublattices 1 and 2 are
parallel and antiparallel to the field, respectively, the former
referred to as the spin-up sublattice. After the formula of in-
ternal energy of an AFM system is achieved, we can easily
obtain that of an FM system by simply letting the two sublat-
tices be identical.
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The Heisenberg Hamiltonian of an AFM lattice is

il Z S;1 -
3L
B Y YS 1)

u=1 1<

H

JZ—B Z Sil_‘_S )

(55155 5151) + 55,55,

where J > 0 is the exchange parameter and (¢, 7) means that
only the nearest-neighboring (NN) exchange is considered.
Sin (Sf“,SZ#,S ) represents the spin operator at site ¢ in
the sublattice ¢ and Szu E= 1Sw,

netic field along the z directlon The Heisenberg exchange in

B; is an external mag-

the first term includes two parts: the transverse and longitudi-
nal correlations between spins S;; and S;>. The second term
is the Zeeman energy under the external field. Since the AFM
lattice consists of two sublattices, the Hamiltonian is appli-
cable to both simple cubic (sc) and body-center cubic (bcc)
lattices. This is an isotropic exchange model and it has the
spontaneous magnetization in the three-dimensional case.[*%]
In this paper, we set ug = 1 and kg = 1. The internal energy is
the statistical average of the Hamiltonian. The internal energy

per lattice site is Earpm = Ec arm + ET,ARM, Where

Ec apm =

J
2N )“ $5n) 2NZ); @

(4,3

ET ARM = <Sz+1 Si2+8:157)- S)

2N (i )
Here we use ( ) to denote the statistical average, and zg is
the number of nearest neighbors of one lattice site. Under the
mean field approximation, equation (2) can be simplified into
Ec.arm = Jo(S5)(S5)/2 —B; Zﬁ:l (S3)/2. The other part con-
cerns the TCF and should be treated carefully. We use the
Green’s function method to calculate the TCF.

The retarded Green’s function is defined as[3*!

Gt —1') = ((A(1):B(1))
— —10(—)ADB() ~BOAD). @)

In order to calculate the TCF between the two spins located
in different sublattices, (Sle ,)» the operator A is taken as
A=S" S+2 and the operator B = e“SnlSnl. The method of
the equation of motion of the Green’s functions is used.*" In

ml’

decoupling the higher order Green’s functions into the lower
order ones, the random phase approximation is made. Then
the Green’s functions are Fourier-transformed and we obtain

wgi1(k,®) = 2(S) +Jk(57)g21(k, ®)
+ (7‘]0<Sé> +Bz)g11(k7w)7 (5)

0g21(k, ) = Ji(S5)811(k, ®)
+ (=Jo(S5) +B:) g1 (k, @), (6)

where functions g are the Fourier transformation of G, J, =
JY; etk @—m)_ Jo = z0J and the summation over j covers the
nearest neighbors of site m. The function g1; (k, ®) is a propa-
gator within sublattice 1 and g;; (k, @) is another one between
the two sublattices. By exchanging the subscripts 1 and 2, we
obtain the expressions of g (k,®) and g12(k,®). The four
equations constitute a set of linear equations [wI — P|g = F,
where I is the identity matrix and g is the Green’s function
matrix.['**!] F" is a commutator matrix of operators A and B

<<[sl+,e"5‘?srl> 0 )
0 (185, e“585])

{{le™ = 1)[Su (S + 1)y () + wy, (1) — iy ()
+ 2y, (1) }Suv }, (7)

F

where v, (1) = (e"Sit), P is termed as the Hamiltonian ma-
trix, the elements of which are determined by Egs. (5) and (6),

U is the eigenvector matrix of P given by

i (S3) T (S7)
| v 2+ (b(55) Bt o P RS + ((S5) — B+ @2)? .
SZ> B, + o JO<S§> —B;+ ®)
VRS2 4 (Jo(S3) — Bet 01)2 ([ T2(S0)2 + (Jo(S5) — Be+ 02)

and the eigenvalues of P are just the spin-wave elementary
excitation spectra (EES) of the system

Onall) = 30{~(57) — (55) + ({55 — (592
RS 3] + B, ©)

where Y, = Ji /Jo.

The well-known spectral theorem allows one to calcu-

late the statistical average of the product of the operators
(BA)14042]

UurUr_v

“ 71k-(m7n)
ZZ eﬁwr _

= ¢mﬂ,nVFV7

<anAm[1> =

(10)
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where the quantities @, v have been defined.
We take n = m and u = v in Eq. (10) to obtain the di-
agonal elements of the correlation functions (ByAy) = @y F),

where

UIJT

ZZ eﬁwf _

The function v, (u) = (&S
equation of the second order, from which the expression of the

i‘) observes an ordinary differential

sublattice magnetization can be solved®*3]

P2t

(Py+Su+1)Py — (P — S,J)(<I>,,,+1)25#“
28u+1

(Sp) =
M (¢u+1)2su+l ¢ll

Y

When taking u = 0 in Eq. (7), we obtain from Eq. (10) the
TCF of the AFM system

Karm = (SuSnv) = 2Py mv (S5)- (12)

By multiplying exchange J and making summation over
the nearest neighbors of site m, we further obtain the
corresponding transverse correlation energy (TCE) Oapm =

TEn (SinpS

) = 2Z,4v(Sy), where

Ull T Ur v1

E ZZ eﬁw‘r_

Thus it follows from Eq. (3) that the TCE per site is ET Apm =
(Z12(S5) + Z21(S5))/2. In the absence of the external field,
the two sublattices are of space-reversal symmetry, so that it
must be Z15(S5) = Z21(S5). This is easily confirmed. When
B, =0, it is derived that

R e )

k 2(1-%)'2 2

and @ = —@; — 1. Consequently, one achieves (S7) =
—(8%) = (5%)arm from Eq. (11). On the other hand, it is de-
rived that

[B(S%) armJo(1—%2)"/2/2]
%)/

and Z|p = —Z. Therefore, we have Z15(S5) = Z51 (7).

, (14)

2 y JoY; coth

N & 2(1—

The values of the TCF at zero temperature and the Néel
point Ty are of particular interest. As T =0,

iz¥_l
NJy & (lfy,%,) 2’
ch?’k

:_*Z 1/2

As T =Ty, it can be derived from Eq. (10) that the TCF and
TCE of the AFM system are
41N

Karm(TN) = NJOZ ka e iklmon), (15)
~ %

@, (0) =

41N Yi
N Fl-v

If J is replaced by —J, the AFM system will become
an FM system and (S7) = (S5) = (S°)rm. The total inter-
nal energy per spin of the FM system is written as Epy =
Ecrm + Erpm, where Ec pv = —2Jo((S%)pm)? /2 — BL(S%)rm
is the internal energy of the FM system without the TCF. The
TCE is

Oarm(TN) = —

(16)

The magnetization is

§T) ey — (B + S+ DS — (¥ —8) (¥ +1)25+! ;
e = (W5 + 1)25+1 — @25+ , (A7)
where
1 1
lII =3 T .-
2 N ; eﬁwz -1

The spin-wave EES of the FM lattice becomes w; » = (Jo £
Jr){(S*)EM + B;. Because the lattice is now divided into two
sublattices, the first Brillouin zone of FM crystal is collapsed
to a half to induce an optical branch, which is the reason that
a sign “+” appears in the EES. In the absence of the external
field, one easily obtains from Eq. (15) that (S*)pm(0) = S, and
as a result, the TCF of FM system Kgy = 0. This means that
at 0 K, there is no quantum fluctuation in the FM system. At
the Curie temperature ¢, the TCF of the FM system is

4Tc e

—ik-(m—mn) 18
NJo g 1_71%e {19

Kim(Tc) = (S7,87) =

and the corresponding TCE is

- AL
Ormi(Te) = —J Y (S, 51) = CZ’@.<m
n Tk
Under the random phase approximation
JoS(S+1)
In=Tc=——F7"—" 20
N 3R ; ( )
where
2 1
R==-Y) .
N k 1— Yee

Comparisons of Egs. (15) and (16) with Eqgs. (18) and (19)
lead to

Kem(Tc) = —Karm(Tn), (21

Orm(Tc) = Oarm(T). (22)

That is to say, at the order—disorder phase transition tem-
perature, the TCFs of the AFM and FM systems with the
same lattice structure are contrary numbers of each other, and
their TCEs are the same. When equation (20) is applied into
Egs. (15), (16), (18), and (19), it is seen that the functions
Karm(TN)/S(S + 1), Oarm(In)/S(S+1), Kem(Tc)/S(S+ 1),
and Opyp(Tc)/S(S+ 1) are independent of the spin quantum
number.
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3. Results and discussion

We investigate the thermodynamic properties of both
AFM and FM systems in detail. The magnetization, parallel
susceptibility, internal energy, free energy, entropy, and spe-
cific heat of both systems with sc and bcc lattices are calcu-
lated. In numerical calculation, J is set to be 100. The sub-
lattice magnetizations of AFM systems versus temperature are
plotted in Fig. 1 for several parameters. Figures 1(a) and 1(b)
plot the sublattice magnetization versus temperature curves at
several spin quantum numbers of AFM systems with sc and
bee lattices. At 0 K, the two sublattice magnetizations are
not rigorously antiparallel to each other. As a result, the z-
direction magnetizations are less than the spin quantum num-
bers. It was the well-known zero-point spin deviation and a
quantum effect, which could not be eliminated by applying an
external magnetic field or other means. [#%4443]

Figures 1(c) and 1(d) depict the sublattice magnetizations
(S5) and total magnetizations (S%)t = (S7) + (S5) of sc lattice
at S = 1/2 under several external fields. The total magneti-
zations are always zero at 0 K, and at finite temperature they
increase with either the field or temperature. The reason is that
the exchange interaction enforces the spins of the two sublat-
tices to align in an antiparallel way but thermal motion coun-
teracts partly the exchange interaction to make the spins more
easily align in the field direction.

The susceptibility is the response of a material to an ex-

2.0 —————
""""" (a)

1.5F ~. B

0 02 04 06 038 1.0 1.2

0 1 1

T/ Ty

ternal magnetic field. In this paper, we merely concentrate on
the zero-field parallel susceptibility. It follows from Eq. (11)
that

d(Sg)
x =
H dB,
B dd)u{(25“+1)2<15ﬁ5“(®“+1)25u 1} o3
dB, (B, + 1)25u1 7(1555#“]2

The response to a small magnetic field is linear and the lin-
ear response is the same for both sublattices,!*?! such that
the AFM magnetization can be expressed as (S5,) = 4(5%)o +
XoB;, where (§%) is the spontaneous magnetization and Xy is
the parallel susceptibility. Above the Néel point, the spon-
taneous magnetization vanishes. As B; — 0 and @, — oo,
(S5,) = S(S+1)/3®y and eP®% — 1 — Bay,. We obtain

ol = 3r 2 1 —JoXo0,AFM
0.AFM SS+1)N k (1 _J()XO,AFM)z —JéX§7AFM

. (24)

At the Néel point, because of (67Tn/NJo)Yi(1/1—12) =
S(S + 1), the
Xo.arm(Tn) = 1/Jy. Similarly, starting from Eq. (17), we ob-

susceptibility reaches its maximum
tain the formula evaluating the susceptibility of an FM system

when the temperature is above the Curie point

Yot = e ¥ 1
OEMTUNS(S+1) 4 xopmdo(1— %) +17

(25)
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Fig. 1. Sublattice magnetizations of AFM systems vs. temperature curves at several parameters. Panels (a) and (b) are sublattice magnetizations when
B; =0. (c) Sublattice magnetizations and (d) the total magnetizations (S%)t = (S5) + (S3) of sc lattice at S = 1/2 under several magnetic fields.
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Figure 2(a) plots the susceptibilities of FM systems. They
are infinity at the Curie point, and decrease with temperature
above the Curie point for the systems becoming the param-
agnetic state. The susceptibilities of AFM systems are plot-
ted in Figs. 2(b) and 2(c). They are zero at 0 K and increase
with temperature until the Néel point. Above this point, they
decrease with temperature, a behavior similar to the FM sys-
tems. The remarkable difference between the FM and AFM
systems appears at their order—disorder transition points. The
total spontaneous magnetizations of the AFM systems are al-
ways zero near the Néel point, so that the susceptibilities at the
Néel point are finite. While the FM spontaneous magnetiza-
tions are nonzero near the Curie point, thus the susceptibilities
are infinite.

The TCF between spins in the two sublattices describes
the correlation between spins in directions perpendicular to the
magnetization and plays an important role on the total internal
energy. Figure 3(a) plots the TCFs of FM and AFM systems.
The TCFs of FM systems are positive and increase with tem-
perature, while those of the AFM systems are negative and
decrease with temperature. At zero temperature, Kgy(0) = 0,
while Kapm(0) < 0. At the order—disorder transition point,
both the terms Kem(7c)/S(S+ 1) and Kapm(Tn)/S(S + 1)
are indeed independent of spin quantum number S, as men-
tioned at the end of the last section. The numerical results
in Fig. 3 verify Eq. (21). Figure 3(b) plots the TCEs of
FM and AFM systems. They are negative and decrease with

temperature increasing. At zero point, Etpm(0) = 0 while
Erarm(0) < 0. At the order—disorder transition point, both
the terms Etpm(Tc)/S(S+ 1) and Er apm(Tn)/S(S+ 1) are
independent of spin quantum number S, also mentioned at the
end of the last section. At the order—disorder transition point,
the magnetizations of the AFM and FM systems are zero, so
that Ec apm(Tn) = 0 and Ecpm(Tc) = 0. Then, it follows
from Eq. (22) that Erpm(Tc) = Etapm(IN), as reflected in
Fig. 3(b). Figure 3(c) plots the TCEs at zero temperature vs.
spin quantum number S. The FM TCE is always zero while
the AFM TCE is negative and increases with spin quantum
number S.

The free energy is expressed by F = E — T'Sg,[*) where
we have used Sg to denote the entropy. Both the free energy
and entropy can be calculated in terms of the internal energy

F(T) :E(O)—T/OTWM’, (26)

— T " _
so(r) =SB [PELZEO g o)
The specific heat is Cy(T) = (JE(T)/dT)y. In Fig. 4
the internal energies, free energies, entropies, and spe-
cific heats as functions of temperature for FM sys-
tems with sc lattices are plotted by solid lines. The
quantities with a subscript ¢ and plotted by dashed

lines mean the results where the TCFs are omitted.

100} sc

80t S

60

1/x
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20t

1.0 11 1.2 13 14 15
T/Te

T/ Ty
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Fig. 2. Parallel susceptibilities of FM and AFM systems. (a) The FM susceptibilities of sc lattices above the Curie point. The AFM susceptibilities of (b) sc

and (c) bec lattices.
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Fig. 3. The TCFs and TCEs of FM and AFM systems when B, = 0. (a) K/S(S+ 1) vs. T for sc lattices, (b) Er/S(S+ 1) vs. T for sc lattices and (c)

Et(0)/S(S+1) vs. S.
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Fig. 5. The thermodynamic quantities of AFM sc lattices vs. temperature. (a) Internal energies, (b) free energies, (c) entropies, and (d) specific heats.

In this way, we are able to clearly see the effect of the trans-
verse correlation. Figure 4(a) plots the internal energies Ery
and Ec gpv. Since the TCFs depress the thermal motion, they
always lower the internal energies at finite temperature. At
0 K, the TCFs are zero, so that Epm(0) = Ecem(0). At the
Curie point, Ec gm(Tc) = 0, which means that there is no inter-
action between spins when the transverse effect is neglected.
The TCF:s raise the free energies and slow down their decrease
with temperature, as shown in Fig. 4(b). In Figs. 4(c) and 4(d),

it is seen that the increase of the entropy and specific heat is de-

pressed observably by the TCFs. A uniform feature of Fig. 4 is
that all the solid lines vary not so steeply as the corresponding
dashed lines. This means that the TCFs more or less counter-
act the variation of thermodynamic quantities.

In Fig. 5, the four thermodynamic quantities of the AFM
systems with sc lattices are plotted. Again, the solid and
dashed lines present the results with and without transverse
correlation effect, respectively. A first impression of Fig. 5 is
the same as that of Fig. 4: all the solid lines vary but not so

steeply as the corresponding dashed lines. Figure 5(a) shows
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that Eapm(0) < Ec apm(0), demonstrating that the transverse
correlation effect lowers the internal energy even at zero tem-
perature. This is a feature that is different from the FM sys-
tems. Correspondingly, the free energy is lowered starting
from zero temperature when the TCFs are considered, as seen
in Fig. 5(b). However, when S > 1, because the free energy
Farm varies too slowly compared to Fc apm, it becomes larger
than the latter above specific temperature values, which is an-
other remarkable feature. The entropies and specific heats are
always lowered, which is similar to the cases of the FM sys-
tems.

Under the random phase approximation, we are unable
to evaluate the thermodynamic quantities for zero sublattice
magnetizations when the temperature is above the 7y. When
an external field is applied, the sublattice magnetizations be-
come nonzero as T > Ty, and we are able to reckon the phys-

0
—40
=
+
a
7 —80
-~
R
—120
~160
1.2
=
7 08
A
N
~
=
® 0.4
0 ‘- L
0 02 04 06 08 1.0 1
T/Ty

Fig. 6. The thermodynamic quantities of AFM sc lattices for B, =2 at S =
heats.

4. Concluding remarks

In this paper, we present a comprehensive investigation
of the thermodynamic properties of FM and AFM Heisenberg
systems, when the transverse correlation effect is included.
The expression of the internal energy, including the TCEs, of
three-dimensional AFM systems consisting of two sublattices
is derived by means of MBGFM. That of an FM system is
achieved as a special case where the two sublattices become
identical. The thermodynamic quantities, including magneti-
zation, parallel susceptibility, internal energy, free energy, en-
tropy, and specific heat of both FM and AFM systems are in-
vestigated numerically in detail. Particular attention is paid to
the effect of the TCF. The TCF of an AFM system is nonzero
at zero point and decreases with temperature, while that of an

ical quantities above Ty. The effects of the external field on
the thermodynamic quantities of AFM systems are shown in
Fig. 6. Under small fields, the change in these thermodynam-
ics quantities below the Néel point is unremarkable. Above
this point, Ec Apm remains almost unchanged while Eapv ob-
servably increase with temperature, as shown in Fig. 6(a). In
Fig. 5(b), the free energy curves Fc apm and Fapm of S = 1 /2
do not meet under the Néel point, while they meet above the
Néel point when the field is applied, as seen in Fig. 6(b).
Figure 6(c) shows that the behaviors of entropies Sgapm and
SEc,AFM are analogous to the energies: Sgc Apm remains al-
most unvaried above the 7y in the presence of the field, while
Searm still increases above the Ty under the field. Figure 6(d)
shows that above the Néel point, Cyc arm is zero because
Ec apm is. While under the field, Cyapm is nozero and de-
creases with temperature above the 7.

—100
=
+ —150
2
2
& —200
— Fhru N
_os0F Fearm (b) N
S=1/2, |
1.6 — Cupy , E
— Ve, AFM ,
—
+ E
2
0
~
)

1/2 and 1. (a) Internal energies, (b) free energies, (c) entropies, and (d) specific

FM system is zero and increases with temperature. The TCEs
arising from the transverse correlation effect are negative and
decrease with temperature. On the whole, the TCF has a con-
siderable effect on the thermodynamics quantities. It lowers
the internal energy, entropy, and specific heat for both FM and
AFM systems. For FM systems, the TCF always raises the
free energy, while for AFM systems, it is not until a specific
temperature. That is to say, the curves Fc apm and Fapm of an
AFM system have a cross. For § > 1, the cross is at a tem-
perature below Ty, and for S = 1/2 it is above Ty. A small
external magnetic field does not influence the thermodynamic
quantities much, while it enables one to calculate the quanti-
ties above the Néel point so as to give the correct temperature
dependence of them: the internal energy and entropy increase
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with and specific heat decreases with temperature. Finally,

the TCFs more or less counteract the variation of thermody-

namic quantities with temperature, so that the curves vary not

so steeply as those without including the TCFs.
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