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There is a quantum spin Hall state in the inverted HgTe quantum well, characterized by the topologically protected
gapless helical edge states lying within the bulk gap. It has been found that for a strip of finite width, the edge states on the
two sides can couple together to produce a gap in the spectrum. The phenomenon is called the finite size effect in quantum
spin Hall systems. In this paper, we investigate the effects of the spin—orbit coupling due to bulk- and structure-inversion
asymmetries on the finite size effect in the HgTe quantum well by means of the numerical diagonalization method. When
the bulk-inversion asymmetry is taken into account, it is shown that the energy gap E, of the edge states due to the finite
size effect features an oscillating exponential decay as a function of the strip width of the HgTe quantum well. The origin of
this oscillatory pattern on the exponential decay is explained. Furthermore, if the bulk- and structure-inversion asymmetries
are considered simultaneously, the structure-inversion asymmetry will induce a shift of the energy gap E, closing point.
Finally, based on the roles of the bulk- and structure-inversion asymmetries on the finite size effects, a way to realize the

quantum spin Hall field effect transistor is proposed.
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1. Introduction

The fact that the quantum spin Hall (QSH) state can ap-
pear in an inverted HgTe quantum well (QW) has been predi-
cated theoretically!!l and later also verified experimentally.?!
The main feature of the QSH system is that there are topo-
logically protected gapless helical edge states with different
spins moving in opposite directions in the bulk energy gap.
Recently, remarkable progress has been made in the experi-
mental study of the QSH state in HgTe QWs.>~7! The spin
polarization of QSH edge states has been established,* and
direct imaging of QSH edge states has been reported.!’! These
interesting experiments demonstrate the potential applications
of the QSH effect for spintronic devices. In fact, the first
two-dimensional (2D) QSH system model proposed by Kane
and Mele is a model for the graphene system with spin—orbit
coupling (SOC).!®91 Later, besides the inverted HgTe QWs,
several other candidates of 2D QSH systems were also pro-
posed, such as GaAs under shear strain,['%! a multilayer Bi
thin film,"'" and an inverted InAs/GaSb/Alsb semiconductor
QW.[21 On the other hand, the study of QSH has been gen-
eralized to three-dimensional (3D) topological insulators (TT)
with the time reversal symmetry, characterized by the topolog-
ically protected spin helical surface states lying within the bulk
gap.[13-17
gated the time-reversal-symmetry-broken quantum spin Hall
effect.[18-20]

I Note that recently some authors have also investi-
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For a strip HgTe QW with a finite narrow width L, the
finite size effect in the 2D QSH system has been predicated
by Zhou et al.”!! It was found that the edge states on the
two sides can couple together to produce a gap in the spec-
trum. The gap due to the finite size effect was shown to be-
come experimentally measurable around L ~ 200 nm, which
has been confirmed experimentally, suggesting that it destroys
the QSH effect.[*?] Thus the finite size effect should be se-
riously considered in the potential use of the topologically
protected edge states of HgTe QWs in applications on the
nanometer scale. The same finite size effect has also been
predicated theoretically®>-2%! and verified experimentally[?”!
in sufficiently thin 3D TIs films, in which the top and the bot-
tom surface states couple to open an energy gap at the Dirac
point.

Note that there are two kinds of SOCs induced re-
spectively by the bulk-inversion asymmetry (BIA) and the
structure-inversion asymmetry (SIA) in the HgTe QWs. The
BIA is determined by the HgTe QW structure, whereas the
SIA depends on internal and external electric fields of the ma-
terial and can be tuned by a gate voltage. However, most theo-
retical discussions based on the four-band Bernevig—Hughes—
Zhang (BHZ) model!"! usually neglect the effects of BIA and
SIA, considering that the strength of the BIA is small and the
SIA can be minimized to zero. In fact, several recent theoret-
ical works have noticed the important roles of BIA and SIA
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[28-381 Moreover, it

on the physical properties of HgTe QWs.
has been shown that the strong BIA and SIA are essential in
the 2D QSH effects of an inverted InAs/GaSb/Alsb QW.[12]
The InAs/GaSb/Alsb QW can be characterized by an effective
four-band model, which is similar to the BHZ model for the
HgTe QW but contains terms describing BIA and SIA.!'?! In
this paper, we study how the SOCs due to BIA and SIA affect
the finite size effects in the QSH states of the inverted HgTe
QWs. Firstly, we only take the BIA into account, and find that
due to the finite size effect, the energy gap E,; of the edge states
features an oscillating exponential decay as a function of the
strip width of the HgTe QWs. Following the argument of 3D
TIs thin films, we explain the origin of this oscillatory pattern
on the exponential decay. Then, the SIA is also considered in
addition to the BIA. It is shown that the SIA induces a shift
of the energy gap closing point. Finally, based on the effects
of the BIA and the SIA on the finite size effects, we propose a
way to realize a QSH field effect transistor (FET).

2. Model
We use the effective four-band Hamiltonian to describe
the electronic states in HgTe QWs!!-22%]
&g+ My Aky —iRk_ —A
N Ak_ & — M; A 0
H=1 ipk. 4o g4M —ac | D
—A 0 —Aky &g —M;

which is defined on a four-band basis
{|E1+> ) ‘H1+> ) ‘E1_> ) |H1_>}7

where |E1+) and |H;+£) denote two electron-like subbands
and two heavy hole subbands, respectively, and + refers to
the spin orientation. Here ky = ky & iky, & = C — D(k? + k%),
M, = MfB(k% +k§), and A, B, C, D, and M are the ex-
pansion parameters, which are determined by the thickness of
the HgTe QW and the material parameters. Additionally, in
the effective four-band Hamiltonian (1), two SOC terms due
to the BIA and the SIA are taken into account. The BIA and
the SIA terms have coefficients A and R, respectively, and in-
troduce off-diagonal matrix elements to couple the two diago-
nal blocks with opposite spin orientations. The BIA term de-
scribes the mixing between |E| + (—)) and |H; — (+)), and the
strength A is determined by the HgTe QW structure. The SIA
term can be recognized as the electron k-linear Rashba term
connecting |E;+) and |E;—) subbands, while the heavy-hole
k-cubic Rashba term is neglected.'?] The strength R of the
Rashba term is related to the symmetries of the grown HgTe
QWs and can be tuned by a gate voltage. For symmetric HgTe
QWs, the strength R is negligibly small.[*"! Note that the in-
verted InAs/GaSb/Alsb QW can also be characterized by an
effective four-band model similar to Hamiltonian (1).[!2]
Without the BIA and the SIA terms (i.e., A = R = 0),
Hamiltonian (1) is block diagonal and each block is exactly a

massive Dirac Hamiltonian, which consists of an s-like elec-
tron subband and a p-like hole subband. There is a topological
phase transition in this model, when the material parameters
satisfy the condition MB > 0, the system is in a topologically
nontrivial QSH phase protected by the time-reversal symme-
try of this system; while for MB < 0, it is in a normal insulator
phase. 1211 For later use in numerical simulations, we choose
model parameters describing the QSH state regime:'?! A =
364.5 meV-nm, B = —686 meV-nm2, D = —512 meV-nm?,
M = —10 meV. Without loss of generality, we also assume
C = 0. Note that the BIA and the SIA terms preserve the time-
reversal symmetry, thus the two SOC terms taken into account
in Hamiltonian (1) do not affect the topological stability of the
QSH phase. In the following, we will discuss the effect of
the SOCs on the finite size effects of the helical edge states in
HgTe QWs.

For the purpose of numerically studying the finite size ef-
fects of this system, we work with a lattice regularization of
this model. Thus the effective four-band Hamiltonian (1) can
be rewritten as a lattice model as follows:

2D
H = Z {_az [2 — cos(kea) — cos(kya)]oogTo + MOy,
&

2B
0 [2 —cos(kca) — cos(kya)|ooT:

A
+— [sin (kya) ;7 —sin (kya) ooy + Aoy Ty,
P )

+§a [sin (kya) oy — sin (kya) o] (10 + ’TZ)} c',Lck, 2)

where a is a lattice constant, o (7p) is the 2 x 2 identity ma-
trix, o (i = x,y,z) denote the Pauli matrices acting on the spin
basis, and 7; (i = x,y,z) represent the Pauli matrices acting on
the electron or heavy hole subbands. We now solve model (2)
in a finite strip geometry of width L with the periodic boundary
condition in the x direction and the open boundary condition
in the y direction. In this case, ky is no longer a good quantum
number, while k, is still a good quantum number. We must
Fourier transform k, into the position space to obtain a one-
dimensional tight-binding model, which depends on the other
momentum k,, thus we make the substitution28!

1 ik
L = —— elkyn, 7 3
k=g Z kn 3)
where k = k. This gives the Hamiltonian
H = Z <€cz7n6k,n + TCZ_’an,n-‘rl JrTTC,Z’ankJ,) , @
k,n
with
2D 2B
& = — [2—cos(ka)| ogT0— = [2—cos(ka)| oo, +MogT;
A . R .
+E sin(ka)o,T+A Uﬂ'ﬁ—% sin(ka)oy (To+7), ()

D B 1A iR
T = ﬁaoToJr;aoTszaoTyf%ax (T0+7%). (6)
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3. Results and discussion

In this section, we obtain the energy spectrum by numer-
ical diagonalization of Hamiltonian (4) with a lattice constant
a =2 nm. As mentioned above, for symmetric HgTe QWs,
the strength R of the Rashba term is negligibly small, thus we
firstly address how the BIA term affects the finite size effect
on the helical edge states of the HgTe QWs without the SIA
(i.e., R =0 in Hamiltonian (4)).

Figure 1 shows the energy spectra of the edge states of the
HgTe QWs with width L = 200 nm and L = 392 nm, respec-
tively. The dashed lines present the results without the SOC
terms (i.e., A = R = 0), an energy gap opens near k = 0 due
to the finite size effect, consistent with the previous work.[>!]
When the BIA term is taken into account (here the strength A
of 1.6 meV is adopted!?®!), due to the SOC effect, spin split-
ting of the edge states occurs in the energy spectra (plotted by
the solid lines in Fig. 1). As a result, for a narrow width (e.g.,
L =200 nm, see Fig. 1(a)), the bottom of the conduction band
and the top of the valance band are not located at the I" point
(k = 0) any more, but shift to finite k£ values. Thus the energy
gap of the edge states (denoted by E;, in Fig. 1(a)) will generi-
cally open at this finite & rather than at the I" point. In the case
of L =392 nm (see Fig. 1(b)), it is noted that without the SOC
terms, the energy gap due to the finite size effect still appears,
although it is very small, however, in the presence of the BIA
term, the energy gap of the edge states nearly vanishes and the
gapless edge states appear.
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Fig. 1. (color online) Energy spectra of the edge states of HgTe
QWSs obtained by numerical diagonalization of Hamiltonian (4)
without the SIA term (i.e., R = 0). The width is (a) L = 200 nm
and (b) L =392 nm. The (black) solid and the (red) dashed lines
correspond to the models with (A = 1.6 meV) and without (A = 0)
the BIA term, respectively. The other model parameters are given
in the text.

The size-dependence of the energy gap E, is plotted in
Fig. 2. Figure 2(a) presents the variation of the energy gap
with the width L in the absence of the SOC terms, in which
the energy gap decays in an approximate exponential law of L.
In this case, the analytical solution of the gap has been given
by Zhou et al.!?!! Figure 2(b) shows the result of the case with
A = 1.6 meV. Compared with the result of the case without

the BIA plotted in Fig. 2(a), a qualitatively different scenario
is shown in Fig. 2(b) for the case with the BIA: the variation
of E; with L is nonmonotonous and the energy gap appears to
close at L ~ 392 nm. This point has been noted in Ref. [31]. In
general, the strength A of the BIA in HgTe QWs is determined
by the material structure, and it was taken to be 1.6 meV for
the QW of thickness d = 7.0 nm in Ref. [28]. In order to fur-
ther understand the effect of the BIA on the finite size effect,
in Figs. 2(c) and 2(d), we slightly overestimate the strength A
of the BIA and take A = 3.2 meV and 6.4 meV, respectively.
From Figs. 2(c) and 2(d), it is seen that when the BIA term is
taken into account, the nonmonotonous variation of £y with L
in fact features a superimposed oscillatory pattern on the expo-
nential decay. The phenomenon is very similar to the variation
pattern of the energy gap with the thickness of the thin film due
to the finite size effect on the surface states in 3D TI Bi;Sej
thin films.>>2! From Fig. 2, it is seen that with increasing
A the energy gap E, firstly vanishes at a narrower width. For
instance, when A = 1.6 meV, 3.2 meV, and 6.4 meV, the en-
ergy gap E, firstly closes nearly at L ~ 392 nm, 220 nm, and
128 nm, respectively, given by numerical calculations. More-
over, with increasing A the oscillation period of the gap de-
creases. For A = 3.2 meV and 6.4 meV, the oscillation period
of the gap is about 340 nm and 170 nm, respectively.

10°] (a) 10° (b)
1
% 1072 102
g
~ 3
1074 1074
1
106 106
100 300 500 700 100 300 500 700
>
[}
g8
~
o0
S

100 300 500 700 100 300 500 700
L/nm L/nm

Fig. 2. (color online) The width dependence of the energy gap (E;) of the
edge states for different strength A with R=0: (a) A =0; (b) A = 1.6 meV;
(c) A =3.2meV; (d) A = 6.4 meV. The (black) solid lines present the en-
ergy separation between conduction- and valence-band edges at k = 0. The
(red) open circle symbol presents the energy gap of the edge states due to
the finite size effect with the BIA term.

Aiming to explain the origin of the oscillatory decay of
the gap E; of the edge states in HgTe QWs with the BIA, we
reconsider the effective four-band Hamiltonian (1) (neglecting
the SIA term, i.e., R = 0) for a finite strip geometry of width
L in the y direction. We keep the periodic boundary condition
in the x direction. Owing to the open boundary condition in
the y direction, we perform a Peierls substitution ky, = —id.
By substituting a four-component trial solution 1) = 1, e*”
into the Schrodinger equation H (k,—idy)1p = E1) (where
E is the eigenvalue of energy), from the secular equation
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|H (k,—iA) —E| = 0, we obtain the following equation of
A(E):

0 = [A*— (E* —M?) — (2ED+2MB — A?) (k* — A?)

+ (B - D) (k- 22)’] A (-2,

By solving Eq. (7), we can obatain eight solutions of A (E),
denoted as +A4 (E) (o = 1,2,3,4). The analytic expressions
of Ay (E) are too complex to be given here. Using the material
parameters given above and numerical calculations, when the
BIA term is taken into account and A is taken as a finite value,
we can find that all Ay are complex solutions for eigenenergy
E of the edge states lying within the gap of the bulk (i.e.,
—|M| < E < |M], here C is taken as zero). Moreover, four
complex solutions Ay satisfy A; = A} and A, = 4. The real
part of the complex Ay (denoted as Re(Aq)) corresponds to
the inverse localization length of the edge states. The density
distributions of the edge states located at the two boundaries
of the strip sample are mainly determined by the larger one of
the length scales [Re(A;)] ™" and [Re(A,)]~'. Here, we assume
that [Re(42)] ™" > [Re(A;)]"'. When A in Eq. (7) is zero, that
is, the BIA term is neglected, all Ay of the edge states are real,
then the decay pattern of the gap E, of the edge states in HgTe
QWs satisfies an approximate exponential law of L.[>!->3] Just
because not all Ay of the edge states are real when the strength
A is a finite value, we can observe a superimposed oscillatory
pattern on the exponential decay of the gap E, of the edge
states in HgTe QWs with the BIA in Fig. 2. Thus the origin
of the oscillatory decay here is consistent with that in 3D TI
BiySes thin films.[>3-261 According to the argument of Shan
et al,!?%! the oscillation period of the gap E, with the width L
in HgTe QWs with BIA is determined by the imaginary part
of A, (denoted as Im(4,)), i.e., the oscillation period here is
m[Im(A2)]"", as can be verified by the results of numerical
calculations.

The energy spectra of the edge states of HgTe QWs with
A = 6.4 meV for different width L are plotted in Fig. 3. When
the width of the HgTe QW is wide enough (e.g., L = 1000 nm,
see Fig. 3(f)), the effect of the BIA on the energy spectrum of
the edge states is negligibly small; while for a narrow stripe,
the effect of the BIA term is indeed worth considering.

Now we proceed to study the role of the SIA in the finite
size effect on the helical edge states of the HgTe QWs. In fact,
the analytical expressions for the wave functions of the edge
states have been derived in the absence of BIA and SIA terms
by Zhou et al.?'! We reexamine those wave functions of the
edge states, and find that the components of the electron-like
subbands (JE;+)) in the edge states are significantly smaller
than those of the heavy hole subbands (|H;=+)).!3?! This result
can be confirmed by numerical diagonalization of Hamilto-
nian (4). As an example, the density distributions of the edge
states for L = 200 nm are plotted for demonstration in Fig. 4.
Since the Rashba term in Hamiltonian (1) describes the mix-
ing between |Ej+) and |E;—) and the strength R can be tuned

by a gate voltage, we argue that only when R is tuned to a suf-
ficiently large value, one might have an observable effect of
the SIA on the finite size effect on the edge states.
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Fig. 3. Energy spectra of the edge states of HgTe QWs with A = 6.4 meV
and different width L obtained by numerical diagonalization of Hamilto-
nian (4) without the SIA term (i.e., R =0): (a) L= 100 nm; (b) L = 128 nm;
(¢) L =150 nm; (d) L =214 nm; (¢) L = 298 nm; (f) L = 1000 nm.
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Fig. 4. (color online) Density distributions of the edge states of the HgTe
QW with width L = 200 nm obtained by numerical diagonalization of
Hamiltonian (4). Here k = 0.001 nm~!, A = 1.6 meV, R = 160 meV-nm,
and the other model parameters are given in the text. The (red) open squares,
(red) filled squares, (blue) open circles, and (blue) filled circles correspond
to the components of |Ej+), |Hi+), |E1—), and |H;—) subbands in the
edge-state wave function, respectively. Panels (a)-(d) are arranged in or-
der from the highest to the lowest eigenenergy of the edge states.
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When the BIA and the SIA are simultaneously taken into
account, the size-dependence of the energy gap E,; of the edge
states is plotted in Fig. 5 with the open square symbols, where
R = 160 meV-nm and A takes four values, i.e., A =1 meV,
1.6 meV, 3.2 meV, and 6.4 meV, respectively. For the purpose
of demonstration, the case without the SIA term is also plotted
in Fig. 5 with the open circle symbols. From Fig. 5, it is seen
that due to the SIA, the energy gap E,; vanishes at a narrower
width and with increasing A this variation decreases. For ex-
ample, for the case of A = 1 meV, when R = 0 meV-nm and
160 meV-nm, the energy gap E, vanishes at L = 598 nm and
502 nm, respectively; while for the case of A = 1.6 meV, when
R =0 meV-nm and 160 meV-nm, the energy gap E; vanishes
at L =392 nm and 362 nm, respectively. Specially, it is noted
that for the case of A = 6.4 meV, the effect of the SIA term
with R = 160 meV-nm is nearly suppressed.
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Fig. 5. (color online) The width dependence of the energy gap Eg of the
edge states for different strength A with R = 160 meV-nm: (a) A = 1 meV;
(b) A =1.6 meV; (c) A =3.2meV; (d) A = 6.4 meV. The (red) open circle
symbol and the (black) open square symbol correspond to the case without
and with the SIA term, respectively.

When the edge state has an energy gap due to the finite
size effect, the charge conductance of the edge states in a strip
geometry is modified and has a form following the Landauer—

Biittiker formula!?!-3!

262 1 1

G= LB/ —pI/keT | o[~(Ee/2)—H]/keT { |

+11.

In Fig. 6, we plot the conductance G as a function of the chem-
ical potential i and the strength R of the SIA for L = 350 nm
at temperature 7 = 0.03 K. Here A is taken to be 1.6 meV.
When the chemical potential i lies near the center of the gap
Eg (i.e., 4 = 0), the nonmonotonous variation of G with R is
seen. The main reason is that the variation of R induces a shift
of the energy gap E, closing point shown in Fig. 5(b). Ac-
cording to the result given in Ref. [29], the strength R of the
SIA is taken to be R ~ —15.6 nm? x eE,, where E, is the elec-
tric field perpendicular to the HgTe QW plane. For the case
of R =500 meV-nm shown in Fig. 6, we can estimate that the

corresponding applied electric field is about 32 mV/nm. In
Ref. [32], Virtanen et al proposed that an upper limit for the
electric field that can be applied in practice is likely to be in
the order of E; ~ 100 mV/nm. They showed that for fields
larger than this upper limit, the potential difference across the
HgTe QW becomes comparable to the energy gap of the bar-
rier material (CdTe).!32! Thus, based on the above numerical
estimate, we argue that the variation of the strength R from
0 meV-nm to 500 meV-nm in Fig. 6 can be realized by tuning
the applied electric field E, in practice. On the other hand, the
gate dependent shift of the Fermi level in the HgTe QW has
been reported.?! For the gate voltage V, being within —1.9 V
< Vg < —1.4V, the Fermi level is adjusted in the bulk gap of
the HgTe QW. %! The strength R can be tuned by a gate voltage,
however, tuning the gate voltage adjusts the asymmetry of the
HgTe QW and the Fermi level simultaneously. Thus we need
two gates to tune the strength R of the SIA and the Fermi level
independently.['?] Note that such a dual-gate geometry has
already been realized experimentally in an InAs/GaSb/Alsb
QW. (12491 1 such a dual-gate geometry could also be realized
experimentally in HgTe QWs, the phenomenon observed in
Fig. 6 will be useful for realizing a QSH FET. When the Fermi
level lies inside the gap Eg of the edge states due to the fi-
nite size effect, the conductance channel via the edge states is
blocked, and thus the FET is in an OFF state. When the gate
voltage is tuned to close the gap E,; due to the variation of the
strength R of the SIA in HgTe QWs, the FET can be flipped to
the ON state, where the current is carried only by the helical
edge states. The realization of such a QSH FET needs very
delicate experiments.
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Fig. 6. (color online) The variation of conductance G as a func-
tion of the chemical potential u and the strength R of the SIA for
L =350 nm at temperature 7 = 0.03 K. Here the strength A of the
BIA is taken to be 1.6 meV, the unit of G is 2¢? /h, and brighter
color represent a larger G.

4. Conclusion

In a strip 2D QSH system (or a 3D TI thin film), the edge
(or surface) states on the two different boundaries of the sam-
ple can hybridize to create an energy gap E,. This finite size
effect is an important issue that should be considered carefully
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in potential applications of 2D QSH systems (or 3D TIs). In
this paper, we focus on the effects of the SOC induced by BIA
and SIA on the finite size effects in the inverted HgTe QW
with finite width L. We firstly examine the role of the BIA.
It is shown that different from the previous result of the case
without the BIA, the energy gap E, of the edge states due to
the finite size effect features an oscillating exponential decay
of the strip width of the HgTe QWs. The phenomenon is very
similar to the scenario occurring in 3D TI thin films. Further
taking the SIA into account, we find that the SIA can induce
a shift of the energy gap E,; closing point. The strength of the
SIA can be continuously tuned by a gate voltage, thus a way
to realize a QSH FET is proposed based on the roles of BIA
and SIA on the finite size effects in the inverted HgTe QWs.
We notice that the effective four-band Hamiltonian (1) can
also characterize the inverted InAs/GaSb/Alsb QW which has
stronger BIA than the HgTe QW,!"?! and moreover the helical
edge modes of the QSH state in the inverted InAs/GaSb/Alsb
QW have been confirmed experimentally. [*!] Recently the gate
tunable finite size effect in 3D TI Sb,Te; thin films has been
observed experimentally.[*?] Thus we expect that the gate tun-
able finite size effect could also be observed experimentally in
the inverted HgTe QWs or other 2D QSH systems.
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