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We introduce a new integrable model to investigate the dynamics of two component quasi-particle condensates with
spatiotemporal interaction strengths. We derive the associated Lax pair of the coupled Gross—Pitaevskii (GP) equation
and construct matter wave solitons. We show that the spatiotemporal binary interaction strengths not only facilitate the
stabilization of the condensates, but also enables one to fabricate condensates with desirable densities, geometries, and
properties, leading to the so-called “designer quasi-particle condensates”.
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1. Introduction

The experimental observation of Bose—Einstein conden-
sates (BEC) in rubidium by Cornell and Wieman!!'l and in
sodium by Ketterle’s group!?! have signalled a new era in ultra-
cold atomic physics and have virtually opened the flood gates
for matter wave manipulation. At ultra-low temperatures,
the behaviour of BECs is governed by the Gross—Pitaevskii
(GP) equation which is nothing but the inhomogeneous (3+1)-
dimensional nonlinear Schrodinger (NLS) equation of the fol-

lowing form: [3-6!

_oy(r,t) hi 2 2
lhiat = (—sz +Uly(r,t)|"+V(r,)

x y(r,t), (1)
where U (r,t) describes the interatomic interaction and V (r,1)
represents the external trapping potential that traps the atoms

Even though the above (3+1)-
dimensional GP equation is in general non-integrable, it has

at such low temperatures.

been shown to admit integrability in quasi one dimensions
for both time-independent!”-3! and time-dependent!®!°1 har-
monic trapping potentials. The experimental observation
of bright!!!=131 and dark solitons!!"*!3] in such quasi-one-
dimensional BECs has not only reconfirmed the integrability
of the associated dynamical systems, but also stimulated a lot
of interest to have a deeper understanding of the nonlinear phe-
nomena surrounding BECs.

It must be mentioned that the behaviour of single-
component BECs is controlled by the external trapping
potential and the binary interatomic interaction (scattering
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length).
namics of multi-component BECs!'®1°] which comprise of

In contrast to single-component BECs, the dy-

either mixtures of different hyperfine states of the same
atomic species or even mixtures of different atomic species
is much richer by virtue of both interspecies interaction
and intraspecies interaction. Multi-component BECs show
several interesting and novel phenomena like soliton trains,

291 multi-mode collec-

multi-domain walls, spin switching,
tive excitations, etc., which are not normally encountered in
single-component BECs. The recent analytical investigations

21221 involving temporal variation

of multi-component BECs!
of both interspecies and intraspecies scattering lengths have
shown how the concept of coherent storage and matter wave
switching can be manifested in the collisional dynamics of
bright solitons.

It is worth pointing at this juncture that the above scalar
and vector BECs involve the condensation of atoms or par-
ticles with integral spin (bosons) at the ground state. Since
the temperature at which bosons condense is governed by the
inverse of the mass, the low density of the weekly interact-
ing atoms combined with their relatively large mass ensures
that the critical temperature is extremely low, on the order of
1070 k. In this context, it was believed that the condensation
of quasi-particles like excitons and polaritons with their high
densities and negligible masses might occur at temperatures
of several orders of magnitude higher than for atoms, reach-
able by standard cryogenic techniques. In this connection, the
advent of exciton BEC!?*! and a polariton BEC (or) polari-
ton laser(*! have certainly contributed to a resurgence in this
exotic state of matter and have heralded a new era in semicon-
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ductor heterostructures. Excitons and polaritons are endowed
with the spatially varying masses which ensures that the inter
quasi-particle interaction could be spatially inhomogeneous.
Recently, such quasi-particle condensates were modelled (>3]
by the Gross—Pitaeveskii equation with a space-dependent dis-
persion coefficient representing the position-dependent masses

of quasi-particles of the form
igr +k(x)qx: +a(x)|qlg +v(x)g = 0. 2

In the above equation, the dispersion coefficient k(x), the scat-
tering length a(x) and the trap v(x) are related by the following

equations:
) = o G

and
v(x) = S“I(X)zaxj(”“"(x). )

It should be mentioned that Eq. (2) has been mapped on
to the well-known NLS equation and has been investigated

earlier,[20-3!

I'In this context, it would be interesting to inves-
tigate the dynamics of two-component quasi-particle conden-
sates. The fact that the two-component quasi-particle conden-
sates are endowed with both intraspecies interaction and in-
terspecies interaction means that one could conceive of spa-
tiotemporal binary interaction in them.

Motivated by the above consideration, we investigate the
dynamics of two-component quasi-particle condensates with
space and time modulated nonlinearities. In particular, we de-
rive the Lax pair of the associated Gross—Pitaeveskii equation
and generate bright solitons. We also study the collisional dy-
namics of matter wave solitons in harmonic and optical lattice
potentials.

2. Model and Lax pair

Considering a temporally and spatially inhomogeneous
two-component quasi-particle BEC, the behaviour of the con-
densates that are prepared in two hyperfine states of the same
atom can be described by the two coupled GP equation of the
following form:

1 )+ RO )1 P )

+ A2 (1)) v2 (,0) )y (x, 1) + | V (1) + 1114411((?)[

— 5bi() =6 (r),) yi(x,1) =0, 5)
e KWL et~ (A0 T )
a0yt + (V) + 5208

i
b~ 92(1)t> V(1) =0, ®)
where
3k 1 1, 5 1,
= x__ —K?b>— -K?by, —boK, (7
V(xat) 16 k 4kxx+4 bl 4 blt bO 3 ()
and

1

K(x)= / mdx. (8)
In the above equation, A;(z), Ax(t), bo(t), b1(z), 6:(¢), and
0,(t) are arbitrary functions of time. The arbitrary func-
tions A;(¢) and A,(r) describe the temporal variation of bi-
nary interaction, while the arbitrary functions (by(¢),b1(¢))
and (0;(¢),6,(¢)) facilitate us to choose the potential and
atomic feeding, respectively. In the above equation, the con-
densate wave functions are normalized to particle numbers
N; = [ |wi|*d3r while k(x) which represents the spatially vary-
ing dispersion coefficient is also related to the mass of the
quasi particles. Equations (5) and (6) admit the following Lax
pair:

o, +UP =0, ©))
b, +VP=0, (10)

where @ = (1,92, ¢3)T and

i, v v
2 i k3./4 k3/4
v=|-¥Y 1 1
B4 2)» 0 ; (11
) _1
k3/4 0 2}”
Vit Viz Vi3
V=1V Voo Vo3 |, (12)
V31 Vaz Vi3
with
Wiy vy i,
Vii = —i —1 +-A%k+ig,
11 \/IE \/]; 3 8
Via = xi + A4y, Vis = o+ Ak Ay,
. | .
Var = —xi — Ak, sz:lll/\l/lg1 75”"*18,
Vaz = i'l’\z/‘l];fl , Var = —x3 — Ak s,
Yy vy i, .
Vio =1 , Vi3 =i — A%k —ig,
32 N 33 k2 g
_iV’Ikx/4 -11/4 * IWIkx/4 /4. %
Xl = k3/4 +1k/ llflx; xl = k3/4 —1 / 1xs
—iyake/4 . idyk/4 .
L = T;Jﬂkmy% X = T/;_lkw%}”
1 1
g(x) = g(blt—b%)Kz—ﬁ-EboK. (13)

In the above equation, A (x,7) = [b; (t)K(x)/2+ A(£)]//k(x)
represents the complex nonisospectral parameter and A (f) =
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[ bo(r)el= /1)) detw) o ([or1(1)d1) §g 5 complex function of
time while p is the so-called “hidden complex spectral pa-

rameter”. The temporal scattering lengths have been ab-

sorbed into Y (x,7) and y,(x,f) by substituting y;(x,t) —
A (1) e 1O (x,1) and yy (x,1) — A (1) e O () (x,1). Under
the following transformation:

@1(X,T) = A (t)exp (i6; (1) — iIT) k(x) 41 Ly (x, 1),
@ (X,T) = Ax(t)exp (i62(t) — iIT) k(x) /4T "y (x,1), (14)

where

X = IK(x)+2 / 1#Jdr,

T = / 2dr,
I = exp (./bl(t)dt) )
J = /bo(t)exp (—/bl(t)dt) ds,

M= —LK(x) - %bl(t)l((x)z— /Iszdt.

Equations (5) and (6) transform to the standard two-

component NLS equation. 3%}

3. Construction of bright vector solitons

To generate the bright vector solitons of the coupled GP
equations (5) and (6), we now consider the vacuum solution
(y/? = IVZ(O) = 0) so that the corresponding eigenvalue problem

becomes
AR 5 OF 10y (15)
3 +v0g0 — ¢, (16)
where
%l(x,t) K 0
U = 0 —%l(x,t) 0 :
0 0 —%l(x,t)
SA%() 0 0
Vv = 0 _%m(x) 0 . an
0 0 —%Azk(x)

Solving the above eigenvalue problem, one obtains the follow-
ing vacuum eigen function:

¢(0)1] 0 0
e - o 02 ¢ |, (18)
0 0 ¢(0)33

where

o0 _ e~ 2 (01 (OK()? A+ AWK )+ [ A1) dr)

— &2 (P1 KW A+AWK )+ AW dr)
— o3 (BIOKE)? AWK (X)+[ A1) de)

We now gauge transform the vacuum eigenfunction ) by a
transformation function g(x, ) to give

U =gU% "+, (19)
Vv =gvOgigg! (20)
We now choose the transformation function g(x,z) from the

solution of the associated Riemann problem such that it is
meromorphic in the complex A plane as

7 1
L M=
glx, ;1) = [1+ ppy P(x,t)} . 8

21

The inverse of matrix g is given by

g 'z =10-10 -[1— ! _IP(x,t)},(ZZ)
00 —1 A=K

where A; and A\; = A} are arbitrary complex parameters and
P is a3 x 3 projection matrix (P> = P) which can be obtained
using vacuum eigen function ¢°(x,7) as!3?!

P=J-P.J, (23)
where
. MM
P=——/—"- 24
Trace[ M (] @9
1 0 0
J=10-1 0 |, (25)
00 —1
and

MY =0 (x 1 1) - mD .80 ,A)"".  (6)

In the above equation, 7i2(!) is a 3x3 arbitrary matrix taking
the following form:

6251\@ 81(l)eZim Sél)ezm'
m = | gWe2im ¢=20/\2 0 , @D
gWeim o o212

such that the determinant M) becomes zero with the condi-
tion |£1(1)|2 + |82(1)|2 = cos(¢)? +sin(¢)? = 1. Thus, choosing
Al = oy +if; and A = A; and using Eq. (26), the matrix
MM can be explicitly written as

ef®l \/E efi‘:l 8](1) 671‘51 82(1)

eitier) 012 ;@8
it 8;(” 0 e®/v2

M =

where

0 = —ﬁl(t)K(x)—Z'/ (B (1)di =28,  (29)
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& = —bi(K(x)*/4—au (1)K (x)

- (@@ B0 —2m, (30)
with
t) = ( e (-~ [mirar) ar+
X exp (/b1(t)dt> ,
Bi(t) = Brexp ( / bdr)dr) , G1)

while 6; and 7; are arbitrary parameters. Now, substituting
Egs. (17) and (21) into Eq. (19), we obtain

B 0 Py Pi3
D =09 -2iq,-A)| P, 0 0 |, (32
—P3 0 0

and similarly for V(1) Thus, one can write down the one soli-
ton solution as

— A1) P, (33)

Uiy = Uy = 2i(4
v =ul —2i(A - 1) Pis. (34)

Thus, the explicit forms of bright soliton solution can be writ-
ten as

vi =~ cos(9)Bi(1)k(x) M sech(@))e %), (35)
W) = —sin(@)B (k) sech(@)e (5, (36)

where ¢ is the arbitrary parameter. Looking at the above solu-
tion for 1//§1> and 1//2(1), we infer that the amplitude of the bright
solitons representing the condensates can be spatially and tem-
porally modulated. This means that one can desirably change
the intensities of the matter wave solitons by choosing spatial
and temporal inhomogeneities suitably. In other words, spa-
tially and temporally modulated scattering lengths can lead to

various interesting profiles of the condensates.

4. Matter wave solitons and their interaction
4.1. Grating solitons in optical lattice potentials

Choosing  the coefficient
0.3(sin(0.1x)?
as shown in Fig. 1(a) for an appropriate choice of the param-
eters 0y (t), 62(¢), bo(t), and b;(r). Under this condition, we

observe that the matter waves are confined in space period-

dispersion k(x) =

—2)*, one obtains an optical lattice potential

ically as shown in Figs. 1(b) and 1(c) and we call them as

“grating solitons”.[34]

The width and amplitude of the grating
solitons can be modulated by suitably changing the parameters

associated with k(x).
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Fig. 1. (a) Optical lattice for the choice k(x) = 0.3(sin(0.1x)? — 2)*
with Ay (1) =Aax(t) =1, bo(t) = b1(t) =0, and 6;(t) = 62(t) = 1. (b),
(c) Grating solitons in the optical lattice potentials.

4.2. Matter wave solitons in harmonic traps

Selecting k(x) = 1/[0.9 4 cos(0.02x)?] and again choos-
ing the parameters 6, (¢), 62(¢), bo(t), and b (¢) desirably, one
obtains a harmonic trap as shown in Fig. 2(a). Accordingly,
one observes double hump solitons for the condensates |y |?
and |y, |? in Figs. 2(b) and 2(c), respectively. Again, the width
and amplitude of the bright solitons can be altered by chang-
ing the parameters associated with k(x). This underscores the
|2

fact that the energy associated with the modes |y1|? and |y»|?

can be modulated desirably.

4.3. Transient trap behaviour

Choosing the transient trap as shown in Fig. 3(a) (after
appropriately choosing k(x) and the parameters 0, (¢), 6,(z),
bo(t), and b (¢) suitably), the behaviour of the condensates
in the transient trap is shown in Figs. 3(b) and 3(c). From
Figs. 3(a)-3(c), one could observe the stabilization of the con-
densates in the confining trap while the lifetime of the expul-
sive domain is too short to notice the dynamics of the conden-
sates.
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Fig. 2. (a) Harmonic trap for the choice k(x) = 1/[0.9 4+ cos(0.02x)?]
with A;(t) = Ax(t) = 1, bo(t) = 0.1z, b1 (t) = —0.2¢, 6,(¢) = 62(1)
sin(0.1¢). (b), (c) Double hump matter wave solitons in the harmonic

trap.

£
ST
e

Fig. 3. (a) Transient trap for the choice k(x) = tanh(0.03x)2 +0.0001
with Ay (1) = Ax(r) = 1 and bo(1) = by (1) = 6, (¢) = 62(¢) = 0. (b), (¢)

Growth of matter wave solitons in the transient trap.

A

4.4. Switching off the trap and bright soliton dynamics

Choosing the dispersion coefficient k(x) = 0.3(—x —20)*,
we observe that the external trap V (x) becomes zero. Under
this condition, we observe that the amplitude of the solitons
keeps growing as they evolve in space and time as shown in
Figs. 4(a) and 4(b) and this increase of amplitude of matter
wave solitons occurs without any addition of external energy
for a specific choice of spatially inhomogeneous interaction.

|

[40,)?

100

Fig. 4. (a), (b) Matter wave solitons in the absence of the trap for
k(x) = 0.3(—x —20)*.
The gauge transformation approach can be easily ex-
tended to generate multi-soliton solution'**! and the interac-
tion of solitons can be analysed.

4.5. Matter wave switching

Choosing the spatially varying dispersion coefficient of
the form k(x) = 0.1cos(—0.3x)% 4 0.1sin(—0.3x)2, one ob-
serves switching of intensities of matter wave solitons as
shown in Figs. 5(a) and 5(b). Thus, it is obvious from

Fig. 5. (a), (b) Switching of matter wave solitons for k(x) =
0.1cos(—0.3x)2 +0.1sin(—0.3x)2.
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Figs. 5(a) and 5(b) that the intensity redistribution occurs be-
tween the modes |w1|? and |y, |?.

4.6. Impact of spatio temporal interaction on the conden-
sates

It is obvious from the above that cases (i)—(v) discuss
the effect of spatially inhomogeneous interaction alone on the
condensates. To investigate the impact of spatiotemporal in-
teraction on the condensates, we now consider the evolution
of the condensates in the transient trap shown in Fig. 3(a) cor-
responding to case (iii). Now, evolving the temporal scatter-
ing lengths of the form A (1) = A, (¢) = e*!%, the density of
the condensates which were stabilized in the confining domain
in the absence of temporal interaction now abruptly increases
as shown in Figs. 6(a) and 6(b). We now suitably tune the
spatially inhomogeneous interaction which subsequently re-
duces the density of the condensates. Hence, we observe that
it should be possible to vary the spatially inhomogeneous in-
teraction to stabilize the condensates just as one temporally
varies the scattering length using Feshbach resonance as dis-
played in Figs. 7(a) and 7(b). It should be mentioned that
this is the first instance of the occurrence of Feshbach reso-
nance employing the variation of spatially inhomogeneous in-
teraction. The combined effect of spatiotemporal interaction
is that one can not only control the density of the condensates,
but also design condensates with desirable density, shape (or
geometry) and property leading to an era of “designer quasi-

particle condensates”.

800

600
= 400
- 200

—50

40
Fig. 6. (a), (b) Impact of spatiotemporal interaction and abrupt increase
of density of the condensates for k(x) = tanh(0.03x)2 4 0.0001 with
A1 (1) = Ay (1) = €O, by(r) = by (t) = 0, and 61 (r) = 62(¢) = 1.

Fig. 7. (a), (b) Stabilization of the condensates by tuning spatial scatter-
ing length for k(x) = tanh(0.03x)% 4-0.0075 with A| (t) = A5 (t) = e*1%,
bo(t) =bi(t) =0,and 6, () = 6,(¢t) = 1.

5. Discussion

In this paper, we have derived a new integrable model
to investigate the dynamics of two-component quasi-particle
condensates with spatiotemporal interaction strengths and
construct the associated Lax pair. We then generate the mat-
ter wave solitons and study their properties in harmonic and
optical lattice potentials.

We also report the occurrence of Feshbach resonance by
subtle variation of spatially inhomogeneous interaction. We
reiterate that the simultaneous impact of spatiotemporal in-
teraction could possibly herald a new era of “designer quasi-
particle condensates”.
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