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Optical properties of the electromagnetic waves propagating in
an elliptical cylinder multilayer structure
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Theoretical description of the wave propagation in an elliptical cylinder multilayer structure under the conditions of
H polarization and E polarization is presented. A transfer matrix method has been developed for elliptical cylinder waves.
The formulas of reflection and transmission coefficients for an elliptical cylinder multilayer structure are driven. Reflection
and transmission coefficients of elliptical cylinder waves by a single elliptical cylinder interface is presented. The obtained
formulas can be generalized to the cold plasma filled structures and thus the obtained results in the limit of circular cylinder
structures are investigated.
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1. Introduction
It is well known that when the index of refraction of the

medium is periodically modulated, the propagation of photons
is forbidden in a certain range of frequency (for the Bragg re-
flector this region corresponds to the reflection band).[1] In
these constructions, Bragg reflectors localize light in one di-
rection, i.e., they act like a material with a one-dimensional
photon band gap. Bragg reflectors,[2] i.e., periodic sequences
of pairs of quarter-wave layers, are part of various optoelec-
tronic devices, e.g., vertical-emission lasers.[3] A further ex-
ample of the use of Bragg reflectors is in distributed-feedback
lasers, where a diffraction grating serves as the Bragg reflector
for a waveguide mode.[4] In addition, the optical fibres have
wide applications in the fields of radar feed line, optical com-
munication, fibre lasers, microwave heating applicator, elec-
tron accelerator, and so on.[5,6] When a circular cylinder fibre
is compared with an elliptical cylinder fibre, the attenuation
of the dominant mode in an elliptic fibre with the same cross-
section area will be reduced and the transmission modes in the
elliptic fibre will be stable.[7,8] Therefore, an elliptic fibre is
superior to a circular one in some aspects, and has wider appli-
cations. Attenuation effects and power flow expressions were
achieved for wave propagation in a surface wave transmis-
sion line with an elliptical cross section.[6] It was found that
some modes in the guide have lower attenuation than the cor-
responding modes in a circular guide. In conventional optical
fibers, light confinement is achieved through total internal re-
flection and photons propagate mainly in the high index center
core. A completely different confinement mechanism, Bragg
reflection, provides an alternative way of guiding photons.
This possibility was first pointed out by Yeh et al.[9] where
the concept of Bragg fiber was proposed. The experimen-

tal fabrication of Bragg fibers has been recently reported.[10]

The analysis of Bragg fibers, however, is much more com-
plicated than that of conventional fibers. In the matrix formal-
ism, Yeh et al.[9] used four independent parameters to describe
the solution of Maxwell equations in each layer of the Bragg
fiber and the parameters in neighbor dielectric layers were re-
lated via a 4× 4 matrix. However, a simple periodic dielec-
tric multilayer structure known as a one-dimensional photonic
crystal is easier to fabricate compared to the two- and three-
dimensional photonic crystals. In addition, one-dimensional
photonic crystals can be used to explore many fundamental
and interesting optical properties, such as the existence of
photonic band gaps as well as the feature of omnidirectional
mirror.[11,12] In one-dimensional photonic crystal, the wave
propagation properties can be analytically investigated by the
familiar transfer matrix method in Cartesian coordinates.[13]

In addition, cylindrical wave transfer matrix method has been
developed in Ref. [14]. They developed an elegant transfer
matrix method in cylindrical coordinates which, in fact, is
an analogous version of Abeles theory in Cartesian coordi-
nates. Moreover, based on the use of such transfer matrix
method, studies of photonic band structures in metallic and
superconducting cylindrical photonic crystals have also been
available.[15,16] Although a transfer-matrix method has been
developed for cylindrical waves and analysis of optical prop-
erties in cylindrical dielectric photonic crystal[17] and Bragg
reflectors for cylindrical waves[18] in E and H polarization
cases have been investigated. We develop a transfer-matrix
method for elliptical cylinder waves in elliptical Bragg reflec-
tors. Therefore, the purpose of this paper is to give a detailed
theoretical formulas on the wave propagation in an elliptical
cylinder multilayer structure under the conditions of H polar-
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ization and E polarization. We shall derive the formulae of
reflection and transmission coefficients for an elliptical cylin-
der multilayer structure. We study different model structures,
including the single elliptical cylinder interface and the mul-
tilayer structures. All the results of these structures are given
for both E polarization and H polarization.

2. Basic equations
We start with introducing the elliptical cylinder coordi-

nates. The orthogonal elliptical cylinder coordinate system
(ξ ,η ,z) is convenient to solve Maxwell’s equations in the
structures with elliptical boundaries. Elliptical cylinder coor-
dinates are related to their rectangular counterpart via[19]

x = d coshξ cosη , y = d sinhξ sinη , z = z,

where 0≤ ξ ≤ ∞, 0≤ η ≤ 2π , and d =
√

a2−b2 is the semi-
focal length of the elliptic expressed in term of the semi-major
and semi-minor axes a and b. The elliptic boundary is defined
by ξ = ξ0, where ξ0 = tanh−1(b/a). Figure 1 shows an el-
liptical cylinder multilayer structure. Maxwell’s equations are
written as

∇×𝐻 =
∂

∂ t
(ε𝐸), (1)

∇×𝐸 =− ∂

∂ t
(µ𝐻). (2)

ζm
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Fig. 1. Sketch of the elliptical cylinder multilayer structure, in which
the m-layer system is bounded by the media of refractive indices, n0 and
nf. The subscript 0 is known as the starting medium, whereas the final
medium is indexed by the subscript f.

We assume that the temporal part of all the fields is
exp(iωt) and for a given layer permeability and permittivity
are ε = εrε0 and µ , respectively. In elliptical cylinder coordi-
nate and a monochromatic wave, equations (1) and (2) can be
expanded as

1
h

∂Ez

∂η
−

∂Eη

∂ z
=−iωµHξ , (3)

∂Eξ

∂ z
− 1

h
∂Ez

∂ξ
=−iωµHη , (4)

1
h2

[
∂ (hEη)

∂ξ
−

∂ (hEξ )

∂η

]
=−iωµHz, (5)

1
h

∂Hz

∂η
−

∂Hη

∂ z
= iωεEξ , (6)

∂Hξ

∂ z
− 1

h
∂Hz

∂ξ
= iωεEη , (7)

1
h2

[
∂ (hHη)

∂ξ
−

∂ (hHξ )

∂η

]
= iωεEz, (8)

where h = d
√

cosh2
ξ − cos2 η . We will describe the prop-

agation of elliptical cylinder waves in this medium as either
diverging from ξ = 0 or converging to it with respect to the
normal to the symmetry axis of the system z. This implies that
the derivative ∂/∂ z = 0. Equations (3)–(5) in this case takes
the form

1
h

∂Ez

∂η
=−iωµHξ , (9)

1
h

∂Ez

∂ξ
= iωµHη , (10)

1
h2

[
∂ (hEη)

∂ξ
−

∂ (hEξ )

∂η

]
=−iωµHz. (11)

Likewise, equations (6)–(8) can be reduced to

1
h

∂Hz

∂η
= iωεEξ , (12)

1
h

∂Hz

∂ξ
=−iωεEη , (13)

1
h2

[
∂ (hHη)

∂ξ
−

∂ (hHξ )

∂η

]
= iωεEz. (14)

It is well known that solutions for Eqs. (3)–(5) and (6)–(8) can
be classified as two modes. One is called the E polarization
which has three non-zero components, Ez, Hη , Hξ . The other
is H polarization having nonzero components Hz, Eη , Eξ . On
the other hand, it is noted that for an elliptical cylinder multi-
layer structure where each layer filled with the cold collision-
less plasma we can consider εl = ε0[1−ω2

pl/ω2] in the l-th
layer where ωpl = (n0le2/me ε0)

1/2 is the plasma frequency
and n0l is the density of electrons in the plasma l-th layer and
ε0 is the electric permittivity in free space.

3. Transfer matrix method in elliptical cylinder
system
In this section we will present transfer matrix method in

elliptical cylinder system for the H polarization and the E po-
larization.

3.1. H polarization

In this case, with Eqs. (11)–(13) the governing differential
equation for Hz can be obtained in the following form:

1
h2

(
∂ 2

∂ξ 2 +
∂ 2

∂η2

)
Hz + k2Hz = 0. (15)
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Equation (15) is a Mathieu equation giving a well-known so-
lution and eigenvalue[19]

Hz =
∞

∑
m=0

[CmCem(ξ ,qi)+FmFeym(ξ ,qi)]cem(η ,qi)

+
∞

∑
m=1

[SmSem(ξ ,qi)+GmGeym(ξ ,qi)]sem(η ,qi),(16)

where cem(η ,qi), sem(η ,qi) are the even and odd solutions of
the angular Mathieu equation, Cem(ξ ,qi), Sem(ξ ,qi) are the
even and odd solutions of the radial Mathieu equation of the
first kind and Feym(ξ ,qi); Geym(ξ ,qi) are the even and odd
radial Mathieu functions of the second kind, respectively, and
subscript m represents the order of the Mathieu functions. Cm,
Sm, Fm, Gm are arbitrary computable constants and qi = k2

i d2/4
and k2

i = ω2εiµi that ki = ωni/c is the wave number in i-th
medium and c is the speed of light in free space and ni is the
refractive index of i-th medium. For any m, there are even and
odd solutions in the following form:

Hzme = [CmCem(ξ ,q)+FmFeym(ξ ,q)]cem(η ,q)

= V (H)(ξ )cem(η ,q), (17)

and

Hzms = [SmSem(ξ ,q)+GmGeym(ξ ,q)]sem(η ,q). (18)

We consider even mode and obtain the non-zero electric fields
in the following form:

Eξ =
−i

ωεh
V (H)(ξ )ce′m(η ,q), (19)

Eη =
1
h

U (H)(ξ )cem(η ,q), (20)

where

V (H)(ξ ) = [CmCem(ξ ,q)+FmFeym(ξ ,q)],

U (H)(ξ ) =
i

ωε
[CmCe′m(ξ ,q)+FmFey′m(ξ ,q)]. (21)

It is seen that V and U can be used to respectively determine
the non-zero electric field components Eξ and Eη according
to Eqs. (12) and (13). In order to obtain values of the func-
tions (V , U) at an arbitrary point ξ we use the transfer matrix
formalism and relate V (H)(ξ ), U (H)(ξ ) to the corresponding
vector at some other point ξ0 < ξ :[14](

V (H)(ξ )

U (H)(ξ )

)
= 𝑅(H)

(
V (H)(ξ0)

U (H)(ξ0)

)
=

(
R(H)

11 R(H)
12

R(H)
21 R(H)

22

)(
V (H)(ξ0)

U (H)(ξ0)

)
. (22)

This matrix equation relates the two non-zero electric fields at
two distinct positions ξ0 and ξ . The elements of transfer ma-
trix 𝑅(H) can be found when the vector [V (H)(ξ ),U (H)(ξ )] has
been set at a special value of [1,0] or [0,1]:[14](

V (H)(ξ0)

U (H)(ξ0)

)
=

(
1
0

)
,

(
V (H)(ξ0)

U (H)(ξ0)

)
=

(
0
1

)
. (23)

Therefore, matrix elements 𝑅(H) can be expressed as

R(H)
11 =

1
δ
[Cem(ξ ,q)Fey′m(ξ0,q)

− Feym(ξ ,q)Ce′m(ξ0,q)], (24)

R(H)
21 =

i
ωεδ

[Ce′m(ξ ,q)Fey′m(ξ0,q)

− Fey′m(ξ ,q)Ce′m(ξ0,q)], (25)

R(H)
12 =

iωε

δ
[Cem(ξ ,q)Feym(ξ0,q)

− Feym(ξ ,q)Cem(ξ0,q)], (26)

R(H)
22 =

−1
δ

[Ce′m(ξ ,q)Feym(ξ0,q)

− Fey′m(ξ ,q)Cem(ξ0,q)]. (27)

The determinant of the transfer matrix is obtained as

det𝑅(H) =
∆ (H)

δ (H)
, (28)

where

δ
(H) =Cem(ξ0,q)Fey′m(ξ0,q)−Feym(ξ0,q)Ce′m(ξ0,q),(29)

and

∆
(H) =Cem(ξ ,q)Fey′m(ξ ,q)−Feym(ξ ,q)Ce′m(ξ ,q). (30)

In the limit of a circular cylinder, ξ → ∞, by using the asymp-
totic forms of Mathieu functions (22) we have cem(η ,q)→
cosmϕ , Cem(ξ ,q)→ p′mJm(kρ), Feym(ξ ,q)→ p′mYm(kρ) and
Ce′m(ξ ,q)→ p′mkρJm(kρ), Fey′m(ξ ,q)→ p′mkρYm(kρ), where
Jm is a Bessel function, Ym is a Neumann function and p′m is
a constant. Therefore, in this case matrix elements 𝑅(H) are
convert to[17]

R(H)
11 →

π

2
kρ0[Jm(kρ)Y ′m(kρ0)−Ym(kρ)J′m(kρ0)], (31)

R(H)
21 →

iπ
2

kρ0 p[J′m(kρ)Y ′m(kρ0)−Y ′m(kρ)J′m(kρ0)], (32)

R(H)
12 →

iπ
2

kρ0/p[Jm(kρ)Ym(kρ0)−Ym(kρ)Jm(kρ0)], (33)

R(H)
22 →

π

2
kρ0[Jm(kρ0)Y ′m(kρ)−Ym(kρ0)J′m(kρ)], (34)

where p = (µ/ε)1/2 and Jm(kρ0)Y ′m(kρ0)−Ym(kρ0)J′m(kρ0) =

2/πkρ .

3.2. E polarization

For the case of E polarization, with Eqs. (9), (10), and
(14), the governing differential equation for Ez can be obtained
as

1
h2

(
∂ 2

∂ξ 2 +
∂ 2

∂η2

)
Ez + k2Ez = 0. (35)
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Equation (35) is a Mathieu equation giving a well-known so-
lution and eigenvalue[19]

Ez =
∞

∑
m=0

[CmCem(ξ ,qi)+FmFeym(ξ ,qi)]cem(η ,qi)

+
∞

∑
m=1

[SmSem(ξ ,qi)+GmGeym(ξ ,qi)]sem(η ,qi). (36)

For any m there are even and odd solutions in the following
form:

Ezme = [CmCem(ξ ,q)+FmFeym(ξ ,q)]cem(η ,q)

= V (ξ )cem(η ,q), (37)

and

Ezms = [SmSem(ξ ,q)+GmGeym(ξ ,q)]sem(η ,q). (38)

In this case, we consider odd mode and obtain the non-zero
fields in the form

Hξ =
i

ωµh
V (E)(ξ )se′m(η ,q), (39)

Hη =
1
h

U (E)(ξ )sem(η ,q), (40)

where

V (E)(ξ ) = [SmSem(ξ ,q)+GmGeym(ξ ,q)],

U (E)(ξ ) =
−i
ωµ

[SmSe′m(ξ ,q)+GmGey′m(ξ ,q)]. (41)

For modes that Hξ 6= 0, this implies that we must add to the en-
ergy flux in the radial direction a rotating energy flux that prop-
agates around the structure. Similar to H polarization case, we
consider (

V (E)(ξ )

U (E)(ξ )

)
=𝑅(E)

(
V (E)(ξ0)

U (E)(ξ0)

)
, (42)

where elements of the transfer matrix are obtained as

R(E)
11 =

1
δ
[Sem(ξ ,q)Gey′m(ξ0,q)

− Geym(ξ ,q)Se′m(ξ0,q], (43)

R(E)
21 =

−i
ωµδ

[Se′m(ξ ,q)Gey′m(ξ0,q)

− Gey′m(ξ ,q)Se′m(ξ0,q], (44)

R(E)
12 =

−iωµ

δ
[Sem(ξ ,q)Geym(ξ0,q)

− Geym(ξ ,q)Sem(ξ0,q], (45)

R(E)
22 =

−1
δ

[Se′m(ξ ,q)Geym(ξ0,q)

− Gey′m(ξ ,q)Sem(ξ0,q]. (46)

The determinant of the transfer matrix for this case is deter-
mined as

det𝑅(E) =
∆ (E)

δ (E) , (47)

where

δ
(E) = Sem(ξ0,q)Gey′m(ξ0,q)−Geym(ξ0,q)Se′m(ξ0,q), (48)

∆
(E) = Sem(ξ ,q)Gey′m(ξ ,q)−Geym(ξ ,q)Se′m(ξ ,q). (49)

In the limit of a circular cylinder, similarly we have
sem(η ,q)→ sin(mϕ), Sem(ξ ,q)→ s′mJm(kρ), Geym(ξ ,q)→
s′mYm(kρ) and Se′m(ξ ,q) → s′mkρJm(kρ), Gey′m(ξ ,q) →
s′mkρYm(kρ), where s′m is a constant. In this case, the matrix
elements convert to the same form as, H polarization, but with
a replacement of p→ (ε/µ)1/2.[18]

4. Transfer matrix in a traveling-elliptical wave
basis

4.1. H polarization

For the problem of wave propagation, it is often conve-
nient to consider the field within a structure as a sum of waves
traveling in opposite directions. It is convenient to express the
field solution as the sum of two contrary propagating waves,
i.e., a superposition of ingoing (converging) and outgoing (di-
verging) waves. In elliptical cylinder symmetry and for even
mode these two waves are generally represented by[19]

Me(1),(2)m (ξ ,q) =Cem(ξ ,q)± iFeym(ξ ,q). (50)

For H polarization, the magnetic and electric fields of outgoing
elliptical cylinder wave take the form

H+
z = AMe(2)m (ξ ,q)Cem(ξ ,q), (51)

E+
η =

i
ωεh

AMe(2)
′

m (ξ ,q)Cem(ξ ,q), (52)

and the magnetic and electric fields of ingoing elliptical cylin-
der wave are presented as

H−z = AMe(1)m (ξ ,q)Cem(ξ ,q), (53)

E−η =
i

ωεh
AMe(1)

′
m (ξ ,q)Cem(ξ ,q). (54)

The total field of both Hz and Eη can be written as

Hz = H+
z +H−z ,

Eη = E+
η +E−η =

i
ωεh

[L(H2)
m H+

z +L(H1)
m H−z ], (55)

where

L(H1,2)
m =

Me(1,2)
′

m (ξ ,q)

Me(1,2)m (ξ ,q)
, (56)

and for l-th layer we introduce

L(H1,2)
ml =

Me(1,2)
′

m (ξ ,ql)

Me(1,2)m (ξ ,ql)
. (57)

Now we can define matrix 𝑃 that converts the magnetic field
at inner boundary ξ = ξ0 to a point of ξ = ξ inside the layer.
Therefore, we can write in matrix form(

H+
z (ξ ,η)

H−z (ξ ,η)

)
= 𝑃 (H)

(
H+

z (ξ0,η)
H−z (ξ0,η)

)
, (58)
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where

P(H) =


Me(2)m (ξ ,q)

Me(2)m (ξ0,q)
0

0
Me(1)m (ξ ,q)

Me(1)m (ξ0,q)

 . (59)

It is noted that matrix 𝑃 plays the similar role as the propaga-
tion matrix. Based on the continuity of the tangential compo-
nents of the electric and magnetic fields Hz, Eη , we can express
the interface conditions in terms of H+

z , H−z . We introduce
matrix 𝐷 that can convert the basis (H+

z , H−z ) to (Hz,Eη),
namely (

Hz
Eη

)
=𝐷(H)

(
H+

z
H−z

)
, (60)

where

𝐷(H) =

 1 1
i

ωεh
L(2)

m
i

ωεh
L(1)

m

 . (61)

Let us consider how the field transforms when we pass through
a boundary between two uniform concentric layers. The
traveling-wave amplitude will change due to reflection from
the boundary. The condition for continuity of the tangential
components of the field at the boundary is written in the form(

H+
z2

H−z2

)
= 𝐷

(H)−1
2 𝐷

(H)
1

(
H+

z1

H−z1

)

=

 d(H)
11 d(H)

12

d(H)
21 d(H)

22

(H+
z1

H−z1

)
. (62)

Thus, the transfer matrix through the boundary separating the
first and second layers is a product of the direct and inverse
transformation matrices 𝐷(H)−1

2 𝐷
(H)
1 . This matrix is regarded

as transmission matrix that links the amplitudes of the waves
on the two sides of the interface and it has components as

d(H)
11 =

−ε2

W2
Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

×

[
L(H1)

m (ξ ,q2)

ε2
− L(H2)

m (ξ ,q1)

ε1

]
, (63)

d(H)
12 =

−ε2

W H
2

Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

×

[
L(H1)

m (ξ ,q2)

ε2
− L(H1)

m (ξ ,q1)

ε1

]
, (64)

d21 =
ε2

W H
2

Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

×

[
L(H2)

m (ξ ,q2)

ε2
− L(H2)

m (ξ ,q1)

ε1

]
, (65)

d(H)
22 =

ε2

W H
2

Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

×

[
L(H2)

m (ξ ,q2)

ε2
− L(H1)

m (ξ ,q1)

ε1

]
, (66)

where

W H
2 = Me(1)m (ξ ,q2)Me′(2)m (ξ ,q2)

−Me′(1)m (ξ ,q2)Me(2)m (ξ ,q2). (67)

In the limit of a circular cylinder, ξ → ∞, by using the asymp-
totic forms of Mathieu functions[19] we have Me(1,2)m (ξ ,q)→
p′mH(1,2)

m (kρ) where H(1,2)
m is Hankel functions of the first, sec-

ond kind and p′m is a constant.

4.2. E polarization

In elliptical cylinder symmetry and for odd mode these
two waves are generally represented by

Ne(1),(2)m (ξ ,q) = Sem(ξ ,q)± iGeym(ξ ,q). (68)

A monochromatic elliptical cylinder wave propagating in the
direction of increasing ξ has the following form for the case
of E polarization:

E−z = ANe(2)m (ξ ,q)Sem(ξ ,q), (69)

H−η =
−i

ωµh
ANe(2)

′
m (ξ ,q)Sem(ξ ,q), (70)

and a converging wave is given by

E+
z = ANe(1)m (ξ ,q)Sem(ξ ,q), (71)

H+
η =

−i
ωµh

ANe(1)
′

m (ξ ,q)Sem(ξ ,q). (72)

Denoting the amplitudes of the electric field for diverging and
converging waves as E+

z and E−z , respectively, we can write

Ez = E+
z +E−z ,

Hη = H+
η +H−η =

−i
ωµh

[L(E1)
m E+

z +L(E2)
m E−z ], (73)

where

L(E1,2)
m =

Ne(1,2)
′

m (ξ ,q)

Ne(1,2)m (ξ ,q)
, (74)

and for l-th layer we rewrite

L(E1,2)
ml =

Ne(1,2)
′

m (ξ ,ql)

Ne(1,2)m (ξ ,ql)
. (75)

Transforming from the (E+
z , E−z ) to the (Ez,Hη) basis, we can

write in matrix form(
Hz
Eη

)
=𝐷(E)

(
H+

z
H−z

)
, (76)

where the transformation matrix is

𝐷(E) =

 1 1
−i

ωµh
L(E1)

m
−i

ωµh
L(E2)

m

 . (77)
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From Eq. (77) together with the condition of continuity of the
tangential field components at the interface of two layers la-
beled 1 and 2, we have(

E+
z2

E−z2

)
= 𝐷

(E)−1
2 𝐷

(E)
1

(
E+

z1

E−z1

)

=

 d(E)
11 d(E)

12

d(E)
21 d(E)

22

( E+
z1

E−z1

)
. (78)

Thus, the matrix elements of 𝐷
(E)−1
2 𝐷

(E)
1 can be obtained,

with the results

d(E)
11 =

µ2

W E
2

Ne(1)m (ξ ,q2)Ne(2)m (ξ ,q2)

×

[
L(E2)

m (ξ ,q2)

µ2
− L(E1)

m (ξ ,q1)

µ1

]
, (79)

d(E)
12 =

µ2

W E
2

Ne(1)m (ξ ,q2)Ne(2)m (ξ ,q2)

×

[
L(2)

m (ξ ,q2)

µ2
− L(E2)

m (ξ ,q1)

µ1

]
, (80)

d(E)
21 =

−µ2

W E
2

Ne(1)m (ξ ,q2)Ne(2)m (ξ ,q2)

×

[
L(E1)

m (ξ ,q2)

µ2
− L(E1)

m (ξ ,q1)

µ1

]
, (81)

d(E)
22 =

−µ2

W E
2

Ne(1)m (ξ ,q2)Ne(2)m (ξ ,q2)

×

[
L(E1)

m (ξ ,q2)

µ2
− L(E2)

m (ξ ,q1)

µ1

]
, (82)

where

W E
2 = Ne(1)m (ξ ,q2)Ne′(2)m (ξ ,q2)

− Ne′(1)m (ξ ,q2)Ne(2)m (ξ ,q2). (83)

In the limit of a circular cylinder, ξ → ∞, we have
Ne(1,2)m (ξ ,q)→ s′mH(1,2)

m (kρ). Therefore, in the limit

L(E1,2)
ml → H(1,2)′

m (klρ)

H(1,2)
m (klρ)

, (84)

d(E)
11 →

iπ
4

k0ρH(1)
m (k2ρ)H(1)

m (k2ρ)

× [p2L(E2)
m1 − p1L(E1)

m1 ], (85)

d(E)
12 →

iπ
4

k0ρH(1)
m (k2ρ)H(1)

m (k2ρ)

× [p2L(E2)
m2 − p1L(E2)

m1 ], (86)

d(E)
21 →

−iπ
4

k0ρH(1)
m (k2ρ)H(1)

m (k2ρ)

× [p2L(E1)
m2 − p1L(E1)

m1 ], (87)

d(E)
22 →

−iπ
4

k0ρH(1)
m (k2ρ)H(1)

m (k2ρ)

× [p2L(E1)
m2 − p1L(E2)

m1 ]. (88)

5. Reflection and transmission coefficients for el-
liptical cylinder surfaces: a single elliptical
cylinder interface

5.1. H polarization

Let us consider a diverging wave incident from medium 1
on the interface between layers 1 and 2. Based on Eq. (62), it is
direct to have the reflection coefficient rd and the transmission
coefficient td that should satisfy the following relation:(

t(H)
d
0

)
=𝐷

(H)(−1)
2 𝐷

(H)
1

(
1

r(H)
d

)
. (89)

The amplitude coefficients for reflection and transmission of
light are given by

r(H)
d = −

d(H)
21

d(H)
22

=
L(H2)

m (ξ ,q2)/ε2−L(H2)
m (ξ ,q1)/ε1

L(H1)
m (ξ ,q1)/ε1−L(H2)

m (ξ ,q2)/ε2

, (90)

t(H)
d =

det(D(H)(−1)
2 D(H)

1 )

d(H)
22

=
Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

ε1W H
2

× (L(H1)
m (ξ ,q1)−L(H2)

m (ξ ,q1))(L
(H1)
m (ξ ,q2)−L(H2)

m (ξ ,q2))

(L(H2)
m (ξ ,q2)/ε2−L(H1)

m (ξ ,q1)/ε1)
.

(91)

In above calculation to simplify one can consider
D(H)(−1)

2 D(H)
2 = 1, as

Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

W H
2

× [L(H2)
m (ξ ,q2)−L(H1)

m (ξ ,q2)] = 1. (92)

It is mentioned that these obtained formulae of wave reflec-
tion and transmission between two media are analogous to the
usual Fresnel’s equations in the planar geometry.

5.2. E polarization

Let us consider the arrival of a diverging wave on a cylin-
drical boundary between medium 1 and medium 2. The am-
plitudes of the incident, reflected, and transmitted waves, 1, rd,
and td, respectively, are related by(

1
r(E)d

)
=𝐷

(E)(−1)
2 𝐷

(E)
1

(
td
0

)
. (93)

The amplitude coefficients for reflection and transmission of
light are given by

r(E)d =
d(E)

21

d(E)
11

=
L(E1)

m (ξ ,q2)/µ2−L(E1)
m (ξ ,q1)/µ1

L(E1)
m (ξ ,q1)/µ1−L(E2)

m (ξ ,q2)/µ2

, (94)

t(E)d =
1

d(E)
11

= W E
2 {µ2Me(1)m (ξ ,q2)Me(2)m (ξ ,q2)

× [L(2)
m (ξ ,q2)/µ2−L(E1)

m (ξ ,q1)/µ1]}−1. (95)
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6. Reflection and transmission in elliptical cylin-
der multilayer structure

6.1. H polarization

We now derive the analytical expressions for reflection
and transmission coefficients in elliptical cylinder multilayer
structure. Using these formulae, we can examine the wave
properties in an elliptical Bragg reflector. It is assumed that an
outgoing wave is incident on the interface, ξ = ξ0, between 0
and 1, and then propagates into the final medium f , which is
assumed to extend from ξ = ξf to ξ = ∞. The amplitudes of
the magnetic field and electric fields at ξ = ξ0 and ξ = ξf can
be written in terms of the amplitude reflection and transmis-
sion coefficients r(H)

d and t(H)
d together with the transfer matrix

R(H), with the results 1+ r(H)
d

i
ωεl

L(H2)
m (ξ ,ql)+

i
ωεl

L(H1)
m (ξ ,ql)r

(H)
d


= 𝑅(H)−1

 t(H)
d

i
ωεf

L(H2)
m (ξ ,qf)r

(H)
d

 . (96)

The inverse matrix 𝑅(H) that is 𝑅(H−1) is denoted by

𝑅(H)−1 =
δ (H)

∆ (H)

(
R(H)

22 −R(H)
12

−R(H)
21 R(H)

11

)
, (97)

where

δ
(H) = Cem(ξ0,q)Fey′m(ξ0,q)

− Feym(ξ0,q)Ce′m(ξ0,q), (98)

∆
(H) = Cem(ξ ,q)Fey′m(ξ ,q)

− Feym(ξ ,q)Ce′m(ξ ,q), (99)

and

det𝑅(H) =
∆ (H)

δ (H)
. (100)

Therefore, the reflection coefficient and transmission coeffi-
cient can be determined, namely

r(H)
d =

[
−R(H)

21 −
i

ωεl
L(H2)

m (ξ ,ql)R
(H)
22

]
+

i
ωεf

L(H2)
m (ξ ,qf)

[
R(H)

11 +
i

ωεl
L(H2)

m (ξ ,ql)R
(H)
12

]
[

R(H)
21 +

i
ωεl

L(1)
m (ξ ,ql)R

(H)
22

]
+

i
ωεf

L(H2)
m (ξ ,qf)

[
−R(H)

11 −
i

ωεl
L(H1)

m (ξ ,ql)R
(H)
12

] , (101)

t(H)
d =

i
ωεl

[L(H1)
m (ξ ,ql)−L(H2)

m (ξ ,ql)][
R(H)

21 +
i

ωεl
L(H1)

m (ξ ,ql)R
(H)
22

]
+

i
ωεf

L(H2)
m (ξ ,qf)

[
−R(H)

11 −
i

ωεl
L(H1)

m (ξ ,ql)R
(H)
12

] . (102)

In limit of circular cylinder[17]

r(H)
d →

[−R(H)
21 − i p0L(2)

ml R(H)
22 ]+ i pfL

(H2)
m f [R(H)

11 + i pfL
(H2)
ml R(H)

12 ]

[R(H)
21 + i plL

(1)
ml R(H)

22 ]+ i pfL
(H2)
m f [−R(H)

11 + i plL
(H1)
ml R(H)

12 ]
, (103)

t(H)
d → −4

√
εr pl

πkρ0H(2)
m (klρ0)H

(1)
m (klρ0)

[
[R(H)

21 + i plL
(1)
ml R(H)

22 ]+ i pfL
(H2)
m f [−R(H)

11 − i plL
(H1)
ml R(H)

12 ]
] . (104)

6.2. E polarization

Let us consider a cylindrical layered structure located be-

tween media with indices of refraction nf and nl . Let a di-

verging cylindrical wave fall on the boundary of this layered

structure from the medium with index of refraction nf. The
amplitudes of the electric and magnetic fields at the inner and
outer boundaries of the structure are related to one another by
the transfer matrix through the layered structure 𝑅(E) as fol-
lows: 1+ r(E)d

i
ωεf

L(E1)
m (ξ ,ql)+

i
ωεf

L(E2)
m (ξ ,qf)rd

=𝑅(E)

 t(E)d
i

ωεl
L(E1)

m (ξ ,ql)r
(E)
d

 . (105)

From above equation we obtain the amplitude reflection and transmission coefficients as

r(E)d =

[
R(E)

21 −
i

ωεf
L(E1)

m (ξ ,qf)R11

]
+

i
ωεl

L(E1)
m (ξ ,ql)

[
R(E)

22 −
i

ωεf
L(E1)

m (ξ ,qf)R
(E)
12

]
[

i
ωεf

L(E2)
m (ξ ,qf)R

(E)
11 −R(E)

21

]
+

i
ωεl

L(E1)
m (ξ ,ql)

[
i

ωεf
L(E2)

m (ξ ,qf)R12−R(E)
22

] , (106)
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t(E)d =

i
ωεf

[
L(E2)

m (ξ ,qf)−L(E1)
m (ξ ,qf)

]
[

i
ωεf

L(E2)
m (ξ ,qf)R

(E)
11 −R(E)

21

]
+

i
ωεl

L(E1)
m (ξ ,ql)

[
i

ωεf
L(E2)

m (ξ ,qf)R
(E)
12 −R(E)

22

] . (107)

Similarly, we can obtain expressions for the reflection and
transmission coefficients of a converging wave.

7. Conclusion
In this work the wave propagation in the elliptical cylinder

multilayer structure has been theoretically treated based on the
elliptical cylinder wave under H polarization and E polariza-
tion. The transfer matrix method in an elliptical cylinder co-
ordinates has been described. Formulae such as the reflection
and transmission coefficients have been given. With the de-
rived formulae, we have investigated the reflection responses
for the basic elliptical cylinder structures. The obtained results
can be generalized for the elliptical cylinder multilayer struc-
tures that each layer filled by cold collisionless plasma. The
obtained results in the limit of circular cylinder structures have
been investigated.
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