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Effects of self-fields on electron trajectory and gain in planar wiggler
free-electron lasers with two-stream and ion-channel guiding
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The effects of self-fields on electron trajectories and gain in planar wiggler free-electron lasers with two-stream and
ion-channel guiding are investigated. An analysis of the two-stream quasi-steady-state electron trajectories is given by
solving the equation of motion in the presence of ion-channel guiding and the planar wiggler. The electron trajectories and
the gain are derived. The stability of the trajectories, the characteristics of the linear gain, and the normalized maximum
gain are studied numerically. The numerical calculations show that there are eight group trajectories rather than the two
groups reported in the absence of the self-fields. It is also shown that the normalized gain group seven (G7) decreases while
the rest increases with the increase in normalized ion-channel frequency. The two-stream instability and the self-field lead

to a decrease in the maximum gain, except for G7.
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1. Introduction

The free-electron laser is a high-power, continuously tun-
able source of coherent electromagnetic radiation that uses a
beam of relativistic electrons passing through a long, trans-
verse magnetic field to amplify electromagnetic radiation.!! =]
Ton-channel guiding of the relativistic electron beam in a free-
electron laser (FEL) attracted attention as an alternative to
guiding using a solenoid magnetic field after it was first pro-
posed for use in a FEL by Takayama and Hirumatsu.®! In re-
cent years, the ion-channel guiding technique has emerged as
an effective method for focusing relativistic electron beams in
accelerators and FELs.!”!

The first-order self-magnetic field generated by wiggler-
induced transverse velocity was calculated by Freund e al. %!
Recently, more exact calculations of self-fields and analysis of
their effects on electron orbits have been published.!>-!%! Es-
maeilzadehand et al.!''l found small signal gain in a planar
wiggler with ion-channel guiding when the self-fields are neg-
ligible. Farokhiand et al.!'?! showed the self-field effects in
FELs with a planar wiggler and ion-channel guiding on the
quasi-steady-state orbits and the gain.

McNeil et al.!'3] investigated a model of a FEL amplifier
wiggler operating simultaneously with two electron beams of
different energies in a planar wiggler. Bekefi and Jacobs!!#!
showed that the injection of the pre-bunched streams into a
static, periodic wiggler enhances the intensity of the paramet-
rically excited, backscattered electromagnetic wave. The ef-
fect of two-stream instability on the growth rate of FELs with
an axial guide field was investigated in Refs. [15] and [16].
Saviz et al.!'”l found that the two-stream with ion-channel
field enhances the maximum gain in comparison with that for
a single beam.
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The purpose of this paper is to investigate the effects of
self-fields on electron trajectory and gain in a two-stream FEL
with planar wiggler and ion-channel guiding. The paper or-
ganized as follows. In Section 2, the single-particle trajecto-
ries of two streams in the presence of ion-channel guiding and
self-fields are analyzed, and stability analysis of the steady-
state trajectories is performed. In Section 3, we find the gain
equation for a two-stream FEL with a planar wiggler and ion-
channel guiding when self-fields are included. Finally, the nu-
merical results and conclusions are given in Section 4.

2. Single-particle orbits

The physical configuration consists of a two-stream rel-
ativistic electron beam propagating through a planar wiggler
in the presence of ion-channel guiding. The planar wiggler
magnetic field is described by

B, = Byéysinkyz, (H

where ky = 27 /Ay is the wiggler wave number and A, is the
wiggler wavelength. The transverse electrostatic field gener-
ated by an ion-channel guiding can be written as

E; =2men; (xé, + yéy), 2)

where n; is the density of positive ions with charge e. The
equilibrium self-electric and self-magnetic fields of the beams

are
2
Eg= —2me ) npj(xé;+yéy), 3)
j=1
2
By =2me Y nyiP:j[yéx — xéy). 4
j=1
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The relativistic equations of motion for an electron with rest
mass m and charge —e moving with velocity v in these com-
bined fields are

d

1
m E1+E5+Z‘/}X(Bw+Bs) , (%)

(my;Vj) = —e
where 7; is the relativistic factor, and c is the speed of light
in a vacuum. With the aid of Eq. (5) and fields (1)—(4), the
normalized constant transverse velocity of each beam is given
by

a.iB2
Bx,: - , J=12, ()
Z wm""ﬁa Z CObjBZj 7/
ﬁyj:()a ]:1727 @)
B;j =const, j=1,2, (3
where
2 _ 2me’ny 2 21e’n;
o ymceky’ Y yimcky’
and B
_ eBy,
Qyi=——
W Yjme cky

note the normalized beam frequency, the normalized ion-
channel frequency, and the normalized wiggler frequency, re-
spectively. The stability of the orbits can be determined by ap-
plying small perturbations to the steady-state orbits. To inves-
tigate the orbital stability, we assume x; = x; + 8x;, y; = 0y},
Vxj = vxj+5vxj, Vyj = 5Vyj, Vi = sz—‘rSVZj, where j = 1,2.
The orbit equations for each of the streams are

0% = —P;6xj+ Qyjsin(kwjzj) 6z, &)
5'z'j:Ajij6Xj7Mi6).Cj, (10)

where the dots represent differentiation with respect to time.
By eliminating 8z; between Eqs. (9) and (10), we have

MjSXj—MjSXj+Aj5Xj—Bj5Xj20, (11

where

2 2 2
2 2 2 2
—wz,—zwbj-Fﬁsz%,'ﬁzj» Tj:Z,lwbjﬁzja
Jj=1 Jj=1 j=

M;j = Qyjsin(kwjzj) — ol Z wbjBZ]}
Aj=M; +PM;,
M = QyB:jcos(k;zj) — By Z wb]ﬁZ]?

2
Bj=M;B.; y @p;B.;+PiM;.
j=1

We assume that all the variables oscillate with the same
frequency w, e.g.,

ox; ~ exp(iwr).

Using the above assumption, Eq. (11) becomes

M2@® + (M3 +2A,;M;)@* + (A2 +2M;B;)®+ B2 =0, (12)
where @ = w?. This equation has three roots for @. The sta-
bility of the quasi-steady-state two-stream electron trajectory

requires that these roots, @;, @,, and @3, are real and positive.

3. Small-signal gain

Consider the electromagnetic radiation co-propagating
with the electron in the FEL interaction region. The electric
and magnetic fields of the radiation with circular polarization
may be represented by

E,j=E,j{cos(&)é,—
B,j = B;{sin(&)éx —

sin(&)éy }, (13)
cos(§)éy}, (14)

where & = k,z — @, + @ is the phase, k, is the wave number
and o, is the angular frequency.
The energy exchange of the electron with the radiation

field is given by

a,

e
—— " 3..E:=
dr mecﬂj /

e .
- (ByeosE —sing). (15)

Substituting equations (7) and (8) into Eq. (15) yields

d?’j ek Qyj ZZJ
e mec - Y; 10’b/+BvZ] 1 @B — B
x cos(kwzj)cos&
_ ¢k Qu; 21
mec (Dizj_ 1%,‘*‘[% 0B — B
x [cos(kwjzj+ &) +cos(kwjz; — §)]. (16)

Let the electron phase be defined as

T
y= (kr+kw)z—wrt+§+¢. a7
By using the first-order approximation, in & = k,z — @, +
¢, and considering the synchronism condition, i.e., Q =
(kw + k) cB.j — @ ~ 0, Eq. (16) can be written as
= 2
a7 _ _eBy Dwibyy
dr mec @ — Y7 1(%/‘*‘@,; i1 0B — B
x cos(Qt + @), (18)

where the synchronism condition means that the electrons are
near resonance with the wave. The @ phase in the above equa-
tion determines the initial position of the electron relative to
the optical wave. Assume that z;(¢) = cf3jt +c [ AB,;(t")dt’
Substituting the root-mean-square value of the transverse ve-
locity components into ¥; > = 1 — B2 — B2 — B2 gives an ex-
pression for the normalized axial velocity f;;, which may be
expanded for ¥ > 1 and f3;; close to 1 to obtain
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1 7
szzl_(l+ Z// ). (19)
\
By differentiating Eq. (19) with respect to time and using  Substituting Eq. (21) into the above equation yields
Eq. (18), we obtain the following equation
A .
zj (1) = vzjt+ 92 [cos(Qt+(p) —cos @+ Qrsing], (20) { y]>‘l’ .
eErj ij 22]
where = =2 2 =
. B2 4me (@7 — ¥ a’b, +B, L3 = 1‘% Bej— z/)
ek, < 2 > (ckv; + @,1)D
= CRw j rj .
2mey3 - lwb]+ﬂzj): 1B — B ><%[2—th(9m—zcm(fzr)], (23)
Qz
x (1 - ( wlzj ?:1 a_)b/ T ﬁzj » wbj B.i— z1> > where L is the FEL interaction length. The gain equation

Substituting Eq. (20) into Eq. (16) and averaging over all
phases ¢ leads to

) -t
dr 0 4me ( Z 1@3,’“‘51/’2 1wbjﬁz1 zj)
X [thos(Qt) — sin(Q1)]. 21

Integrating the above equation over the electron transit time
through the wiggler, the average change in ¥; per electron be-

would be obtained as

5P 8w —mc?
G=—"—= TC £[11<AYI>¢+IZ<A’Y2>(PL

P cE%Area
where [; = enbicﬁzinrg is the average electron beam current
and ny, is the electron beam density, and ry; is the radius of the
beam. Finally, by using Eq. (23), the gain equation becomes

4 —
comes G = Gy, BiF ((Oij ) (24)
T=L/v;; dy, (wzz lwb] +ﬁz1 = 1a)bjﬁZj z/)
(AY;) 0 / <dtf> ds. (22)
4 0 where
|
Fl@y) =1 72“(_22' (@~ X d’bﬁﬁw 1%]ﬁz1)
ij) — L =
2@ — X5 @+ B X 1wb,Bz, 202+ 1703 B(@F — X5y @+ B X5y @B — BZ)
\
and been performed. The typical dependence of the axial velocity
3 . . . . .
on ion-channel frequency is obtained by usin the simultane-
Goj = M[Z—QTsin(QT)—Zcos(.QT)]. . aneney y £ s a2
4 Zj(QT3) ous solution of Egs. (7) and (8), and yj =1- x, i — Bz

4. Numerical results and conclusions

A numerical study of the gain in a FEL with a planar wig-
gler in the presence of ion-channel guiding and self-fields has

The electron energy was taken to be y; = 3.4 and p» = 3.5,
and the normalized wiggler magnetic and normalized plasma
frequency of the two beams were chosen to be Q, = 0.1,

@y = 0.4, and @,y = 0.388, respectively.
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Fig. 1. (color online) Graph of the normalized axial velocity (a) f;;, (b) B;2 of the steady-state orbits as a function of the normalized
ion-channel frequency (&) in the case of the two streams. The chosen parameters are 2, = 0.1, ®,; = 0.4, and @y, = 0.388.
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Figure 1(a) and 1(b) show the graph of the normalized ax-
ial velocity of the two beams, fB;; and B, as a function of the
normalized ion-channel frequency @;. It is evident from these
figures that the electron trajectories in the presence of the two
streams have eight distinguished group orbits rather than the
two groups reported in the absence of self-fields (Fig. 2).
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Fig. 2. (color online) Graph of the normalized axial velocity f3;; (solid
line) and S, (dashed line) as a function of the normalized ion-channel
frequency in the absence of the self-field. The chosen parameters are
Q,=0.1,71=34,and o =3.5.
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Fig. 3. (color online) (a) Graph of @; versus @; corresponding to the
G1-G6 orbits. (b) @, versus @; corresponding to the G1-G6 orbits. (c)
@3 versus @; corresponding to the G1-G6 orbits. The choice of system
parameters are Q,, = 0.1, = 3.4, and p» = 3.5.

To investigate the stability of the steady-state two-stream
electron trajectory, we find the roots of Eq. (12), namely @,
@, and @3, through numerical analysis for G2-G5, G7, and
G8. These groups are completely stable (Figs. 3 and 4). The
obtained results for G1 and G6 indicate that these groups are
not completely stable. With the aid of Figs. 3 and 4, it can
be seen that these groups are stable except for the following
regions: G1, @; < 0.31 and f; > 0.9496; G6, @; < 0.31 and
B, > 0.9523.
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Fig. 4. (color online) (a) Graph of @; versus @; corresponding to the G7
and G8 orbits. (b) @, versus @; corresponding to the G7 and G8 orbits.

(c) @3 versus @ corresponding to the G7 and G8 orbits. The choice of
system parameters are 2., =0.1,7 =3.4,and y» =3.5.

The normalized maximum gain, G = Gpmax /Go (the ra-
tio of the maximum gain to the maximum gain of the pla-
nar wiggler without ion-channel guiding and self-fields), as
a function of normalized ion-channel frequency is depicted in
Figs. 5(a) and 5(b). The normalized gains of G1-G6 presented
in Fig. 5(a) follow an increasing trend with increasing @; until
they reach their asymptotic regions. The order of these nor-
malized gains is G1 > G2 > G3 > G4 > G5 > G6. In contrast
to Fig. 5(a), Figure 5(b) shows that the gain of G7 decreases
with increasing @; until a minimum is reached. A further in-
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crease in frequency leads to an asymptotic behavior.
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Fig. 5. (color online) Plot of the normalized maximum gain G with re-
spect to the normalized ion-channel frequency gd)l) for (a) G1-G6, and
(b) G7 and G8. The chosen parameters are 2y = 0.1,y = 3.4, and
»=3.5.

The plot of the normalized frequency & corresponding to
the maximum gain as a function of @; is shown in Fig. 6. As
shown in this figure, the order of the normalized frequency is
in reverse order of that of the normalized maximum gain, and
is given as @; > d@x for region 1.1 < @; < 1.4. The order of
the normalized frequency for G1-G6 is @ > @5 > @y > @3 >
o > Q.
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Fig. 7. (color online) (a) Graph of the normalized maximum gain G with
self-field G1-G6 and without self-field (G1) as a function of the normal-
ized ion-channel frequency @;. (b) Graph of the normalized maximum
gain G with self-field G7 and G8 and without self-field (G2) as a func-
tion of the normalized ion-channel frequency @;.
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