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Propagation characteristics of power line harmonic radiation
in the ionosphere∗
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Theoretical model and solutions on power line harmonic radiation (PLHR) propagating in the ground, air, and
anisotropic homogeneous ionosphere are presented. The theoretical model is verified by the PLHR events observed by
the DEMETER satellite. Some propagation characteristics of PLHR based on the model are obtained. This paper is bene-
ficial to quantitatively interpret the formation mechanism of PLHR phenomenon.
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1. Introduction
Harmonics in the high voltage power system not only af-

fect the power quality, do harm to the normal operation of
the power grid and disturb the communication system on the
ground, but also pollute the ionosphere and magnetosphere
via power line harmonic radiation (PLHR).[1–7] The PLHR
can stimulate nonlinear wave–particle and wave–wave inter-
actions in the magnetosphere, result in wave growth and ener-
getic electron precipitation, trigger new emissions, and signif-
icantly affect natural radio noise. The main sources of PLHR
are transmission line corona discharge (up to 10 MHz), gas
discharge, and nonlinear terminal loads. The frequency inter-
val of PLHR is 50 or 60 Hz which is the working frequency of
power grid.

As an anthropogenic pollution to the space
environment,[1] the ground-based observations, the space-
based detections, numerical simulations, and physical exper-
iments on the PLHR have attracted more attention.[2] About
the formation mechanism of PLHR, Carson analyzed the wave
propagation in horizontal long straight wire with the ground
return.[8] Ni used an analytic method to calculate the load re-
sponses of the two-wire transmission line excited by a plane
wave.[9] Wedepohl presented the wave propagation model in
transmission lines over the lossy ground.[10] Yearby measured
the PLHR power radiating into the magnetosphere at harmon-
ics from 60 Hz up to 4500 Hz.[3] Tatnall studied the generation
and radiation of power line harmonics considered as long-wire
aerial.[4] Kikuchi described the wave propagation along an in-
finite transmission line above the ground.[11] However, there
have been so far proposed by very few articles of theoretical
analysis on the PLHR in the presence of the ionosphere. Only
Ando analyzed the penetration characteristics of PLHR into

ionosphere theoretically in 2002.[5]

The physical model of PLHR propagated in the Earth,
atmosphere, and the anisotropic homogeneous ionosphere is
discussed in this paper. Section 2 presents the physical model
and its solutions. They are verified by the PLHR events ob-
served by DEMETER satellite in Section 3. We also analyze
the propagation characteristics of the PLHR in the ionosphere.
Finally, the conclusions are drawn in Section 4.

2. Physical model of the PLHR and its solutions

The physical model of PLHR is shown in Fig. 1. As-
sume that the interfaces between the Earth, atmosphere, and
the ionosphere are infinite planes. The geomagnetic field B0

is directed along the +z direction. An infinitely long and thin
wire carrying current i(t) = I cos(ωt) is located at z = z0, and
its density is 𝐽 = δ (x)δ (z−z0)I cos(ωt)𝑒y, where δ (x) stands
for the Dirac’s function. The time harmonic factor is e−jωt and
ω is the angular frequency.
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Fig. 1. Physical model of the PLHR.
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Region 1 is the ionosphere where z > h + z0. It is re-
garded as lossless and uniformly magnetized cold plasma with
the permittivity tensor

𝜀𝑟 = ε0

 κ1 −jκ2 0
jκ2 κ1 0
0 0 κ3

 , (1)

where

κ1 = 1−∑
j

ω2
p j

ω2−ω2
c j
, κ2 = ∑

j

ωc jω
2
p j

ω(ω2−ω2
c j)

,

κ3 = 1−∑
j

ω2
p j

ω2 .

Here, ωp j and ωc j are the plasma frequency and cyclotron fre-
quency of the particle species j and given, respectively, by

ωp j =
√

N j(Z je)2/m jε0, ωc j =−(Z je/m j)B0,

where N j is the particle density, Z je is the charge, and m j is
the quality.

The atmosphere includes both region 2 (z0 < z < z0 + h)
and region 3 (0 < z < z0). They are interfaced by the infinite
long wire. The dielectric constant and magnetic permeability
of the air are ε0 and µ0, respectively. Region 4 (z < 0) is the
Earth which is taken as a semi-infinite perfect conductor.

Based on the physical model, the field we discuss is two-
dimensional.

2.1. Constraint equations and boundary conditions

The Maxwell equations in region i (i = 1, 2, 3, 4) are

∇×𝐻i =
∂𝐷i

∂ t
, (2)

∇×𝐸i =−
∂𝐵i

∂ t
, (3)

∇ ·𝐷i = 0, (4)

∇ ·𝐵i = 0. (5)

To make these equations easier to be solved, we transform
them into wave number domain by Fourier transform as

f̃ (k) =
1

2π

∫ +∞

−∞

f (x)e−jkxdx, (6)

f (x) =
∫ +∞

−∞

f̃ (k)ejkxdk, (7)

where f (x) stands for the field variable in time domain, and f̃
is in the wave number domain.

In region 1, the medium parameters satisfy 𝐷1 = 𝜀̄r ·𝐸1

and 𝐵1 = µo𝐻1. In regions 2 and 3, 𝐷i = 𝜀0 ·𝐸i and
𝐵i = µo𝐻i (i = 2, 3).

The interface conditions are defined as follows:
H̃1x− H̃2x = 0,
H̃1y− H̃2y = 0,
Ẽ1x− Ẽ2x = 0,
Ẽ1y− Ẽ2y = 0,

at z = h+ z0, (8)


H̃2x− H̃3x =

İ
2π

,

H̃2y− H̃3y = 0,
Ẽ2x− Ẽ3x = 0,
Ẽ2y− Ẽ3y = 0,

at z = z0, (9)


H̃3x− H̃4x = 0,
H̃3y− H̃4y = 0,
Ẽ3x− Ẽ4x = 0,
Ẽ3y− Ẽ4y = 0,

at z = 0. (10)

2.2. Analytical solutions

Solving the boundary value problems in Section 2.1, we
obtain the solutions in region 1 as

𝐸̃1 = −1
k
(S1Aejγ1z+jS2ZBejγ2z)𝑒x

+
ωµ0

k
(−jYAejγ1z +Bejγ2z)𝑒y

+(Aejγ1z + jZBejγ2z)𝑒z, (11)

𝐻̃1 =
j
k
(γ1YAejγ1z + jγ2Bejγ2z)𝑒x

− ωε0κ3

k
(Aejγ1z + jZBejγ2z)𝑒y

+(−jYAejγ1z +Bejγ2z)𝑒z, (12)

where

γ
2
1 = κ1k2

0−
1
2

(
1+

κ1

κ3

)
k2 +

√
w(k), Im(γ1)≥ 0,

γ
2
2 = κ1k2

0−
1
2

(
1+

κ1

κ3

)
k2−

√
w(k), Im(γ2)≥ 0,

w(k) =
{

κ1k2
0−

1
2

(
1+

κ1

κ3

)
k2
}2

− κ1

κ3
(k2

0κr− k2)(k2
0κ3− k2),

A =− kI
2π

U2 sinγ0z0e−jγ1(z0+h)

D0 cosγ0(z0 +h)
,

B =− kI
2π

jZ−1U1 sinγ0z0e−jγ2(z0+h)

D0 cosγ0(z0 +h)
,

Y =
κ3γ2

1 −κ1(k2
0κ3− k2)

ωµ0κ2γ1
,

Z =
ωµ0κ2γ2

κ3γ2
2 −κ1(k2

0κ3− k2)
,

D0 = YV1U2−Z−1V2U1,

U1 =−S1 + jγ0κ3 tanγ0(z0 +h),

U2 =−S2 + jγ0κ3 tanγ0(z0 +h),

V1 = γ0− jγ1 tanγ0(z0 +h),

V2 = γ0− jγ2 tanγ0(z0 +h),

S1 =
κ3k2

0− k2

γ1
, S2 =

κ3k2
0− k2

γ2
, γ

2
0 = k2

0− k2.

The electric field strength and the magnetic field strength
in region 2 are

𝐸̃2 = − jγ0

k
C sinγ0z𝑒x+

ωµ0

k
(Dejγ0z +Fe−jγ0z)𝑒y
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+C cosγ0z𝑒z, (13)

𝐻̃2 =
γ0

k
(−Dejγ0z +Fe−jγ0z)𝑒x

− ωε0

k
C cosγ0z𝑒y + (Dejγ0z +Fe−jγ0z)𝑒z, (14)

where

C = − kI
2π

κ3(S1−S2)sinγ0z0

D0 cos2 γ0(z0 +h)
,

D =
jkI

4πγ0

sinγ0z0e−jγ0(z0+h)

D0 cosγ0(z0 +h)

×{(γ0 + γ1)YU2− (γ0 + γ2)Z−1U1},

F =
jkI

4πγ0

sinγ0z0ejγ0(z0+h)

D0 cosγ0(z0 +h)

×{(γ0− γ1)YU2− (γ0− γ2)Z−1U1}.

The electromagnetic field solutions in the region 3 are

𝐸̃3 = − jγ0

k
C sinγ0z𝑒x +

ωµ0

k
Gsinγ0z𝑒y

+C cosγ0z𝑒z, (15)

H̃3 =
jγ0

k
Gcosγ0z𝑒x−

ωε0

k
C cosγ0z𝑒y

+Gsinγ0z𝑒z, (16)

where

G =
jkI

2πγ0

× (YU2−Z−1U1)γ0 cosγ0h− j(γ1YU2− γ2Z−1U1)sinγ0h
D0 cosγ0(z0 +h)

.

In region 4, the electromagnetic field in the Earth is
𝐸4 =𝐻4 = 0.

The above formulas defining the electric field strength
and the magnetic field strength are in the domain of wave num-
ber, and the electromagnetic fields in the spatial domain are
obtained by the inverse Fourier transform.

It is noted that the model and solutions in this paper are
similar to that of Ref. [5], but equations (13)–(16) in this paper
are different from Eqs. (10a), (10b), and (11) in Ref. [5]. The
coefficient expressions (A4), (A7), and (A8) of Eq. (10a) and
(11) in Ref. [5] are incorrect.

3. Numerical results and verification

3.1. Verification of the physical model and its solutions

Many PLHR events have been detected by space-based
measurements. In order to verify the model and its solutions in
Section 2, the PLHR events observed by the DEMETER satel-
lite are used. Reference [7] presented a PLHR event recorded
on 25 March 2006, when the DEMETER was flying over Fin-
land from 19:13:32 UT (Universal Time) to 19:13:50 UT.

In order to compare with the satellite observation results,
the parameters of the physical model are taken as follows.

(i) z0 = 30 m. The height of high voltage power line in
Finland is generally 24–32 m.

(ii) (ℎ+ z0) = 80 km. The height of the lower bound-
ary of the ionosphere is 80 km according to the international
reference ionosphere (IRI).

(iii) The height of the observation point is 672 km, which
is the height of DEMETER in the interval shown in Fig. 2.

(iv) According to the measurement data from DEMETER
at that time when the PLHR event occurred, the average elec-
tron density is 7.6768× 109 m−3, the average density of the
oxygen ions O+ is 4.3462× 109 m−3, the average density of
the hydrogen ions H+ is 7.46×107 m−3, and the average den-
sity of the helium ions He+ is 4.50× 107 m−3. The mag-
netic flux density of geomagnetic field in the z direction is
−3.9×10−5 T.

(v) The maximum permissible harmonic current at
1750 Hz is 0.06–2.3 A (RMS) in terms of the limits of
harmonic current in IEC61000-3-2 and G5/4, the current at
1850 Hz is 0.06–2.3 A (RMS), and the current at 1950 Hz is
0.05–0.4 A (RMS).

The electric field strength and magnetic flux density de-
fined by Eqs. (11) and (12) are compared with the measure-
ment results from the DEMETER in Table 1.

Table 1. Comparison between the results of analysis solutions and those measured by the DEMETER.

f /Hz I/A
|E|/µV·m−1 |B|/10−5 nT

Analysis Measurement Analysis Measurement

1750 0.06–2.3 0.034–1.274 0.452 0.198–7.613 5.298

1850 0.06–2.1 0.074–2.560 0.294 0.424–14.868 4.612

1950 0.06–0.4 0.059–0.395 0.243 0.335–2.235 3.971

From Table 1, the electric field strengths of the PLHR
event detected by satellite are in the range of calculation results
from the physical model. The interferences on the measured
magnetic field on the DEMETER board are stronger than that
on the measured electric field, and the errors of the measured

results are greater for higher frequency. Therefore, the mea-
sured result of the magnetic field at 1950 Hz is out of the cal-
culated range.

Additionally, the electromagnetic field should be stronger
than the background noise in the ionosphere so that it can
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be identified by the satellite. The background electric field
strength in the ionosphere in 1500–3000 Hz is 0.15 µV/m
from the DEMETER data, the region illuminated by the PLHR
from the numerical results is within 200 km, while the region
of PLHR events observed by the DEMETER is 192 km. They
are in a relatively good agreement.

3.2. Propagation characteristics of the PLHR

The dependence of electric field strength and magnetic
flux density on frequency f , horizontal distance x, and height
z are analyzed. The input parameters of the model are the
same as that in Ref. [5]: z0 = 10 m, h = 80 km, I = 1 A, and
B0 = 5×10−5 T, and the density of electrons and ions (mainly
O+) in the ionosphere is Ne = Ni = 2×1011 m−3.

Figure 2 shows the numerical results of the electric field

strength and magnetic flux density varying with frequency at
x = 0 km and z = 600 km.

As shown in Fig. 2, at higher frequency, the intensity of
the electromagnetic field penetrating the ionosphere is higher.
There are some peaks of |E| and |B| at 1875, 3749, 5622, and
7497 Hz. These peak frequencies can be obtained from

fcn =
nc

2(z0 +h)
, n = 0,1, . . . ,

where c is the light speed, and (z0+h) is the ionosphere height.
These peak frequencies correspond to the cut off frequencies
of the Earth–ionosphere waveguide.

Figure 3 shows the electric field strength and magnetic
flux density in the ionosphere at 1850 Hz, and figure 4 shows
the fields at 3800 Hz.
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Fig. 2. (a) |E| and (b) |B| versus frequency at x = 0 km and z = 600 km.
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Fig. 3. (color online) (a) |Ex|, (b) |Ey|, (c) |Ez|, (d) |Bx|, (e) |By|, and (f) |Bz| at 1850 Hz in the ionosphere.
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Fig. 4. (color online) (a) |Ex|, (b) |Ey|, (c) |Ez|, (d) |Bx|, (e) |By|, and (f) |Bz| at 3800 Hz in the ionosphere.
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Fig. 5. Distribution of (a) the electric field strength and (b) magnetic
flux density at 3800 Hz.

From Figs. 3 and 4, some propagation characteristics of
the PLHR are obtained. (i) the vertical components of elec-
tric field and magnetic field are negligible compared with the
horizontal components, which suggests that the wave vector is
nearly along the z direction. (ii) The amplitude of the fields
scarcely decays with the increase in altitude. (iii) The fields

decrease with increasing horizontal distance in Fig. 3, while
the fields in Fig. 4 fluctuate with the increase in horizontal dis-
tance. This is due to the poles in the integrands of the spectral
integrals (11) and (12) above the lower cutoff frequencies of
guided waves of dominant. The poles correspond to the guided
wave modes.

In order to estimate the region that the PLHR affects, the
field distribution up to x = 10 Mm at 3800 Hz is calculated.
Figure 5 indicates that there exists a guided wave at 3800 Hz.

4. Conclusions
In this paper, the physical model and solutions of power

line harmonic radiation propagating in the ground, atmo-
sphere, and the anisotropic homogenous ionosphere are pre-
sented. Theoretical results are verified by the PLHR events
detected by the DEMETER satellite. Some propagation char-
acteristics of PLHR are obtained below.

The PLHR propagates in the way of right-hand circular
polarization in the ionosphere when the frequency is above the
ion cyclotron frequency and below the electron cyclotron fre-
quency, which is different from Ref. [5] that the electric field
is elliptically polarized. The polarization direction changes at
the cyclotron frequency.

The vertical components of electromagnetic field can be
neglected, which suggests that the wave vector is nearly along
the z direction.

The amplitude of the fields decrease with the increase
in horizontal distance below the lower cutoff frequencies of
guided waves of dominant, and fluctuates with the increase in
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horizontal distance above the lower cutoff frequencies, which
is different from Ref. [5] that the magnetic field intensity
monotonically decreases with the increase in horizontal dis-
tance above the lower cutoff frequency.

The electric field strength increases with the geomagnetic
field, while the magnetic field strength decreases with the ge-
omagnetic field.
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