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A control method applied to mixed traffic flow
for the coupled-map car-following model*
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In light of previous work [Phys. Rev. E 60 4000 (1999)], a modified coupled-map car-following model is proposed
by considering the headways of two successive vehicles in front of a considered vehicle described by the optimal velocity
function. The non-jam conditions are given on the basis of control theory. Through simulation, we find that our model can
exhibit a better effect as p = 0.65, which is a parameter in the optimal velocity function. The control scheme, which was
proposed by Zhao and Gao, is introduced into the modified model and the feedback gain range is determined. In addition,
a modified control method is applied to a mixed traffic system that consists of two types of vehicle. The range of gains
is also obtained by theoretical analysis. Comparisons between our method and that of Zhao and Gao are carried out, and
the corresponding numerical simulation results demonstrate that the temporal behavior of traffic flow obtained using our
method is better than that proposed by Zhao and Gao in mixed traffic systems.
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1. Introduction

In recent years, traffic problems have been widely investi-
gated. A variety of approaches have been found to describe the
properties of traffic flow jams, and many traffic models have
been developed, including macroscopic models where traffic
flow is viewed as a compressible fluid formed by vehicles, and
microscopic models where an individual vehicle is represented
by a particle and the vehicle traffic is treated as a system of in-
teracting particles driven far from equilibrium.!"-1% In 1961,
Newelll!!l presented a car-following model described by a dif-
ferential first-order equation, and first defined the optimal ve-
locity (OV) function. In 1995, Bando er al.!'?! presented a
traffic model called the optimal velocity car-following model
(OVM). Since then, much research has been carried out on this
model.

It is noteworthy that Konishi e al.['3] utilized a dynamic
version of the decentralized delayed-feedback control scheme
to suppress the congestion described by the KKH model in
1999. In 2006, Zhao and Gao!!* presented another simple
method to suppress the congested state in traffic systems. A
control signal that incorporates the effect of the velocity dif-
ference between the preceding and the considered vehicle is
presented. In the model analyzed by Han, '] the control signal
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is proportional to the velocity difference between the (i — 1)-
th vehicle in front and the i-th vehicle. The simulation results
are in good agreement with the theoretical analysis. Research
on the control signal has been carried out recently.!'>~17] In
2012, the control method was applied to the car-following
model.[18:19]

Until now, modifications to the coupled-map (CM) car-
following model were mainly on the delayed-feedback control
signals, but we pay attention to the modification of the OV
function in the model. In particular, a modified control method
applied to a mixed traffic system that consists of two types of
vehicle is presented. In our control scheme, the effect of the
velocity difference between the following and the considered
vehicle is also considered.

The paper is organized as follows. In Section 2, the mod-
ified CM car-following traffic model is presented, and its sta-
bility analyzed. The value of the p parameter is also derived.
In Section 3, two kinds of delayed-feedback control schemes
(the modified control method and the method proposed by
Zhao and Gao) are introduced to suppress the traffic jam in the
model, and comparisons are carried out. Finally, conclusions

are drawn in Section 4.
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2. The CM car-following model
2.1. The model

Our investigations are based on the KKH model. The
leading vehicle is described as follows:

xo(n+1) =voT +xo(n), (1)

where xo(n) > 0 is the position of the leading vehicle at time
t =nT, vg > 0 is its velocity, which is a constant, 7 > 0 is the
time interval, and xy(0) > O is its initial position.

The following vehicles are given by

x,(n+l):v,(n)T+xl(n)7 (l:lvzvN)v (2

where x;(n) > 0 is the position of the i-th vehicle, v;(n) > 0 is
its velocity, and N is the total number of vehicles. The speed

of the following vehicles is obtained by
vi(n+1) = Vi (yie1(n),yi(n)) = vi(m)]T +vi(m),  (3)

where a; > 0 is the sensitivity of the i-th vehicle driver, and
V®(yi—1(n),yi(n)) is the OV function, which depends on the
headway distances y;_1(n) and y;(n)

Yie1(n) =xi-2(n) —xi-1(n), yi(n) =xi-1(n) —xi(n). (4

The OV function is described as

VP (yio1(n),yi(n))

_ V?;X [1 A (2(1 _p)yi_l(n2i+ pyi(n) — 77:’)} 5)

where p (p > 0.5) is a parameter that can be determined by

later computer simulations. The traditional OV function

ymax _ (n) —n;
i) = 5 1A (201 )
Gi
is replaced by Eq. (5). The saturation function Hy is
+1, if p > +1,
I:Isat: pa 1f—1§p§+17 (7)
—1,ifp < —1,

where v"* > 0 is the maximum velocity, 7; > 0 is the neu-
tral headway distance, and §; > 0 is the parameter. We assume
that vg is less than the maximum speed of all the following
vehicles, i.e.,

vo < v (i=1,2,...,N). (8)

This assumption guarantees the existence of a vehicle group.

To avoid collisions and backward motions, all the vehi-
cles adopt the full-braking action if (1 — p)y;_i(n) + pyi(n) <
yminthen x;(n+ 1) = x;(n), and v;(n+ 1) = 0. This action
means that the i-th vehicle stops suddenly when the whole
min

headway distance is less than the safety distance y}

2.2. The non-jam condition

The dynamics of the i-th vehicle can be given as

vi(n+1) = o4 [V® (yi1(n),yi(n)) —vi(n)]T +vi(n), 9)
vie1(m)T —vi(n)T + yi(n).

yiln+1)= (10)
The steady state of systems (9) and (10) is
- ! vo &
Vit = [V0,<1—p) ()’1—”‘*‘21—771')
' T
+V°—C’+n,} : (1n
ri 2

where r; = V"™ /{;. Obviously, the necessary and sufficient
condition for the existence of the steady state (11) is con-
dition (8). Let us consider an error system around steady
state (11), that is, 8v;(n) =vi(n) — v}, dyi(n) =yi(n) —y;, we
have the following system:

qi(n+1) = Aigi(n) + Bigi—1 (n), (12)
ovi(n) = Cqi(n), (13)
where
o(5) a-(%T),
B = (2 (l_pgo‘ir"T>, Cc=(10).
The characteristic polynomial of A; is
P(z) =2 +aiz+b;, (14

where a; = T —2 and b; =1—o;T +poc;riT2. The transfer
function from g;_; (n) to 8v;(n) is described by

C(zlhx2— A;)) ' B;

— (pourT? (ZP(1Z)>(1p)ai’”iT)_ (15)

Gi(z) =

According to the condition of no traffic jams obtained in
the KKH model, we need the following conditions: (a) P;(z) is
stable; (b) max,—|Gi(z)| < 1, (i=1,2,...,N).

Then, we give a simple, sufficient and necessary condi-
tion of no traffic jams.

Theorem 1 Assuming that all the vehicles satisfy the fol-
lowing conditions, there are no traffic jams in systems (12) and
(13).

0<ri§min{

pT(2—aT)+ 12— o4T|\/p*T*+4(1—p)? 1 }

2(1 — p)zoc,»T

oT (16)
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O<a< 17

(2—prT)T"

Proof See Appendix A.

This condition implies that the traffic system is robust.
The robustness enhances the stability of a system, under which
the amplitude of the transient disturbance decreases with time
even if the structure and parameters of the system are varia-
tional. We confirm that the traffic jam never occurs when all
the vehicles satisfy conditions (16) and (17). The next subsec-
tion will determine parameter p.

2.3. Numerical simulations

Our simulations are based on the CM car-following
model under open boundary conditions. For simplicity, we
assume that all vehicles have the same parameters.

The initial conditions are set as follows:

N
xi(o): Z yt» yt(O):y;ka Vl-(O):V;»k, (l:1,2,,N)

j=it+1
40
(a)
30
T 20—~
= s v
B
10 B
““““ first
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-10
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nT/s
40
()
30

-10
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nT/s

To guarantee the steady state for our model, we define y; =
8 m. Considering a situation where the lead vehicle stops sud-
denly for a short time,

xo(n) =0, for 100s <nT <102s.

Figure 1 shows the speed of the first, the 25th and
the 50th vehicle with four different p parameters (p =
0.60,0.65,0.70,0.75) in our OV function. From these sim-
ulations, we can see that the amplitude of speed fluctuation
increases with the increase in p. However, to guarantee that
the vehicle group can run with larger velocities, we define
p = 0.65 in our model.

From the simulations above, we find that our model can
obtain a better effect as p = 0.65. The next section will con-
sider how to suppress the traffic jam by two types of control
method: the modified control method and the method pro-

posed by Zhao and Gao.
40
(b)
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T 20— SE NS
g ; N
= of
L first
0 —25-th
-.--50-th
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40
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-10
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Fig. 1. The velocity of the first, the 25th, and the 50th vehicle of the running traffic model. Our model with (a) p = 0.60, (b) p = 0.65, (c) p = 0.70, and (d)

p=0.75.

3. The control scheme of the traffic model
3.1. The control scheme proposed by Zhao and Gao

The control signal u;(n) proposed by Zhao and Gao is de-
scribed as follows:

ui(n) = klvi—1(n) —vi(n)],

where k (k > 0) is the feedback gain, which can be adjusted.
The control signal term is added to Eq. (9)

(18)

vi(n+1) = o[V (vie1(n),yi(n)) —vi(n)]T

+vi(n) +u;(n). (19)

Around the steady state (11), the system can be described by

qi(n+1) = Aigi(n) + Bigi_1(n),
ovi(n) = Cqi(n),

(20)
2y
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where
i l—aiT—k p(Xir'iT A k (l—p)(XiriT
Ai= < -T 1 » Bi= T 0 '
The characteristic polynomial of A; is
P(z) =2 +aiz+ by, (22)

where @; = T —2+k,and b; = 1 — o4 T —|—pair,-T2 — k. The
transfer function from ¢;_; (n) to dv;(n) is described by

Gi(z) = C(zhhxa— A) ' B;
(poyrT? +k(z—1),(z—=1)(1 = p)oyr;T)

= 50) @3

According to the condition of no traffic jams, we also
need the following conditions: (@) Pi(z) is stable; (b)
max,_;|G;(z)| <1, (i=1,2,...,N).

Theorem 2 Assuming that all the vehicles satisfy the fol-
lowing conditions, there are no traffic jams in the system de-
scribed by Egs. (20) and (21).

If oyT —2 < 0,0 < poyr;T? <2 then

rrlE:lX{(),p()C,'l’,"T2 — OC,'T}
4—20;T iriT?
<k§min{K, & ;pa” } (24)
If ;T —2>0and 0 < por;T? < 2, then
4—-20;,T Q
max{0, poiriT? — ouT K} < k <+ AT T DAL " .23)

where

K = [(1-p)*ofr;T* —4—407T* = 2poyrT*
+ poiriT? +4aiT][2(04T —2)] !
Proof It is similar to the proof of Theorem 1.
Theorem 2 provides us with the ability to design the gain

k. Substituting the parameter values into Eq. (24), we obtain
0 < k <0.9065.

3.2. The modified control scheme

The modified control scheme is described as follows:
i@i(n) = k1Avi(n) + kaH(—Avii1 (n))|Avis1 (n)],  (26)

where

. [0, if Aviyi(n) >0,

H(—Avi1(n)) = { 1, if Avii(n) <0, (27)
Avi(n) = vi_1(n) —vi(n), k1,kp > 0 are the feedback gains,
which can be adjusted. This means that if Av;.j(n) > 0,

then i;(n) = u;(n), and our method reduces to the Zhao—Gao
scheme. If Av;11(n) < 0, then

i;i(n) = kiAvi(n) 4+ ka|Avig (n)|

= kpvi—1(n) — (ki +k2)vi(n) + kavip1(n).  (28)

The control signal term is added to Eq. (9) as follows:

viln+1) = o[V (i1 (n),yi(n)) —vi(n)]T
+vi(n)+a;(n). (29)

Around the steady state (11), the system can be described by

qi(n+1) = Aigi(n) + BiQ(n), (30)
ovj(n) = Cqi(n), 3D
where
. (1 Ot,T k1 ko pa,rlT)
= | ,
_ (kl kz Ot,rﬂ")
ovi_i(n)
Q(n) = | 6vir1(n)
0yi-1(n)

The characteristic polynomial of A;is
P(z) =2 +az+bi, (32)

where G; = 04T —2+ ki + ko, and b; = 1 — T + poyriT? —
ki — ky. The transfer function from Q(n) to dv;(n) is described
by
éi(Z)
= C(zhhxa— A) ' B;
_ (k(z=1) +poiriT? ka(z—1),(z—1)(1 = p)aurT) 33)
B(2) '
According to the condition of no traffic jams, we also
need the following conditions: (3) 13,(z) is stable; (b)
max,|Gi(z)] <1, (i=1,2,...,N).
Theorem 3 Assuming that all the vehicles satisfy the

following conditions, there are no traffic jams in the system
described by Egs. (30) and (31).
If 204T — 4+ 2ky — pariT? > 0,0 < poyr;T? < 2, then
rnax{O,pocir,-T2 —o,T —k,K}
4—20;T + poyriT?
2
— p()t,~r,-T2 <0,0< pocir,vT2 < 2, then

<k < —ky. (34)
If 20,7 — 4 + 2k

max{O,pocir,-T2 —oT —ky }

4 —20;T + por; T?
<k2§min{K2, l ;’p il —kl}, (35)
where
K> = [4(ky — 1) —2poyrT? — o T?
+ parT3 4+ (1 — p)? o riT? + (4 — 2k ) oy T]

X [206,'T—4+2k1 —poyriT ] 1.

Proof It is similar to the proof of Theorem 1.
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3.3. Numerical simulations

In this part, we consider a situation where the lead vehi-
cle stops suddenly four times: xp(n) = 0, for nT = 100-103 s,
120-123 s, 140-143 s, 160-163 s. The other parameters are
not altered.

Figure 2 shows the simulation results for the traffic model
with the control method in the Zhao—Gao model. Substituting
the parameter values into Eq. (24), we obtain 0 < k£ < 0.9065.
In this paper, we shall define kK = 0.82. As we can see, the
traffic system has no traffic jams.

40

H(a)
301

-1

é,
100 150 niﬂo/os 250 300
300 7(b)
140} K \\
i A
O O \\\\\\\\\\\\\}}}}}
A T N S O R ]

zo(n)—zi(n)/m
Fig. 2. Simulations for the controlled traffic model with kK = 0.82. (a)
The temporal speed behavior of two vehicles. (b) A space—time plot of
the controlled traffic model.

In order to compare with the control method proposed
by Zhao and Gao, we shall define k; = 0.82 in our method.
Substituting the parameter values into Eq. (35), we obtain
0 < kp <0.1237 and define k» = 0.1 for simplicity. Figure 3
shows the simulation result for the traffic model with our con-
trol scheme. Figure 3(a) shows the temporal speed behavior of
two vehicles, and figure 3(b) shows the space—time plot of the
controlled traffic model.

From these simulations, we find that there is little dif-
ference between the controlled system with our method and
the method in the Zhao—Gao model. It is interesting that our

method is no better than the method proposed by Zhao and
Gao, although we add the effect of the following vehicle into
the control scheme. By analyzing, we find that the condi-
tion Aviy(n) < 0 (i.e., the velocity of the following vehicle is
larger than that of the considered vehicle) hardly appears un-
der the assumption that all vehicles have the same parameters
in our model. Therefore, the effect of velocity difference be-
tween the following and the considered vehicle is almost zero.
In this case, our method is almost equivalent to that of Zhao

and Gao.
40-(a)
; 20 [T
100 150 nTi(S)O 250 300
AN
0T \\\\\\\\\\\\\\\\\\%\\\\\\\\%\
I &\\\\X\\\\\\\\\\\\\}
100 O |

zo(n)—z:;(n)/m

Fig. 3. Simulations for the controlled system with k; = 0.82, k; = 0.1.
(a) The temporal speed behavior of two vehicles. (b) A space—time plot
of the controlled traffic model.

Next, let us introduce two types of vehicle, as shown in
Table 2. They are different in v, ¢, and ymi“. The other pa-
rameters ¢, T, and 7 are the same as in Table 1. We consider
100 vehicles of two different types. Among them, the proba-
bility of the second type of vehicle is a quarter. For each ve-
hicle, the type is selected randomly. We also consider the sit-
uation where the lead vehicle stops suddenly four times. This
short stop can be considered as a kind of external disturbance
for our traffic model.

Because of the introduction of the second type of vehicle,
the value of gain k, will play a role in the control scheme in
suppressing traffic congestion. Hence, let us first determine

030507-5



Chin. Phys. B Vol. 23, No. 3 (2014) 030507

the gain k. Figure 4 shows the simulation of the velocity of
the first and the 100th vehicle of the running traffic model with
ki = 0.82. Figures 4(a)-4(d) show four types of parameter k;
(k2 =0.03,0.06,0.09,0.12) in our control scheme. From these
simulations, we can see that the amplitude of speed fluctuation
decreases with the increase in k>. Thus, we define k, = 0.12
in the mixed traffic system.

Table 1. The numerical simulation parameters.

pmax a ymin n T C
value 336 20 7.02 25 0.1 233
unit m s7! m m S m

Table 2. The two types of vehicle.

Type pmax a ymin
I 333 2.0 7.02
II 26 22 7.5

Figure 5 shows the simulation result of the mixed traffic
system. Figure 5(a) shows the speed of the first and 100th ve-
hicles of the running traffic model without control. Figure 5(b)
is a space—time plot of the running traffic model correspond-
ing to Fig. 5(a). The horizontal axis represents the distance

40
(a)

30

-1

v/m -8

of -~ wo first

——100-th
_10 b= . . .
100 150 200 250 300
nT/s
40

v/m -8

v first
——100-th

-10 +
200
nT/s

100 150 250 300

between the lead vehicle and the following vehicle. The ver-
tical axis indicates the time development. The lead vehicle
suddenly stops four times. As we can see, the stop distur-
bances propagate backwards and the traffic jam occurs with-
out any control signal. In Figs. 5(d) and 5(f), it is observed that
there is no oscillating behavior and traffic jam when the con-
trol signals are introduced into the system. All the vehicles are
running smoothly without full braking in the two controlled
systems. Figures 5(c) and 5(e) are the temporal velocity of
the first and the 100th vehicles, corresponding to Figs. 5(d)
and 5(f), respectively. It should be noted that there are smaller
velocity amplitudes in the system controlled by our method,
compared with the system controlled by the method of Zhao
and Gao.

From the simulation results above, it can be seen that
there is no oscillating behavior and no traffic jam with the two
kinds of control signal in the system. It is observed that the
simulation results indicate that the amplitude of the velocity
fluctuation increases less than that in the Zhao—Gao model.
Comparison demonstrates that both our method and that of
Zhao and Gao can be used to suppress the traffic jam, and the
traffic system exhibits better temporal behavior by using our
method.

40

(b)
30

0 s first
——100-th
_10 L . . .
100 150 200 250 300
nT/s
40
(d)

v first

——100-th

10 b= . .
100 150 200 250 300

nT/s

Fig. 4. The velocity of the first and 100th vehicle of the running traffic model with k; = 0.82. Our model with (a) k; = 0.03, (b) k, = 0.06, (c) k; = 0.09,

and (d) k, = 0.03.
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0] S v first
——100-th

100 150 200 250 300
nT/s
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——100-th
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—100-th

-10

100 150 200 250 300
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300
(B

260}

220}

nT/s

180}

140} H

100 I
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300 1

260 |

220
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180T

140 M
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300

260

2201

nT/s

180 (f)

140 7//

100
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zo(n)—x,(n)/m

Fig. 5. The traffic model consisting of two types of vehicle. (a), (b) The uncontrolled system. (c)—(f) The system controlled by the method in the Zhao—Gao

model and our model.
4. Summary

We proposed a modified CM car-following model, in
which the headways of two successive vehicles in front of
the considered vehicle is incorporated into the OV function.
Through simulation, we found that our model can achieve
a better effect as p = 0.65. In addition, a modified control
method applied in a mixed traffic system, which consists of
two types of vehicle, is presented on the basis of the method
proposed by Zhao and Gao. The ranges of the feedback gains
ki and k, are determined through theoretical analysis. Com-
parisons between our method and that of Zhao and Gao are
carried out. The corresponding numerical simulation results
indicate that both our method and that of Zhao and Gao can
be used to suppress traffic jams, and that the traffic system ex-

hibits better temporal behavior by using our method.

Appendix A
Firstly, according to the stability criterion, P;(z) is stable
if
1+a;+b; >0,
1—-b; >0,
1—a;+b;>0.

‘We obtain

1
O<ri<—, O<o< (A1)
pT

(2—priT)T'
Then we consider max|;— |Gi(z)] < 1.

The absolute of the transfer function G;(z) can be de-
scribed as

|Gi(2)| = VGi(2)Gi(2).
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Let z=cos0 +1isin6, 6 € [0,27]. We can obtain

p2o?r2T*+2(1 —cos6)(1 — p)2a?r?T?

Giz)| = :
IGiz) 4b;cos?0 +2a;(1 + b;)cosO + (b; — 1) +a?

It is obvious that if the conditions: (1) |G;(1)| < 1; (2)
|Gi(—1)| < 1 are satisfied, then condition (b) holds. (i) It is
easy to confirm that |G;(1)| = 1 for any parameters. (ii) Con-
dition (2) can be reduced to

(1= p)2a?r?T? + (po T — 2poyT?)r; — (04T —2)* < 0.
Then we have

Ri1 <ri <Ry,

where
Rii— pT(2—oyT) — |2 — 4T |/ p?T?*+4(1 — p)?
e 2(1—p)2a,T ’
Ris— pT(2—oyT)+ |2 — 4T |/ p?T? +4(1 — p)?
e 2(1-p)?aT '

Considering condition (A1), we obtain expressions (16) and
7).
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