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Experimental identification of a comb-shaped chaotic region
in multiple parameter spaces simulated by
the Hindmarsh—Rose neuron model*
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A comb-shaped chaotic region has been simulated in multiple two-dimensional parameter spaces using the
Hindmarsh—Rose (HR) neuron model in many recent studies, which can interpret almost all of the previously simulated
bifurcation processes with chaos in neural firing patterns. In the present paper, a comb-shaped chaotic region in a two-
dimensional parameter space was reproduced, which presented different processes of period-adding bifurcations with chaos
with changing one parameter and fixed the other parameter at different levels. In the biological experiments, different
period-adding bifurcation scenarios with chaos by decreasing the extra-cellular calcium concentration were observed from
some neural pacemakers at different levels of extra-cellular 4-aminopyridine concentration and from other pacemakers at
different levels of extra-cellular caesium concentration. By using the nonlinear time series analysis method, the determin-
istic dynamics of the experimental chaotic firings were investigated. The period-adding bifurcations with chaos observed
in the experiments resembled those simulated in the comb-shaped chaotic region using the HR model. The experimental
results show that period-adding bifurcations with chaos are preserved in different two-dimensional parameter spaces, which
provides evidence of the existence of the comb-shaped chaotic region and a demonstration of the simulation results in dif-
ferent two-dimensional parameter spaces in the HR neuron model. The results also present relationships between different

firing patterns in two-dimensional parameter spaces.
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1. Introduction

Theoretical models have played important roles in the
identification of nonlinear dynamics in single biological units
and spatiotemporal behaviors in biological networks.!!'=2!1 The
Hindmarsh—Rose (HR) neuron model has been widely used
to investigate the bifurcations and chaos of the neural firing
patterns,!! 8 which are helpful to identify the neural coding
mechanism!®~!?] and recognize complex spatiotemporal be-
haviors of the neuronal networks.!'>~1”] The HR model has

three variables and eight parameters, and is given by

dx

a:y—af—i—bxz—z—i—l, €))
d
Z=c—d -y, )
d
d—j =rls(x—xp) — 2. 3)

Here, the variable x represents the membrane potential, and
y and z are the recovery and the slow adaption currents, re-
spectively. The eight parameters are a, b, ¢, d, I, r, s, and xy.
More detailed descriptions about the HR model can be found
in Ref. [1].

Recently, a comb-shaped chaotic region presented in the
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largest Lyapunov exponent simulated in the HR model?>~%°]

and the Chay model*®! has attracted much attention. The
comb-shaped region was first simulated in an r x I parame-
ter space.[??! In the present study, a reproduced comb-shaped
chaotic region is found by using the HR model, as shown in
Fig. 1. The colors are associated with the magnitudes of the
largest Lyapunov exponent, as shown in the right column of
Fig. 1 (0.001 <r <0.02,2.6 <1 <3.42). As seen from such
a region, the teeth of the comb are chaos (yellow-orange or
white), surrounded by a periodic region in black. The chaos
and periodicity interweave with each other to form period-
adding sequences (2—-3—-4-5—-6—- - -) with chaos from the right-
hand side to the left-hand side.!*>~>°! Such a chaotic region
can interpret almost all bifurcations with chaos simulated in
the HR model.!'8] As seen from Fig. 1, if I is fixed at differ-
ent values and r is decreased from a higher value to a lower
one (from right to left), the period-adding bifurcation scenar-
ios with chaos can reach certain periodic firing patterns, differ-
ent with different periods, i.e., the number of spikes per burst.
More recently, two period-adding scenarios with chaos in the
neural firing patterns have been observed in biological exper-

iments on a neural pacemaker, with the extra-cellular calcium
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concentration ([Ca®t],) chosen as the bifurcation parameter

and fixed extra-cellular potassium concentrations at different

131

levels.! The experimental results provided evidence that the

comb-shaped chaotic region exists in a two-dimensional pa-
rameter space composed of extra-cellular calcium and potas-

sium concentrations.
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Fig. 1. (color online) The largest Lyapunov exponent in the r x I
(0.001 < r<0.02, 2.6 <1 < 3.42) parameter space of the HR model
(a=1,b=3,c=1,d=5,5=4,x) = —1.6). Numbers refer to periods
of the neural firing patterns.

As simulated in the previous studies,>*! the neural firings
were simulated in the region of 1.26 < I < 5.4. The period-
doubling bifurcation of firing patterns not reaching chaos ap-
peared when 3.42 < I < 5.4. The period-adding bifurcation
without chaos was simulated when 1.26 < I < 2.6.*1 When
noise was introduced, stochastic bursting was induced by noise
near each period-adding transition point in the period-adding
sequences without chaos. The period-adding sequence with-
out chaos became a period-adding sequence with stochastic
burstings in the stochastic theoretical model.*33* The period-
adding sequences with stochastic bursting patterns resembling
the ones simulated in the stochastic theoretical model were ob-

33341 Unlike a period-adding

served in the neural pacemakers.|
bifurcation with chaos in which the period-1 bursting was
to period-2 bursting directly, stochastic bursting occurred be-
tween period-1 and period-2 burstings in the period-adding
sequences with stochastic burstings. 334! The distinction be-
tween stochastic and chaotic burstings lying in the period-
adding bifurcations or sequences was identified in Ref. [34].
Other than in the r X I parameter space, the comb-shaped
chaotic region has been simulated in multiple two-dimensional
parameter spaces, such as b x I, s X I, In(r) X I, bxr, ¢ Xr,
cxd, sxr,cxs, and d x r parameter spaces.”>2° Up to
now, there exists only one piece of biological experimental
evidence to demonstrate that the comb-shaped chaotic region
exists in one two-dimensional parameter space.*!! Does the
comb-shaped chaotic region exist in multiple two-dimensional

parameter spaces in real nervous systems? In the present study,

we will demonstrate the existence of the comb-shaped chaotic
region in multiple two-dimensional parameter spaces in the
neural pacemaker and interpret the dynamics of bifurcations
and chaos of neural firing patterns.

In the experiments,?'~*3 with decreasing [Ca®*t],, two
period-adding sequences with chaos of neural firing patterns
were observed from some pacemakers when the extracellular
4-aminopyridine concentration ([4-AP],) was fixed at two dif-
ferent levels, and from some other pacemakers when the extra-
cellular caesium concentration ([Cs™],) was fixed at two dif-
ferent levels. The experimental bifurcations resembled those
simulated using the HR model. The experimental results pro-
vided evidence that the period-adding sequences with chaos
existed in different two-dimensional parameter spaces in real
nervous systems, which is similar to the comb-shaped chaotic

region simulated in the HR model.!?>-%°]

2. Experimental model

Bennet and Xie developed an animal model of the chronic
constriction injury (CCI) of the rat sciatic nerve, which was

(441 Sponta-

widely employed to investigate pathological pain.
neous neural firing patterns without external electrical stimu-
lation were recorded from the injury site.[*! In the previous
studies, the CCI model was used to investigate the bifurca-
tions and chaos of the spontaneous neural firing patterns with-
out external electrical stimulation.?'=#3! In this context, the
model was referred to as an experimental neural pacemaker.
The neural pacemaker could generate various bifurcation sce-
narios of neural firing patterns, such as period-doubling bifur-
cations, period-adding sequences with chaos,3'=*3! and bifur-
cations from period-1 bursting to period-1 spiking, which was
induced by decreasing [Ca>*],. The physiological parameter
that was chosen as the bifurcation parameter was adjusted con-
tinuously and slowly with respect to time, restricted by the bi-
ological experimental constraints. Such a gradual change was
often employed to explore the bifurcation scenarios of other
biological tissues.[#0-30]

In this study, the neural pacemaker was used as the ex-
perimental model. A surgical operation was performed to pro-
duce a pacemaker subjected to an injury induced by chronic
ligatures, %331 using adult male Sprague Dawley rats (150—
300 g). All rats were treated in strict accordance with the insti-
tutional protocols. All experiments were approved by the uni-
versity biomedical research ethics committee. All surgery was
performed under sodium pentobarbital anesthesia (40 mg/kg,
i.p.; supplemented as necessary), and all efforts were made
to minimize suffering. After 6-14 days of the surgical opera-

tion to produce the pacemaker, the previously injured site was
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exposed first, and then perfused continuously with 34 °C so-
lution. Under the control condition, the [Ca%*],, [4-AP],, and
[Cs™], were 1.2 mmol/L. (mM), 0 mM, and 0 mM, respec-
tively. The membrane potential of spontaneous firing gen-
erated in the injured site was recorded from the individual
fibers ending at the injured site using a platinum wire elec-
trode connected to a Powerlab system (ADInstrument, Aus-
tralia) at a sampling frequency of 10.0 kHz. The time intervals
between the maximal values of the successive spikes of the
membrane potential were calculated as the interspike interval
(IS]) series.313

In the present study, [Ca%t], was chosen as the bifurca-
tion parameter; [4-AP], was chosen as a condition parameter
for some pacemakers, and [Cs™], for other pacemakers. The
experimental procedures are divided into 3 steps. When [4-
AP], is the conditional parameter, step 1 is adjusting [Ca®t],
from 1.2 mM to 0 mM to acquire a bifurcation process (during
which [4-AP], is fixed at 0 mM). Step 2, readjust [CaZt], from
0 mM to 1.2 mM. After at least 10 minutes of accommodation,
[4-AP], is changed to and then fixed at 0.5 mM. Step 3, fix [4-
AP], at 0.5 mM and adjust [Ca%*], from 1.2 mM to 0 mM to
acquire another bifurcation scenario. When [Cs™], is chosen
as the conditional parameter, the experimental procedures are
similar, in which [Cs™], is fixed at 0 mM and 2.5 mM respec-
tively.

3. Experimental results
3.1. Overview of the experimental results

Two bifurcation scenarios, obtained at 0 mM and 0.5 mM
[4-AP],, were acquired from each of 74 neural pacemakers in
22 rats, 18 of which exhibited period-adding sequences with
chaos. Both bifurcation processes without chaos were ob-
served in 33 pacemakers. One bifurcation scenario with chaos
and the other bifurcation scenario without chaos were acquired
from 23 pacemakers.

Two bifurcation processes, acquired at 0 mM and 2.5 mM
[Cs™ ], were obtained from 68 neural pacemakers in another
20 rats. And 17 out of 68 pacemakers were period-adding sce-
narios with chaos. Both bifurcation scenarios without chaos
were observed in 27 pacemakers. One bifurcation process with
chaos and the other bifurcation process without chaos were ac-

quired from 24 pacemakers.

3.2. Period-adding sequences with chaos

The period-adding bifurcations began from period-1
bursting, and changed to period-2 bursting directly. After the
period-2 bursting, chaotic bursting and periodic bursting alter-
nated, and the periodic burstings increased periodicity by the

unit. The period-adding sequences reached or terminated at a
certain periodic bursting or chaotic bursting after the period-
2 bursting. Here 2 of 18 examples of [4-AP], and 2 of 17
examples of [Cs™], are introduced as representative results.
Both period-adding sequences with chaos observed in the ex-
periments, resembling those simulated with the HR model, are

introduced as follows.

3.2.1. Period-adding sequences with chaos at different
[4-AP], levels

In example 1, the bifurcation scenario was acquired at
0 mM [4-AP],, and was from period-1 bursting, to period-2
bursting, to chaotic bursting, to period-3 bursting, to chaotic
bursting, to period-4 bursting, to chaotic bursting, and to
period-5 bursting, as shown in Fig. 2(a). Different chaotic
and periodic bursting patterns were separated by the dotted
lines. Different from Fig. 2(a), the bifurcation scenario corre-
sponding to 0.5 mM [4-AP], terminated at period-4 bursting,
as illustrated in Fig. 2(b).
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Fig. 2. The period-adding sequences with chaos induced by decreasing
[Ca2T], at different levels of [4-AP],: (a) bifurcation scenario reached
period-5 bursting at 0 mM [4-AP],; (b) bifurcation scenario reached
period-4 bursting at 0.5 mM [4-AP],. The number is the periodicity
number.
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Both period-adding sequences with chaos of example 2
are shown in Fig. 3. The bifurcation scenario acquired at 0 mM
[4-AP], reached period-4 bursting, as shown in Fig. 3(a). The
process of bifurcations obtained at 2.5 mM [4-AP], became
much simpler, which reached period-3 bursting, as illustrated
in Fig. 3(b).
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Fig. 3. The period-adding sequences with chaos induced by decreasing [Ca?t], at different levels of [4-AP],: (a) bifurcation scenario
reached period-4 bursting pattern at 0 mM [4-AP],; (b) bifurcation scenario reached period-3 bursting pattern at 0.5 mM [4-AP],. The

number is the periodicity number.

3.2.2. Period-adding sequences with chaos at different

[CsT], levels
The bifurcation scenario of example 1 corresponding to
0 mM [Cs™], terminated at period-5 bursting, as depicted in
Fig. 4(a). The bifurcations obtained at 2.5 mM [Cs™ ], reached
period-3 bursting, as illustrated in Fig. 4(b).

chaos: chaos
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The bifurcation sequences of example 2 are shown in
Fig. 5. The bifurcation scenario acquired at 0 mM [Cs™],
reached the chaotic bursting after period-3 bursting, as shown
in Fig. 5(a).
[CsT], terminated at period-3 bursting, as illustrated in
Fig. 5(b).

The bifurcation process obtained at 2.5 mM
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Fig. 4. The period-adding scenarios with chaos induced by decreasing [Ca?t], at different levels of [Cs™],: (a) bifurcation scenario
reached chaotic bursting after period-3 bursting at 0 mM [Cs™ ],; (b) bifurcation scenario reached period-3 bursting at 2.5 mM [Cs™],.

The number is the periodicity number.
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Fig. 5. The period-adding sequences with chaos induced by decreasing [Ca?t], at different levels of [CsT]o: (a) bifurcation scenario reached
period-5 bursting at 0 mM [Cs™*],; (b) bifurcation scenario reached period-3 bursting at 2.5 mM [Cs ™ ],. The number is the periodicity number.

3.2.3. Deterministic dynamics of the chaotic firings

The deterministic structure of chaotic bursting lying be-
tween period-2 and period-3 burstings and lying between

period-3 and period-4 burstings induced by [Ca’*], was in-

g.[31,33

vestigated in the previous studie 'In the present study,

the first return maps of the ISI series of the chaotic bursting
lying between period-3 and period-4 burstings in example 2 of
[4-AP], and lying between period-4 and period-5 burstings in
example 1 of [Cs™], are shown in Figs. 6(a) and 6(b), respec-
tively, also manifesting a deterministic structure.
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Fig. 6. The deterministic dynamics of chaotic burstings observed in the experiments: (a) the first return map of ISI series of chaotic
bursting lying between period-3 and period-4 burstings shown in Fig. 3(a); (b) the first return map of ISI series of chaotic bursting
lying between period-4 and period-5 burstings shown in Fig. 4(a); (c) the NPE of chaotic bursting shown in Fig. 6(a); (d) the NPE of

chaotic bursting shown in Fig. 6(b).

The deterministic properties of chaotic bursting can also
be estimated by using a nonlinear method of time series anal-
ysis. In this study, we computed the normalized prediction
error (NPE), which was here considered representative, us-
ing the simple nearest-neighbor method with the following
algorithm, 3431

With a reconstruction dimension m, a time series, #; (i =
1,2,...,L), is transformed to L —m + 1 state points in space
R™. For a point V, = (ty,tn41,- -« slntm—1) (n=1,2,... L —
m+ 1) in space R”, M = (L —m+ 1) points nearest to V,
are chosen and written as Uy = (1), ..., tj4m—1) (1 <k < M).
The average p, ) = ﬁ ):Q’[Zl tj,+n is then used to approximate
the future value #, . The difference p, , — 1, is the h-th step
prediction error for point V,,. For all state points, the NPE is
defined as follows:

1 L—m+1 211
X —t 2
NPE(h) _ [L—mJlrl n—Ll_ +(lpli.h n+h) 1] @)
[L—m+1 anqn (t - tn+h)2} 2

where 7 is the average of time series #;. An NPE far below 1.0
indicates that the time series is predictable beyond the baseline
prediction of the series mean.

The NPEs of raw and surrogate data were compared. The
surrogate data was generated by a random shuffle method in
which the original sequence was shuffled randomly, showing
the same probability distribution as the original data.>>! How-
ever the deterministic temporal structures within the time se-
ries were broken. The NPE of the original chaotic time series
was much smaller than 1 in a short-term prediction and ap-
proached 1.0 in the long term, but the NPE of the surrogate

data was always nearly equal to 1.0, showing the deterministic
property of the original series.

The NPEs of ISI series of chaotic firing lying between
period-3 and period-4 firings observed in example 2 of [4-
AP], and example 1 of [Cs™], were computed, with m = 3-8
and B = 0.5%, 1%, 2%. The changing trends of the NPE with
increasing prediction step were similar for different values of
m and 3, manifesting a short term prediction. For example,
the NPEs of the two chaotic firings when m =4 and 8 = 2%
are illustrated in Figs. 6(c) and 6(d), respectively. The results
show that both chaotic firings exhibit a deterministic struc-
ture. Other chaotic firings manifested characteristics similar
to those shown in Fig. 6, also resembling those in the previous

studies of chaotic firings. 3343

3.3. Other bifurcation processes

In this study, both bifurcation scenarios without chaos ob-
served in a neural pacemaker were provided as a representa-
tive, as shown in Fig. 7. One bifurcation scenario was from
period-1 bursting, to period-2 firing, and to period-1 spiking
(Fig. 7(a)), generated at 0 mM [Cs™],. The other was a period-
adding bifurcation scenario with stochastic bursting recorded
at 2.5 mM [Cs™],. The process began from period-1 burst-
ing, changed to period-2 bursting via a stochastic bursting,
to period-3 bursting, to chaotic bursting, to period-4 bursting,
and to stochastic bursting (Fig. 7(b)). The bifurcation scenario
generated at 0 mM [Cs™], was similar to that simulated in the
region I > 3.42, and the one generated at 2.5 mM [Cs™], re-
sembled that simulated in the region of 1.26 < I < 2.6. The
condition with which one bifurcation scenario was period-
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adding bifurcation with chaos and the other scenario was
period-adding bifurcation with stochastic bursting in a neural
pacemaker was reported in a previous study.>3! We do not ad-
dress the bifurcations similar to that condition in the present
study.
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Fig. 7. The bifurcation scenarios induced by decreasing [Ca®*], at dif-
ferent levels of [Cs™],: (a) bifurcation scenario from period-1 bursting,
to period-2 bursting, and to period-1 spiking at 0 mM [Cs*],; (b) bi-
furcation scenario with stochastic bursting reached period-5 bursting at
2.5 mM [Cs™*],. The number is the periodicity number.

4. Conclusion and discussion

The period-adding scenario with chaos induced by ad-
justing [Ca®*], can be observed from a neural pacemaker
at different levels of [4-AP], or [Cs™],, showing that the
period-adding sequence with chaos is preserved in different
two-dimensional biological parameter spaces. These experi-
mental bifurcation sequences with chaos resemble those sim-
ulated in the region containing the comb-shaped chaotic re-
gion using the HR model. The experimental results of the
present study and those of Ref. [31] confirm that a chaotic
region and a periodic region interweave with each other to
form a period-adding sequence with chaos in different two-
dimensional parameter spaces, which provides biological ex-
perimental evidence of the well-known comb-shaped chaotic
region existed in multiple two-dimensional parameter spaces
in the HR model.[*>~2° The results also present relationships
between different firing patterns in multiple two-dimensional
parameter spaces. In addition, different bifurcation processes
acquired at different levels of the conditional parameter in a
neural pacemaker is an advancement, compared with only one
single bifurcation process observed from a pacemaker. 3343

The firing pattern is simulated in the HR model when
1.26 < I < 5.4, and the width of I is about 3.1.124 As shown
in Fig. 1, the chaotic firings appear in the region of 2.6 < I <
3.42. The width of I is about 0.8, which is much smaller than
3.1. Different I values can reflect different neural pacemakers.
It is the reason that both period-adding bifurcations with chaos
appear in a little number of experimental neural pacemakers.

The experimental results of this paper demonstrate that
the chaos and the period-adding bifurcation with chaos simu-
lated with the HR model exist in real nervous systems, which
indicates that the HR model can describe the nonlinear dy-
namics of actual nervous systems. The results also imply that
the complex spatiotemporal patterns simulated in the neuronal
network composed of the HR model become more relevant
to the real nervous systems than those previously recognized.
These complex spatiotemporal patterns include the chaos syn-
chronization and spiral waves simulated in the neuronal net-
work. For example, the chaos synchronization was simulated
in a neuronal network composed of the HR model in a number
of previous studies.['3~!7! The chaotic firings of single neurons
are located within the comb-shaped chaotic region. The spiral
waves are simulated in the neuronal network composed of the
HR model,’*3! which can build a relationship to the experi-
mental observations of the spiral waves in the actual nervous
system[°%7] with the help of this study.
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