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In this paper, we propose a novel approach for simultaneously identifying unknown parameters and synchronizing
time-delayed complex community networks with nonidentical nodes. Based on the LaSalle’s invariance principle, a cri-
terion is established by constructing an effective control identification scheme and adjusting automatically the adaptive
coupling strength. The proposed control law is applied to a complex community network which is periodically synchro-
nized with different chaotic states. Numerical simulations are conducted to demonstrate the feasibility of the proposed

method.
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1. Introduction

In the early 1960s, Erdos and Rényil!! proposed a
random-graph model, which laid a solid foundation of mod-
ern network theory. In a random different network, each pair
of nodes is connected with a certain probability. To design a
transition from a regular network to a random network, Watts
and Strogatz!?! proposed a novel small-world network model.
Then, Newman and Watts®! modified it to generate another
variant of the small-world model. Later, Barabsi and Albert!
proposed a scale-free network model. Since then, complex
networks have received more and more attention due to their
wide applications in many fields. A recent introduction to
networks has been given by Newman.! A feature of many
real networks is the community structure. Generally, a com-
munity refers to groups of nodes which probably share com-
mon properties within the networks. Subsequently, a large
amount of work has been devoted to the study of community
networks.[®-19 Zhang et al.''!! proposed the synchronization
speed of identical oscillators in community networks. Some
new advances have been reported in the synchronization of
complex networks with nonidentical nodes, 127231 which laid
a very good foundation for subsequent work. Song et al.[**]
investigated two effective control schemes to synchronize a
complex network with nonidentical nodes. On the whole, the
study on the synchronization of complex community networks
with nonidentical nodes has been carried out very little.

The obtained results laid an important step forward in
the investigation of community networks. Most of the above
methods only synchronize with a synchronization state in the
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whole time series. However, it is not always practical to as-
sume that the synchronization state has only one state since
the synchronization process of some real-world complex net-
works may consist of different synchronization states. On the
other hand, the previous methods have studied community net-
works with fully known parameters. While, in practice, it is
hard to exactly determine the values of the network parame-
ters in advance.[?>739 Therefore, these unknown parameters
should be first considered in order to simulate more realistic
community networks.

Motivated by the above discussion, in this paper, we in-
vestigate the synchronization of a community network with
periodic states.!3!! The main contribution of this paper lies
in the following aspects. Firstly, a simple and useful control
scheme is designed for a complex community network with
nonidentical nodes and unknown parameters. Secondly, some
synchronization criteria are obtained by using the LaSalle’s
invariance principle and adjusting time-varying adaptive cou-
pling strengths.3>=* It should be noted that most of the
above-mentioned studies on synchronization of community
networks mainly focus on networks where the couplings are
constant in time. Finally, the developed techniques are ap-
plied to a community network which is periodically synchro-
nized with the different synchronization states in the whole
time series. Further, representative numerical simulations are

provided to show the feasibility of the proposed methods.
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2. Mathematical preliminaries

Consider a complex community network consisting of
N dynamical nodes with v communities and each node is an
n-dimensional dynamical system with unknown parameters.
Then, the controlled complex network is characterized by

Xi(t) = fr(t,0,x; (1), x; (1 — 7, (1))

N
+eg (1) Y, biilxj (1) +ui, i€ G (1)
=

We can rewrite system (1) in the following form:

Xi (t) = frl (t7xi (t) y Xi (tifr (t)))
+fr2 (l‘,x,‘(l‘),x,‘(l‘—fr(l‘)))e,‘

N
+eg (1) Y biixj(t) +ui, i€G;, )
j=1

where f,, : R" — R" is a continuous vector function; f,, :
R" — R™™ is a continuous matrix function; 6; € R™ is the un-
known parameter vectors; i € {1,2,....N}; r € {1,2,...,v};
G ={1,2,... \\}; G ={NM+ 1, N +2,...,Ni + N> },.. ;
Gy ={Ni+Ny+-+N,_1+1,..,N; +Ny+---+N,}, with
l1<v<Nand 1 <N, <N satistying )} | N, =N for r €
{1,2,...v} xi(t) = (xin (1), x2(t), ..., xin(t))T € R" is the
state vector of the i-th dynamical node; 7,(7) is a time-varying
delay, with 0 < 7,(¢) < 7, for each r € {1,2,...,v}; u; is a
control action applied to node i; cg(f) > 0 is a time-varying
coupling strength; I" € R**" is an inner coupling matrix;
B = (bij)nxn is the coupling configuration matrix represent-
ing the underlying topological structure of the network which
is defined as follows: if there is a connection between node i
and node j (j # i), then b;; = bj; > 0, otherwise, b;; = bj;; =0
(j # i), with the diagonal elements of matrix B defined by

The initial condition of Eq. (2) is given by
xi(s):(pl(s)) se[—T,O], ie{laza"'7N}7 3

where T =max {7}, ¢;(s) = (@;1(5), ..., Qin(s))T € D([-7,0],
R").

The main aim in this paper is to impose the simple con-
troller u;(¢) on system (2) such that the network synchronizes
with any smooth dynamics s,(7) € R" periodically. In order to
obtain the main results, the following assumptions and defini-
tions are necessary.

Assumption 1 For the vector-valued functions f(,x(¢),
x(t — 1,(¢))), the uniform semi-Lipschitz conditions with re-
spect to time ¢ are assumed to hold, that is, there exist positive
constants &, > 0 and p, > 0 such that

(@) =y O [£ (6,x(0) % (e = 7,(1))

_fr (tay(t) 7y(t -7 (t)))]
< & (=5 (1) =yt =% 0))] [t = (1) =y (=% (1))]
+pr () =y (0] [k (1) =y (1)]

for any x(¢), y(t) € R* and r €{1, 2, ..., v}.

Assumption 2 For each r € {1,2,...,v}, 7,(t) is as-
sumed to be a differential function with 0 < () < € < 1 and
the inner coupling matrix I" is assumed to be a positive definite
matrix.

Definition 1 Assume that s,(f) € R" is any smooth dy-
namics. The controlled complex community network (2) is
said to be globally periodically synchronized with the differ-
ent synchronization states s,(¢) in the whole time series if the
solution satisfies

lim ||x; (1) —s¢ (t)|| =0, 1€ [mT,(m+1)T)

f—voo

for any initial conditions satisfying (3) and i €{1, 2, ...,
N}, g €{1, 2, ..., m}, where T is the control period and
m=0,1,2,...

Definition 2 Suppose that B = (b;;) € RP*P. If b;j =
bji > 0fori# jand b; = —):ll.’=17j7él.b,-j fori=1,2,...,p, and
B is irreducible, then we say that B € B.

Lemma 1 (See Ref. [35].) For any matrix Byxy € By, its

eigenvalues are all real and can be sorted as
0=241(B) > 2(B) > A3(B) > --- > An(B).

Moreover, (1, 1, ..., DT is the right eigenvector of B corre-
sponding to eigenvalue 0 with multiplicity 1.

Lemma 2 (See Ref. [35].) If B € By, then all eigenvalues
of the matrix B-A are negative, where A = diag(ey, &, ...,
€p), & are nonnegative constants satisfying &, +& +---+¢, >
0.

3. Main results

In this section, a control and identification scheme is de-
veloped to periodically synchronize a delayed complex net-
work with nonidentical nodes with any dynamics s,(¢). In or-
der to achieve the aim, the controller u;(¢) is designed into the
following form:

ui (t) = Fr(t) —kicg (t) [xi (1) — 54 (1)]

— fro (1,31 (1) 2 (1 = T,(1)) ) 6

+ iy (8,5 (1) 55 (1 = 7 (1)) B, @)
Fi(t) = $(1) — fr(t,s5(0),85(1 — (1)) —
Sy (t,54(),54(t — T,(1))) 6;, with s,(7) being any given smooth
dynamics; k; > 0 for each i € [} = {N;, Ny + N,, ..., N} and
ki=0fori¢l.

Let 6; denote the parameter estimation vectors of 6;. De-

where

fine the error vector between system (2) and s,(¢) as e;(t) =
xi(t) — 54(¢) and the corresponding parameter error vector as
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6, = éi — 6,. According to system (2) and the control law (4),
the error dynamical system can be derived as

N
éi(1) = fry ()4 fry (1) Bitcg (1) Y bijTej (1) —kicg (1) € (1),

j=1
i€G,, i€l )]
N
¢i(t) = fr (0)+ fry (1) Bi+cg (1) Y bijTe; (1),
j=1
i€G, i¢l, (6)

and the corresponding adaptive parameter updating rule as fol-

lows:
=1y (1.€i (1) ei (t = (1)) €i (1) — 46, (7
where
Jr (0) = fr (6,2 (1) i (£ = 7,()))
—Jfr (1,55 (1) 56 (1 = (1)),
Jr (1) =

Iry (8,55 (1) ,5¢ (£ =7 (1))
—fro (6, (), %i (1 = 7, (1)),

and ¢; are arbitrary positive constants. It is easy to see that the
globally asymptotical synchronization of the controlled com-
plex network (2) is achieved if the error converges to zero peri-
odically and asymptotically which is ensured by the following
theorem.

Theorem 1 Suppose Assumptions 1-2 hold and B € By,
then the periodically adaptive coupling strength c,(r) will have
the following form:

cg(t) =@, (1) + @ €[ml,(im+1)T), 3)

where @ > 0 and @, (0) > 0. If @4(r) satisfies the following
law:

N

G (t)=dY el (t)ei(t), t€m

i=1

T,(m+1)T), 9

where d > 0 is an arbitrary positive constant, then the con-
trolled dynamical network (2) is globally periodically and syn-
chronized to s,(r), g € {1,2,..., n1 }.

Proof Firstly, lete (1) = (ef (1),€} (1),...,ey (t))T
sider the following Lyapunov function:

. Con-

where p = max {p;}, § = max{g;}, and o is a positive con-
stant determined later.

In virtue of Assumptions 1 and 2, the time derivative of
V(¢) is derived as

Z Z ei (t) Jry (1€ (1) e (t = (1))
r=1ieG,
+ Z Z el (t) fr, (t,e: (1), ei(t —7,(1)))6;
r—ltEGr
N
+cg(t)ZZe,T (t)bijIej (1) Zke
i=1j=1 i€l
—<p+1—a(pg )Ze

IN
-

+iz{l—si

r=1ieG,

— 8l (-1 (1)) e (1 — n(t))}

N N
§cg(t)ZZe (1)bijTe; (1) Zke
i=1j=1 i€l
N N
+ag ()Y ef (1)ei (1)~ Y 4,676,
i=1 i=1
= cg(t)e! (1) (B )e(t) —neg(1)e' (1) (E@1y)e(t)
+og ()" (1) (aly@ L) e(t) -0 (Q®1,)0,  (11)
where
C:diag(0,...,0,I“,o,...,o,kzo,...,o,k”‘l,o,...,o,kv),
n n n n
with 11 > 0 being the smallest eigenvalue of I'".
In virtue of Assumption 2 and Lemma 1, we obtain
V() < neg(t)e (1) [(B—E)@1L]e(r)
+og (1) e" (1) (aly@1,)e(t) — 0" (Q®1,) 0
=970 | (a+ 1) 1] et
+noe’ (1) (A®L)e() - 0T (Q®1,)0,  (12)
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where A = B— {. Since A is a real symmetric matrix, there
exists a unitary matrix W = (wy, wa, ..., wy) satisfying
WTW = I such that A = WAWT, where A = diag(Ay, Aa, .. -,
Av)and 0> A1 > A, > A3 >
Evidently, the diagonal elements A; are all the eigenvalues of
A. Choose 0 < o < —nAy. It is easy to know that @,(r) > 0,
which, together with inequality (11) and Assumption 2, gives

-+ > Ay according to Lemma 2.

V() <nowe' (1) [Ax1L]e(t)— 0T (Q®1,)0 <0, (13)

which implies that system (2) is asymptotically and periodi-
cally synchronized with the given dynamics s,(¢) and the un-
known parameters can also be identified by using the control
law and the adaptive updating law. The proof is completed.

4. Numerical results

In this section, we present numerical results to verify the
analytical predictions obtained in the previous section. Con-
sider a complex community network with two clusters con-
sisting of fifty time-delayed Lorenz systems and fifty time-
delayed Coullet systems, which are described by

Xi (t) = f11 (t,xi (t) ) Xi (I_Tl (t)))
+ 1, (1% (1), xi (1 =71 (1)) 65+ ¢4 (1)

icG =(1,2,...,50),
= fo, (t,xi (1), xi (t =2 (1))

+ oy (£, (2) ,xi (t =12 (1)) O; +cg (¢

100

Y bilx; (1),

j=1
(14)

% (1)
100

) Z,lbu'rxj (1),

i€G,=(51,52,...,100), (15)

where the time delays are randomly chosen to be 71 = 7, =1,

I' = diag{1,1,1}, b = =99, b;;b; =1
0.1x;1 (t — 711 (1))
fiy=| —x()—xa ()xa (1) |,
xi1 (1) xiz ()
—xit (t)+x2(t) 0 0 0!
fi, = 0 xi(t) 0 o2 |,
0 0 —xpi(r) 9f3
xpa (t)
S, = | x3(t)+0.1cos (0.1x (t — 2 (1)) |,
x?l (t)
0 0 0 03!
f22 = 0 0 0 0212 ’
xip (1) —xa(t) —xi3(¢) 07

where 6!, 0i2, and 61 are the unknown parameters of the G
community network to be estimated. When 6i! =10, 61> =28,
and 0! = 8/3, system (13) exhibits chaotic behavior. 63!, 6i2,
and 6% are unknown parameters of the G, community net-
work which need to be identified. In particular, system (14)

=0.8, 61> = 1.1, and 65> = 0.45.
The chaotic behaviors of fifty time-delayed Lorenz systems

has a chaotic attractor as 6!

and the Coullet systems are shown in Fig. 1.

100

0 o
—50"-50 gz, T2 —27-2 T

Fig. 1. Chaotic behaviors of (a) the Lorenz network and (b) the Coullet
network.

In the following, the Lorenz system and Rdossler system
are chosen for the purpose of synchronization, which are given

as
S11=10(=s11+512), S$21 =822,
$12 = 288511 — S12 — S11513,
$2 =523, t€[mT,(m+1)T), (16)
$13 = S11512 — 3513
8§23 = —6521 —2.9500 — 1.2523 —I—S%,

where T = 8, n; =2 and m = 0,1. The chaotic behaviors of
the Lorenz system and Rossler system are shown in Fig. 2.

60 30
40 20
20 10
0

50 20

0
52 50750 s,

Fig. 2. Chaotic behaviors of (a) the Lorenz system and (b) the Rosler
system.

The initial states of the G; community network (13) and
the G, community network (14) are taken randomly as (x;; (0),
x2(0), x3(0)) =
ues of the unknown parameters (6;;(0), 6,2(0), 6;3(0)) are cho-
sen arbitrarily from the interval ([—10, 20], [10, 40], [—10,
10]) and ([0, 3], [—1, 2], [-1.5, 1]) for G| and G, respec-
tively. It is easy to see that /; = {50,50}. In the controller
3), k1 = kp = 30, 50 are chosen to be m = 0, 1. In addition,
®=0.1and 0.2, d =0.002 and 0.05, Q = diag {50, 50, ...,50}
are adopted.

[2,3] and [2,4], respectively. The initial val-

Figures 3 and 4 display the estimated values of the un-
known parameters converging to 6i' = 10, 612 =28, 63 =
8/3,0i' =0.8, 02 =1.1,and 6> =0.45 as i € G; and Gy, re-
spectively. As shown in the Figs. 3 and 4, all the unknown pa-
rameters are identified successfully by using the controller and
the parameter updating rule. It can be seen from Figs. 5 and
6 that the state variable trajectories of the x;(r) and s,(¢) are
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exactly the same after adding controllers, i = (1,2,...,100).
The values of coupling strength c¢,(¢) tend to a positive con-
stant when the synchronization is realized from Theorem 1,
which are shown in Fig. 7. It can be seen from Fig. § that all
the error signals approach to zero smoothly and rapidly in a
short series of time once the design controller has been added.

30 .
20 fi=10 0i2=28 .
- i1 \ 2 0i3=8/3
10
0 |
. )
0.6 0.8 1.0
t
7}
i
0o=1.1 ! 1
91320.45
, , (b)
0.6 0.8 1.0
t

Fig. 3. Estimated values of the unknown parameters 6;1—6;3 as m =0
for (a) Gy and (b) G».

I
01 :IOS Oin=1.1

. . (b)]
8.0 8.5 9.0 9.5
t

Fig. 4. Estimated values of the unknown parameters 6;1—0;3 as m = 1
for (a) Gi and (b) G».

Jiil(t)

mig(t)

x3(t)

Fig. 5. State trajectories of the x; — s with adding control as m = 0 for
(a) xi1, (b) xi2, and (¢) x;3.

—10 9 11 13 15

t

Fig. 6. Sate trajectories of the x; — s, with adding control as m = 1 for
(a) xi1, (b) xi2, and (¢) xi3.

Fig. 7. Time evolutions of coupling strength cg(¢) as (a) m = 0 and (b)
m=1.

(a)
1 A \ .
005 1 2 3 4
10
= o
Y _10 ]
(b)
—20 L L L
8 9 10 11 12

t

Fig. 8. Time evolutions of synchronization error as (a) m = 0 and (b)
m=1.

5. Conclusions

A new scheme, periodic synchronization, is introduced in
this paper. It forms the states of many nonidentical chaotic
systems with fully unknown parameters in a community net-
work asymptotically synchronized with nonidentical synchro-
nization states in the whole time series. A criterion is derived
by adding a simple controller and adjusting the adaptive cou-
pling strength. These synchronization and identification con-
ditions are applicable to community networks with different
topologies, huge sizes and unknown parameters. These results
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not only present the possible reason that real community net-

works to change into more complex networks with uncertainty

but also provide useful methods to demonstrate the synchro-

nization of community networks for potential applications.
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