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Soliton breathers in spin-1 Bose–Einstein condensates∗
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We consider a spin-1 Bose–Einstein condensate trapped in a harmonic potential with different nonlinearity coeffi-
cients. We illustrate the dynamics of soliton breathers in two-component and three-component states by numerically solv-
ing the one-dimensional time-dependent coupled Gross–Pitaecskii equations (GPEs). We present that two condensates with
repulsive interspecies interactions make elastic collision and novel soliton breathers are created in two-component state. We
also demonstrate novel soliton breathers in three-component state with attractive coupling constants. Furthermore, possible
reasons for creating soliton breathers are discussed.
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1. Introduction
Spinor Bose–Einstein condensates (BECs) have internal

degree of freedom due to the hyperfine spin of atoms. When
spinor BECs are trapped in magnetic potential, the spin degree
of freedom is frozen. While when spinor BECs are trapped
in optical potential, the spin degree of freedom comes into
play. Since they were first observed by MIT group[1] in op-
tical potentials, many interesting phenomena in spinor BECs
that are not presented in single-component systems has been
observed, such as the formation of spin domains[2] and spin-
mixing dynamics,[3] coreless vortices,[4,5] and skyrmions.[6,7]

A spinor condensate formed by atoms with spin 1 is de-
scribed by a macroscopic wave function 𝛹 = (Ψ+1,Ψ0,Ψ−1)

T

with three components. Under a special constraint on the con-
densate parameters, the three-component nonlinear equations
can be reduced to an integrable model which supports soliton
solution. Hence, great efforts have been made to understand
macroscopic nonlinear structures in spinor BECs, such as
bright solitons,[8–10] dark solitons,[11] dark–bright solitons,[12]

and gap solitons.[13] In addition, there is a particle collision
process in a spin-1 BEC which holds the conservation of total
spins: two atoms with spin components Ψ+1 and Ψ−1 can scat-
ter into final states containing two atoms with spin component
Ψ0 upon an elastic collision, and vice versa. This process is
coherent so that it leads to oscillations of spin population and
also helps to support the existence of spinor solitons.

Solitons are a nonlinear effect that arises when the non-
linearity and the dispersion cancel out each other. Solitons
are characterized by localized solitary wave packets that main-
tain their shape and amplitude while propagating. Solitons can
also periodically change the width and the peak maximum, in
which case they are known as the soliton breathers.[14,15] In
the BEC context, the condensates of weakly interacting atoms

can be described by the Gross–Pitaevskii (GP) equation or the
nonlinear Schrödinger equation, and it can be used in the study
of solitons and collapse. As is known to all, when the conden-
sates are trapped in a harmonic potential, stable solitons exist
in a finite range of the scattering length. Outside that range
(e.g., when the attractive particle interactions are too strong),
the condensates collapse, while the condensates without the
trap potential can dissolve when the interactions are weakly
attractive.

Feshbach resonance[16–18] is an effective mechanism that
can be used to manipulate the sign and the magnitude of scat-
tering length, which has been widely used in experimental
studies, such as the formation of rogue waves,[15,19] bright
solitons,[20,21] bright and dark soliton trains,[22] spontaneous
symmetry breaking of a Bose–Fermi mixture[23,24] or spinor
BECs.[25] After the scattering length has periodic changes of
the magnitude and/or sign via the Feshbach resonance, novel
bright matter-wave breathers are created in single-component
BECs[26] and two-component BECs.[27]

In this paper, we present stable soliton breathers of spin-1
condensates in a harmonic trap potential by tuning nonlin-
ear interactions. The dynamics of soliton breather solutions
in spinor Bose–Einstein condensates is studied by numeri-
cally solving the one-dimensional (1D) time-dependent cou-
pled GPEs. In particular, we aim to analyze the dynamics
of soliton breathers in two-component and three-component
cases.

The paper is organized as follows. In Section 2, we intro-
duce the theoretical model of spin-1 condensates in a harmonic
trap potential. In Section 3, we illustrate the numerical results
for the soliton breather in each state by tuning nonlinear inter-
actions. Our conclusions are given in Section 4.
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2. Model
We consider a quasi-1D BEC of alkali atoms with hy-

perfine spin-1 loaded in a harmonic trapping potential. The
assembly of atoms in condensates is described by vector order
parameter 𝛹 = (Ψ+1,Ψ0,Ψ−1)

T with the components subject
to the hyperfine spin space, and the normalization condition is∫
𝛹(x)T𝛹(x) dx = N, where N is the total number of atoms.

In the mean-field approximation, the condensates on a spin-1
BEC whose macroscopic wave function 𝛹 may be written as
𝛹 =

√
N𝜓 =

√
N(𝜓+1,𝜓0,𝜓−1)

T,
∫
𝜓T𝜓 dx = 1. We intro-

duce the relative densities ρ j = (ψ j,ψ j) =
∫

ψT
j ψ j dx. The 𝜓

satisfy the following coupled GP equation:[28,29]

ih̄∂tψ =

[
− h̄2

2M
∂

2
x +Vext +NC0ψ

+
ψ

+NC2

(
3

∑
α=1

ψ
+ f α

ψ

)]
ψ. (1)

Here, M is the mass of each atom, Vext =

diag(V+1 (x) ,V0 (x) ,V−1 (x)) are harmonic and spin-
independent trapping potentials. The 𝑓α (α = 1,2,3) are
spin-1 matrices, which are given by

𝑓1 =
1√
2

0 1 0
1 0 1
0 1 0

 , 𝑓2 =
i√
2

0 −1 0
1 0 −1
0 1 0

 ,

𝑓3 =

1 0 0
0 0 0
0 0 −1

 . (2)

The coefficients C0 and C2, which control the spin-
independent and spin-dependent interactions, respectively, are

C0 =
2h̄ω⊥(g0 +2g2)

3
, C2 =

2h̄ω⊥(g2−g0)

3
, (3)

where ω⊥ corresponds to the transverse trap frequency, g0 and
g2 are the s-wave scattering lengths corresponding to the total
spin of the two colliding bosons 0 and 2, respectively.

We choose that time, length, and energy are measured
in units of ω−1

x (ωx corresponds to the longitudinal trap fre-
quency), as =

√
h̄/Mωx, and h̄ωx, respectively.[30] This is

equivalent to setting h̄=M =ωx = 1, and the previous coupled
GP equation (1) becomes

i∂tψ =

[
−1

2
∂

2
x +Vext + c0ψ

†
ψ + c2

(
3

∑
α=1

ψ
† f α

ψ

)]
ψ, (4)

where we have introduced shorthand notation for the effec-
tive interaction coefficients, c0 = 2Nω⊥(g0 +2g2)/3ωxas and
c2 = 2Nω⊥(g2−g0)/3ωxas. We introduce the quantities 〈x〉 j

and 〈R〉 j that describe the center-of-mass coordinate and the
width of condensates in ψ j component, which are defined as

〈x〉 j =
∫

∞

−∞
dx
∣∣ψ j
∣∣2 x/ρ j and 〈R〉2j =

∫
∞

−∞
dx
∣∣ψ j
∣∣2(x−〈x〉 j

)2
,

respectively. We also introduce the quantity ∆X that describes

the interval between centers of the condensates in components
ψ+1 and ψ−1, which is defined as ∆X = | 〈x〉+1−〈x〉−1 |. Tak-
ing into account the simulation error, we replace 〈x〉 j by the
coordinate of the peak of soliton when the condensates form
soliton.

Stationary states of system (4) can be classified into
one-, two-, or three-component states.[31] We examine each
case separately and find exact one-, two-, and three-component
soliton solutions.

3. Numerical results
In our numerical simulations, we discretize the coupled

GP equation (4) with time step ∆t = 0.001 and space step
∆x = 0.025. The ground state of condensates is obtained by
propagating in imaginary time, and the evolution of conden-
sates is obtained by time-splitting spectral method[32,33] start-
ing from its ground state.

In this paper, we consider the system with the attractive
coupling constants, i.e., c0 < 0 and c2 < 0. The effective inter-
actions between atoms in BECs may be adjusted by means of
the Feshbach resonance technique.

As is well known, soliton breather is created in one-
component BECs when the nonlinearity coefficient is mod-
ulated periodically.[14,26] In the following paper, we focus on
analyzing the two-component and three-component soliton so-
lution.

3.1. Two-component solutions

We illustrate soliton’s collision in two-component state
(i.e., 𝜓 = (ψ+1,0,ψ−1)

T). We assume that the two compo-
nents are initially loaded into two different traps, Vj (x), of the
same strength, centered at different positions, namely,

Vj (x) =
1
2
(x− jx0)

2 , j =+1,−1. (5)

The BECs fulfill the 1D GPEs as follows:

i∂tψ+1 =

[
− 1

2
∂

2
x +

1
2
(x− x0)

2 +(c0 + c2) |ψ+1|2

+ (c0− c2) |ψ−1|2
]

ψ+1,

i∂tψ−1 =

[
− 1

2
∂

2
x +

1
2
(x+ x0)

2 +(c0 + c2) |ψ−1|2

+ (c0− c2) |ψ+1|2
]

ψ−1. (6)

Here, we choose x0 = 1 and consider the BECs with three dif-
ferent scenarios: (a) c0 = c2 =−1.0, (b) c0 =−1.0, c2 =−0.5,
and (c) c0 =−1.0, c2 =−1.5. These three scenarios can illus-
trate the effect of interspecies interaction on the collision of
two condensates. In order to study this effect, we prepare the
same ground states of these scenarios with c0 = c2 =−1.0 by
using the imaginary time propagation method starting with the
test wave function: ψ+1 (x) = ψ−1 (x) = π−1/4 exp

(
−x2/2

)
,
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and take this ground state as an initial state of two-component
condensates. The time evolution of the system (6) is obtained
by the time-splitting spectral method starting from its initial
state.

We first consider the situation of c0 = c2 =−1.0, in which
the condensates in the components ψ+1 and ψ−1 can be re-
garded as two-species atomic BECs without interspecies in-
teractions. After preparing the ground state, two traps (V+1 (x)
and V−1 (x)) are suddenly changed into V±1 (x) = 1

2 x2. Under
this condition, the time evolution of the two-component state
is shown in Fig. 1.

Figure 1(b) shows the spatiotemporal contour plot of the
density in the ψ+1 component. A bright soliton is created
in ψ+1 component. It performs periodic oscillation at about
x= 0, and the force acting on the soliton is F =−x. This bright
soliton is similar to that illustrated in Ref. [34]. This verifies
that when the condensates are trapped in a harmonic trap, sta-
ble solitons exist in a finite range of the scattering length.

As seen in Fig. 1(a), bright solitons propagate without
changing their shapes after colliding with each other. In ad-
dition, the condensates in components ψ+1 and ψ−1 have the
same peak densities (i.e., the same amplitudes). This phe-
nomenon verifies that two solitons without interspecies inter-
actions pass through one another. It is clear that soliton with-
out interaction can propagate in its own way.
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Fig. 1. (color online) Initialization of the system (6) is that the ψ±1
components with nonlinearity coefficients c0 = c2 = −1.0 are loaded
into two different traps V±1 (x) = 1

2 (x∓1)2, respectively. Then the two
traps V±1 (x) are all suddenly changed into V±1 (x) = 1

2 x2 at t = 0. (a)
Time evolution of the densities |ψ±1 (x, t)|2 in two components. (b)
Spatiotemporal contour plot of the density, |ψ+1 (x, t)|2. Here x, t, and
|ψ j|2( j = +1,−1) are measured in units of as, ω−1

x , and a−1
s , respec-

tively.

We then consider the situation of c0 = −1.0 and c2 =

−0.5, in which the condensates in the components ψ+1 and
ψ−1 can be regarded as two-species atomic BECs with at-
tractive interspecies interactions. Using the same step as the
first scenario, the time evolution of the two-component state is
shown in Fig. 2.
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Fig. 2. (color online) Same situation as Fig. 1, but the nonlinearity co-
efficients c0 =−1.0 and c2 =−0.5. (a) Time evolution of the densities
|ψ±1 (x, t)|2 in two components. (b) Spatiotemporal contour plot of the
density, |ψ+1 (x, t)|2. Here x, t, and |ψ j|2( j =+1,−1) are measured in
units of as, ω−1

x , and a−1
s , respectively.

Figure 2(b) shows the spatiotemporal contour plot of the
density in the ψ+1 component. It is irregular, which indicates
that this two-component state is unstable. As seen in Fig. 2(a),
after the two traps are changed from V±1 (x) = 1

2 (x∓1)2 into
V±1 (x) = 1

2 x2, the condensates in components ψ+1 and ψ−1

make inelastic collision for attractive interspecies interactions,
and this collision leads to the asymmetric density profiles of
the condensates in component ψ+1 (or ψ−1) with respect to
the position of its peak density. However, the ψ+1 and ψ−1

components are symmetric with respect to x = 0. In this situa-
tion, no soliton breather is created in ψ+1 (or ψ−1) component.

Finally, we consider the situation of c0 = −1.0 and c2 =

−1.5, in which the condensates in the components ψ+1 and
ψ−1 can be regarded as two-species atomic BECs with repul-
sive interspecies interactions. Using the same step as the first
scenario, novel soliton breathers are created in the ψ±1 com-
ponents, which are shown in Figs. 3(a) and 3(b).
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Fig. 3. (color online) Same situation as Fig. 1, but the nonlinearity coefficients c0 = −1.0 and c2 = −1.5. (a) Time evolution of the
densities |ψ±1 (x, t)|2 in two components. (b) Spatiotemporal contour plot of the density, |ψ+1 (x, t)|2. (c), (d), and (e) Time evolution
of ∆X (i.e., the interval between two solitons’ centers in two components), the peak density max |ψ+1 (x, t)|2, and the width of soliton
〈R〉+1 in ψ+1 component. Here x, ∆X , and 〈R〉+1 are measured in units of as. The t and |ψ j|2( j = +1,−1) are measured in units of
ω−1

x and a−1
s , respectively.

As seen in Fig. 3(a), after the two traps are changed from
V±1 (x) = 1

2 (x∓1)2 into V±1 (x) = 1
2 x2 at t = 0, the conden-

sates in components ψ+1 and ψ−1 make elastic collision. Fig-
ure 3(b) shows the spatiotemporal contour plot of the density
in the ψ+1 component. From this figure, we can see that the
condensates in the ψ+1 component perform periodic oscilla-
tion about x= 0, and the peak density of the condensates varies
with time t. Moreover, due to the exist of harmonic trapping
potential, the condensates are confined to a small region and
do not dissolve. Thus, soliton is created in ψ+1 component,
but this soliton is different from that shown in Fig. 1 for repul-
sive interspecies interactions.

For a better understanding of the influence of repulsive
interspecies interactions on solitons, we demonstrate the vari-
ations of interval between two solitons’ centers ∆X , the peak
density max |ψ+1 (x, t)|2, and the width of soliton 〈R〉+1 in ψ+1

component in Figs. 3(c)–3(e), respectively. From Figs. 3(c)–
3(e), we can see that the peak density and the width of soli-
ton display periodic oscillation. All this verifies that soliton
breather is created in ψ+1 component. It is also seen that when
∆X has a minimum (maximum) value, the soliton breather in
ψ+1 component has a minimum (maximum) peak and a max-
imum (minimum) width. This phenomenon can be explained
by the fact that when ∆X has a minimum value, the repul-
sive potentials of two solitons have maximum values, so soli-
ton breathers have a minimum peak and a maximum width,

and vice versa. Moreover, the cycle of the soliton breather is
around 29 (see Figs. 3(d) and 3(e)).

These novel soliton breathers are different from those in
Refs. [35] and [36]. They are formed by two factors: the trap-
ping potential and interspecies interactions. The trapping po-
tential makes the condensates localize in a small region and
prevents the dissolution of condensates. In addition, the move-
ment of soliton breather is caused by the displacement of trap
center. Due to repulsive interspecies interactions, which cause
the elastic collision of two solitons, solitons change their width
and peak maximum periodically.

3.2. Three-component solutions

We illustrate the soliton breathers in three-component
state. First, we describe the initialization of the system. We as-
sume that the three components are initially loaded into three
different traps of the same strength,[37] Vj (x), centered at dif-
ferent positions,

Vj (x) =
1
2
(x− jx0)

2 , j =−1,0,+1. (7)

Here, we choose the nonlinearity coefficients c0 = c2 = c =

−1.0. The BECs fulfill the 1D GPEs as follows:

i∂tψ+1 =

(
− 1

2
∂

2
x +

1
2
(x− x0)

2
)

ψ+1

+2c
(
|ψ+1|2 + |ψ0|2

)
ψ+1 + cψ

2
0 ψ
∗
−1,
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i∂tψ0 =

(
− 1

2
∂

2
x +

1
2

x2
)

ψ0

+2c
(
|ψ+1|2 + |ψ−1|2

)
ψ0 +2cψ+1ψ

∗
0 ψ−1,

i∂tψ−1 =

(
− 1

2
∂

2
x +

1
2
(x+ x0)

2
)

ψ−1

+2c
(
|ψ−1|2 + |ψ0|2

)
ψ−1 + cψ

2
0 ψ
∗
+1. (8)

We prepare the ground state of the system (8) with x0 = 1.0
and c=−1.0 by using the imaginary time propagation method
starting from the test wave function: ψ+1 (x) = ψ0 (x) =

ψ−1 (x) = π−1/4 exp
(
−x2/2

)
. The densities

∣∣ψ j (x, t)
∣∣2 ( j =

+1,0,−1) in the ground state are shown in Fig. 4.
After preparing this ground state, the three traps

Vj (x)( j = +1,0,−1) are suddenly changed into Vj (x) = 1
2 x2

at t = 0. The time evolution of the three-component state is

obtained by the time-splitting spectral method starting from
its ground state, which is shown in Fig. 5.
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Fig. 4. Densities of the three components ψ j ( j =+1,0,−1) in the
ground state of system (8) with x0 = 1.0 and c = −1.0. Here x and
|ψ j|2( j =+1,0,−1) are measured in units of as and a−1

s , respectively.
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Fig. 5. (color online) After preparing the ground state of system (8) shown in Fig. 4, the three traps Vj (x)( j =+1,0,−1) are suddenly
changed into Vj (x) = 1

2 x2 at t = 0. (a), (b), and (c) Spatiotemporal contour plot of the densities |ψ j(x, t)|2 in the components ψ+1 ,
ψ0, and ψ−1, respectively. (d) and (e) Time evolution of the relative densities ρ j in three components ψ±1 (identical to each other, i.e.,
ρ+1 = ρ−1) and ψ0, ∆X (i.e., the interval between centers of the condensates in components ψ±1). (f) and (g) Time evolution of the
peak density |ψ0(x = 0, t)|2 and the width 〈R〉0 of condensates in the ψ0 component, respectively. Here x, ∆X , and 〈R〉0 are measured
in units of as. The t and |ψ j|2( j =+1,−1) are measured in units of ω−1

x and a−1
s , respectively.

Figures 5(a)–5(c) show the time evolution of the densi-

ties |ψ j(x, t)|2 in three components ψ+1, ψ0, and ψ−1, re-

spectively. The soliton breathers are created in three compo-

nents, which are periodic and different from those illustrated

in Ref. [10]. Here we only focus on analyzing soliton breather

generated in the ψ0 component.

For a better understanding of the influence of attractive

interspecies interactions and spin exchange collision on the

soliton breather in the ψ0 component, we plot Figs. 5(d)–

5(g) to show the time dependence of the relative densities ρ j
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( j =+1,0,−1) in three components, the interval between cen-
ters of the condensates in components ψ±1 (i.e., ∆X), the peak
density |ψ0(x = 0, t)|2, and the width 〈R〉0 of condensates in
the ψ0 component, respectively. From Fig. 5(d), we can see
that spin populations display periodic oscillation caused by
the spin exchange collision (atoms are periodically transferred
from ψ±1 components into ψ0 component, and vice versa),
which is similar to that illustrated in Refs. [10] and [13].

It is well known that spin exchange collision is coherent
and it supports the existence of spinor solitons. As is shown in
Figs. 5(f) and 5(g), we can see the peak density |ψ0(x = 0, t)|2

and the width 〈R〉0 of condensates in the ψ0 component dis-
play periodic oscillation. When the peak density has a mini-
mum (maximum) value, the width has a maximum (minimum)
value. The peak density and the width have the same cycle.
This verifies that soliton breather is generated in the ψ0 com-
ponent. From Figs. 5(d)–5(g), we can see that the cycle of
this soliton breather is around 21.9. When ρ0 has a minimum
(maximum) value, the soliton breather in ψ0 component has
a minimum (maximum) peak density and a maximum (mini-
mum) width. However, this soliton breather is different from
that illustrated in Ref. [10]. The peak density |ψ0(x = 0, t)|2

and the width 〈R〉0 of soliton breather in the ψ0 component
have more complex periodic oscillation (see Figs. 5(f) and
5(g)), and the peak density of ψ0 component is not directly
proportional to its population (see Figs. 5(d) and 5(f)). These
differences are caused by the collision of atoms in different
components.

4. Conclusions
In this work, by numerically solving the 1D time-

dependent coupled GPEs that describe the dynamics of spin-
1 condensates, we demonstrate the collision of condensates
in two-component and three-component states. In two-
component state, we find three different scenarios: (i) the two
condensates with no interspecies interactions make elastic col-
lision and form stable bright solitons; (ii) the two condensates
with attractive interspecies interactions make inelastic colli-
sion; (iii) the two condensates with repulsive interspecies in-
teractions make elastic collision and form soliton breathers,
the peak density and width of these soliton breathers are re-
lated to the interval between two solitons’ centers. We also
give explanations for these three different scenarios. In three-
component state, we present novel soliton breathers in three
components, and find the possible reasons for those soliton

breathers. These findings suggest new possibilities in the study
of spin-1 condensates.
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