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Quantum entanglement of an entangled coherent
state: Role of particle losses∗
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We analyze entanglement properties of entangled coherent state (ECS), |α,0〉1,2 + |0,α〉1,2, with and without photon

losses. By separating the coherent state into |α〉= c0|0〉+
√

1− c2
0|α̃〉, we derive exact results of the logarithmic negativity

EN , which quantifies the degree of entanglement between the two bosonic modes. Without particle losses, EN = 1 for
the N00N state; while for the ECS, EN increases from 0 to 1 as |α|2→ ∞. In the presence of photon losses, we find that
the ECS with large enough photon number is more robust than that of the N00N state. An optimal ECS is obtained by
maximizing EN with respect to |α|2.
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1. Introduction

Continuous variable entanglement is of significant im-
portance for quantum information processing[1] and quantum
metrology.[2–8] For instance, long-distance quantum commu-
nications with continuous variable entanglement have advan-
tages over those relying upon discrete variable systems.[9–12]

In particular, entangled coherent states (ECS) have attracted
much attention.[13–18] As non-Gaussian states of light, the
ECS can be produced by means of a Kerr medium combined
with a 50:50 beam splitter (BS).[13,17–20]

Under various decoherence channels, the loss of entan-
glement for two-qubit systems has been studied intensively
after the pioneering work by Yu and Eberly.[21–24] It is in-
teresting to ask how the degree of entanglement evolves in
other quantum systems, such as continuous variable quantum
systems.[25–29] Here, we focus on a special case of the ECS-
like state, |α,0〉1,2 + |0,α〉1,2, where |α〉 is a coherent state of
the light. Such a kind of entangled state is indeed a superpo-
sition of the N00N states and is experimentally feasible with
current technology (see Ref. [8], and references therein).

The main purpose of our work is to answer how much
degree of entanglement is left for the ECS under the particle
losses.[26–29] To quantify the degree of entanglement, we adopt
the logarithmic negativity EN .[30,31] Without photon losses,
EN = 1 for the N00N state; while for the ECS, EN increases
from 0 to 1 as |α|2 → ∞. In the presence of photon losses,
we find that the ECS with large enough mean photon number
shows a greater robustness than that of the N00N state. For a

given loss rate, we find that there exists an optimal ECS with
maximal value of EN .

This paper is arranged as follows. In Section 2, we calcu-
late the logarithmic negativity EN without photon losses. By

separating the coherent state into |α〉 = c0|0〉+
√

1− c2
0|α̃〉,

we derive the exact result of EN of the ECS. In Section 3, we
consider the role of photon losses on the entanglement of the
N00N and the ECS states. The losses can be modeled as a
linear interaction between the modes of interest and two lossy
modes that are initially in the vacuum.[26] Exact results of EN

are obtained by using the above method. Finally, we conclude
in Section 4 with the main results of our work.

2. Logarithmic negativity of the entangled states
The logarithmic negativity EN has been introduced to

quantify the degree of entanglement; this quantity is a rigor-
ous entanglement monotone, and is zero for separable states.
According to Refs. [30] and [31], the logarithmic negativity is
defined as

EN = log2 ||𝜌PT1 ||= log2 [1+2N (𝜌)] , (1)

where the negativity N (𝜌) = |∑i λi| is the sum of the neg-
ative eigenvalues λi of 𝜌PT1 . Here, 𝜌PT1 denotes the partial
transpose of 𝜌 with respect to the mode 1. For instance, let us
firstly consider the N00N state[32–34]

|ψ〉1,2 =
1√
2

(
|N,0〉1,2 + |0,N〉1,2

)
, (2)
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where N is the total number of photons. The density matrix of
the N00N state can be written as

𝜌 = |ψ〉1,2 〈ψ|1,2

=
1
2
(|N,0〉1,2 〈N,0|1,2 + |0,N〉1,2 〈0,N|1,2

+ |N,0〉1,2 〈0,N|1,2 + |0,N〉1,2 〈N,0|1,2),

and its partial transpose is

𝜌PT1 =
1
2

(
|N,0〉1,2 〈N,0|1,2 + |0,N〉1,2 〈0,N|1,2

+ |η+〉1,2 〈η+|1,2−|η−〉1,2 〈η−|1,2
)
, (3)

where we introduce two orthogonal states[35]

|η±〉1,2 =
1√
2

(
|N,N〉1,2±|0,0〉1,2

)
. (4)

From Eq. (3), we can see that the partial transpose of 𝜌

has a negative eigenvalue −1/2, which yields the negativ-
ity N (𝜌) = 1/2 and hence the logarithmic negativity of the
N00N state[35]

EN = log2(2) = 1. (5)

To proceed, we calculate the logarithmic negativity of the
entangled coherent state[8]

|ψ〉1,2 = Nα(|α,0〉1,2 + |0,α〉1,2)

= Nα

∞

∑
N=0

cN(|N,0〉1,2 + |0,N〉1,2), (6)

where the normalized factor Nα and the probability amplitude
cN are given by

Nα =
1√

2(1+ e−|α|2)
, (7)

cN ≡ 〈N|α〉=
αN
√

N!
e−|α|

2/2. (8)

For the ECS, we obtain the mean photon number as

N̄ = 2N2
α

∞

∑
N=0

N |cN |2 = 2N2
α |α|2. (9)

Since the mean photon number can be rewritten as N̄ =

|α|2/(1+ e−|α|
2
), we obtain

|α|2 = N̄ +w(N̄ e−N̄), (10)

where w(z) denotes the Lambert W function, also called the
product logarithm, which gives the principal solution for w in
z = wew. For large |α|, w(N̄ e−N̄)→ 0, and thereby N̄ ' |α|2.
It is interesting to note that the ECS can be rewritten as

|ψ〉1,2 = Nα [2c0 |0,0〉1,2 +d0 |0, α̃〉1,2 +d0 |α̃,0〉1,2], (11)

where we separate the coherent state into

|α〉=
∞

∑
N=0

cN |N〉= c0 |0〉+d0 |α̃〉 , (12)

with c0 = exp(−|α|2/2) and d0 =
√

1− c2
0. Note that the

introduced state |α̃〉 contains no vacuum, thereby 〈0|α̃〉 =
(〈α̃|0〉)∗ = 0. In addition, as |α|2 → ∞ and the amplitude
c0→ 0, we have

|ψ〉1,2→
1√
2

(
|α̃,0〉1,2 + |0, α̃〉1,2

)
, (13)

which is a maximally entangled state due to 〈0 |α̃〉= 0. Using
Eq. (11), the density matrix of the ECS becomes

𝜌 = |ψ〉1,2 〈ψ|1,2

= (Nα)
2
{(

2c0 |0,0〉1,2 +d0 |0, α̃〉1,2
)

× (2c0〈0,0|1,2 +d0〈0, α̃|1,2)+d2
0 |α̃,0〉1,2 〈α̃,0|1,2

+
[
d0

(
2c0 |0,0〉1,2 +d0 |0, α̃〉1,2

)
〈α̃,0|1,2 +h.c.

]}
.

Again, since 〈0 |α̃〉 = 〈α̃ |0〉 = 0, we can choose the basis as
{|0,0〉1,2, |0, α̃〉1,2, |α̃,0〉1,2, |α̃, α̃〉1,2}, then the partial trans-
pose of 𝜌 can be written in the following matrix form:

𝜌PT1 = (Nα)
2


4c2

0 2c0d0 2c0d0 d2
0

2c0d0 d2
0 0 0

2c0d0 0 d2
0 0

d2
0 0 0 0

 . (14)

After straightforward calculations, we obtain the eigenvalues
of the above matrix as

λ1,2 = ±1
2

tanh
(
|α|2

2

)
, (15)

λ3,4 =
1
2
± e|α|

2/2

e|α|2 +1
> 0. (16)

Obviously, the negativity is given by

N (𝜌) = |λ1|=
1
2

tanh
(
|α|2

2

)
, (17)

and hence the logarithmic negativity for the ECS is

EN = log2

[
2

e−|α|2 +1

]
. (18)

As shown in Fig. 1(a), we find that EN increases continu-
ously from 0 for N̄ = 0, to 1 for N̄ > 6. This is because the
ECS approaches the maximally entangled state (see Eq. (13))
as N̄→∞ (i.e., |α|2→∞), which behaves like the N00N state,
yielding EN = 1.
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Fig. 1. (color online) Logarithmic negativity EN against the number of photons N̄ (a) and the transmission rate t (b) for the ECS (solid lines) and the N00N
(red dashed lines) states, as well as numerical results of the crossover of EN between the two states (c). In panel (a), the transmission rates t = 1, 0.9, and
0.7 (from top to bottom); in panel (b), EN versus t for the photon numbers N̄ = 2, 5, and 10 (from top to bottom). For a fixed t (< 1), EN reaches its
maximal value for an optimal ECS with N̄0 = 2N2

α0
|α0|2, as indicated by the arrows in panel (a). Moreover, a crossover of EN between the ECS and the

N00N states occurs when N̄ ∼ 3t−1/3arcsech(1− t)/2, as shown by the red dashed line of panel (c).

3. Role of particle losses on the degree of entan-
glement
We now consider the particle losses, which can be mod-

eled by introducing two fictitious beam splitters with the same
transmission coefficient t.[26] Firstly, let us consider the N00N
state. In the presence of photon losses, the total state can be
written as

|ψ〉T = B̂1,3B̂2,4
|N,0〉1,2 + |0,N〉1,2√

2
|0〉3|0〉4, (19)

where |0〉3 and |0〉4 are photon vacuums of two lossy modes.
The action of the BS’s can be described by unitary operators
B̂i j = e iθ(Ĵx)i, j , with (Ĵx)i, j = (â†

i â j + â†
j âi)/2 for the subscript

i = 1 or 2 and j = 3 or 4. For instance, we have

B̂1,3 |N〉1 |0〉3 =
J

∑
m=−J

e i π
2 (J−m)dJ

m,J(θ) |J,m〉 , (20)

where J = N/2 and angular-momentum states |J,m〉 =
|J+m〉1 |J−m〉3, as well as Wigner’s D-function

dJ
m,J(θ) = 〈J,m|e−iθ(Ĵy)1,3 |J,J〉

=
( 2J

J+m

)1/2
t

J+m
2 (1− t)

J−m
2

. (21)

Here, t = cos2(θ/2) denotes the transmission rate between the
mode 1 and the lossy mode 3. Specially, t = 1 means no parti-
cle losses and t = 0 corresponds to the case that all the photons
are lost. Similarly, we can also obtain

B̂2,4 |N〉2 |0〉4 =
J

∑
m=−J

e i π
2 (J−m)dJ

m,J(θ) |J,m〉 , (22)

where |J,m〉= |J+m〉2 |J−m〉4. Therefore, the total state can
be obtained as

|ψ〉T =
1√
2

J

∑
m=−J

e i π
2 (J−m)dJ

m,J(θ)
[
|J+m,0〉1,2

× |J−m〉3 |0〉4 + |0,J+m〉1,2 |0〉3 |J−m〉4
]
.

Tracing over the lossy modes, we obtain the reduced density
matrix as

𝜌 = Tr3,4 (|ψ〉T〈ψ|T)

=
∞

∑
k=0

∞

∑
l=0
〈k|3〈l|4|ψ〉T〈ψ|T|k〉3|l〉4, (23)

where |k〉3 and |l〉4 are Fock states of the lossy modes. Partial
transpose of the reduced density matrix can be easily obtained
as

𝜌PT1 =
2J

∑
k=0

[
dJ

J−k,J(θ)
]2

2

{
|2J− k,0〉1,2 〈2J− k,0|1,2

+ |0,2J− k〉1,2 〈0,2J− k|1,2
}

+

[
dJ

J,J(θ)
]2

2

{
|0,0〉1,2 〈2J,2J|1,2 +h.c.

}
, (24)

with 2J = N. Note that all the terms in ∑k{· · ·} have
been written in diagonalized form with positive eigenvalues
[dJ

J−k,J(θ)]
2/2. The last term can be diagonalized by intro-

ducing |η±〉1,2 (see Eq. (4)). Then we obtain the negativity
N (𝜌) = [dJ

J,J(θ)]
2/2 = tN/2 and hence the logarithmic nega-

tivity of the N00N state as

EN = log2(1+ tN). (25)

In Fig. 1, we plot EN as a function of the photon number (left
panel) and the transmission rate (middle panel). As shown by
the red dashed curves, we find that EN degrades rapidly with
the decrease in t.

Next, we consider the case of the ECS. The total state can
be obtained as

|ψ〉T = Nα B̂1,3B̂2,4

(
|α,0〉1,2 + |0,α〉1,2

)
|0〉3|0〉4

= Nα

(
|α
√

t,0〉1,2|iα
√

1− t〉3|0〉4

+|0,α
√

t〉1,2|0〉3|iα
√

1− t〉4
)
, (26)

where we have used

B̂i, j(t)|α〉i|0〉 j = |α
√

t〉i|iα
√

1− t〉 j, (27)
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for i = 1,2 and j = 3,4. Tracing over the lossy modes, from
Eq. (26) we obtain the reduced density matrix and its partial
transpose as

𝜌PT1 = N2
α {|β ,0〉1,2〈β ,0|1,2 + |0,β 〉1,2〈0,β |1,2

+e−|α|
2(1−t) (|0,0〉1,2〈β ,β |1,2 +h.c.)

}
, (28)

with β = α
√

t. Similar to Eq. (12), we separate the coher-
ent state into |β 〉 = c0|0〉+d0|β̃ 〉, where c0 = exp(−t|α|2/2)

and d0 =
√

1− c2
0. By choosing the basis {|0,0〉1,2, |0, β̃ 〉1,2,

|β̃ ,0〉1,2, and |β̃ , β̃ 〉1,2}, the partial transpose of 𝜌 can be
rewritten in a matrix form, like Eq. (14). Only one neg-
ative eigenvalue of 𝜌PT1 can be obtained, λ1 = −(et|α|2 −
1)/2(e|α|

2
+ 1), which in turn gives the logarithmic negativ-

ity

EN = log2

[
e−(1−t)|α|2 +1

e−|α|2 +1

]
, (29)

where |α|2 is given by Eq. (9). Without particle losses, i.e.,
t = 1, our result reduces to Eq. (18).

In Fig. 1(a), we plot EN against the mean photon number
N̄ for given transmission rates t = 1, 0.9, and 0.7 (from top to
bottom). It is found that for a fixed t, EN reaches its maxi-
mum at an optimal value of the mean photon number N̄0. To
solve it, we maximize f (x) = (x1−t +1)/(x+1) with respect
to x (= e−|α|

2
) and find a transcendental equation

xt
0 + tx0 + t−1 = 0, (30)

which in turn determines |α0|2 = − ln(x0) and hence N̄0 =

2N2
α0
|α0|2. In Fig. 2, contour plot of EN against t and N̄ is

depicted for the ECS case. It indicates that to keep the ECS
with large EN (say, > 0.7), the transmission rate of the pho-
tons t should be at least larger than 0.9. The green crosses of
Fig. 2 give an optimal ECS

|ψ〉op = Nα0(|α0,0〉1,2 + |0,α0〉1,2), (31)

which has maximal EN for a given t. Here, Nα0 is given by
Eq. (7) and |α0|2 is determined by the transcendental equation
(Eq. (30)). For instance, t = 0.7 and 0.9, the entangled co-
herent states with |α0|2 = 2.165 (i.e., N̄0 = 1.942) and 3.121
(N̄0 = 2.989) show maximal EN , as indicated by the arrows
of Fig. 1(a).

In Fig. 1(b), we plot EN against the transmission rate t
for the ECS state (the solid lines) and the N00N state (the red
dashed lines) with different photon numbers N̄ = 2, 5, and 10
(from top to bottom). It is found that EN degrades with the
decrease in t. Compared with the N00N state, however, we
find that loss of entanglement is slower for the ECS state with
large enough photon number N̄. Moreover, we note that for
a given t (< 1) there exists a crossover of the entanglement
between the ECS and the N00N states; only the ECS with

N̄ & 3t−1/3arcsech(1− t)/2 shows larger EN , as depicted in
Fig. 1(c).
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Fig. 2. (color online) Contour plot of EN against the transmission rate t
and square of the amplitude |α|2 for the ECS. To keep large enough en-
tanglement, say EN > 0.7, it is required that the transmission rate of the
photons t > 0.9. The green crosses indicate that for a given t, there ex-
ists an optimal ECS: Nα0 (|α0,0〉1,2 + |0,α0〉1,2), with |α0|2 = − ln(x0)
and x0 determined by the transcendental equation (Eq. (30)).

4. Discussion and conclusion
By separating the coherent state into |α〉 = c0|0〉 +√

1− c2
0|α̃〉, we have derived exact solutions of the logarith-

mic negativity EN for the entangled coherent state. With
such a simple method, we can solve the lower bound of phase
sensitivity (i.e., quantum Cramer–Rao bound) for an optical
March–Zenhder interferometer felt with the ECS. In fact, for
a single-shot measurement, the bound δφmin = 1/

√
FQ is de-

termined by the quantum Fisher information[36–39]

FQ = ∑
i, j

2
λi +λ j

∣∣∣∣〈λi

∣∣∣∣∂𝜌(φ)∂φ

∣∣∣∣λ j

〉∣∣∣∣2 , (32)

where λi and |λi〉 are the eigenvalues and the eigenvectors of
the outcome state after phase accumulation 𝜌(φ). In a previ-
ous work,[8] only numerical results of FQ have been obtained.
Using the method mentioned above, we can obtain the exact
solution of FQ and analyze in detail the role of the losses on the
achievable phase sensitivity. More interestingly, we can also
investigate quantum entanglement and quantum non-locality
for the squeezed superposition of coherent states under vari-
ous lossy channels (see, e.g., Refs. [40] and [41]).

In summary, we have examined the role of photon losses
on the logarithmic negativity EN for the entangled coherent
state. By diagonalizing partial transpose of the density matrix,
we present exact results of EN for both the N00N state and
the ECS. Without particle losses, we find that EN of the ECS
increases from 0 to 1 as |α|2→ ∞. In the presence of photon
losses, EN degrades for both the N00N and the ECS states.
However, the ECS with large enough mean photon number
shows a greater robustness than the particle losses. By max-
imizing EN for a given loss rate, we find an optimal ECS
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∝ (|α0,0〉1,2+ |0,α0〉1,2), with |α0|2 determined by a transcen-
dental equation.
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