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An adiabatic quantum optimization for exact cover 3 problem”
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A perturbation method is applied to study the structure of the ground state of the adiabatic quantum optimization for
the exact cover 3 problem. It is found that the instantaneous ground state near the end of the evolution is mainly composed
of the eigenstates of the problem Hamiltonian, which are Hamming close to the solution state. And the instantaneous
ground state immediately after the starting is mainly formed of low energy eigenstates of the problem Hamiltonian. These

results are then applied to estimate the minimum gap for a special case.
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1. Introduction

Quantum computation is widely believed to be able to
provide a speedup for computationally hard problems.[!=3]
Efficient quantum algorithms have been designed to solve
computational problems such as factorization,!!! unstructured
search,[>#8] etc. In the mean time, several quantum compu-
tational models have been proposed, one of which is the adia-
batic quantum optimization (ADO) model.

The ADO model has attracted a lot of attention,®~14! it
was proposed by Farhi er al.'¥) as a possible means for solving
nondeterministic polynomial (NP) complete problems. There
are some numerical studies of the ADO model for the NP-
complete problems, reporting polynomial scaling of the min-

19121 Meanwhile, counter ex-

imum gap up to about 100 bits.
amples were found in Refs. [10] and [11]. Later, it was shown
that the size of the gap in those counter examples could be
increased significantly by changing the adiabatic path or the
initial Hamiltonian.!!)

In spite of this, there is no rigorous analytical result to
characterize the performance of the ADO model for the NP-
complete problems until recently. Little insight exists on the
question of why the physical process can lead to extremely
small gaps and hence demands an exponential evolution time.
In Refs. [13] and [16], Amin et al. lifted the curtain on the
question. But there are still many underlying elements left to
be unveiled. In this paper, we investigate the ADO model for
the exact cover 3 (EC3) problem, which is a well-known NP-
complete problem in the computational regime.

The paper is organized as follows. In Section 2, we in-
troduce the ADO model, and discuss how to map a classical
EC3 problem onto it. In Section 3, we analyze how the instan-
taneous ground state immediately after the starting of the evo-
lution is formed, and those near the end as well. In Section 4,
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the analytical results are applied to estimate the minimum gap
for a special case. This paper is concluded in Section 5.

2. The ADO model
2.1. System Hamiltonian

In the ADO model, the Hamiltonian of the system is de-
signed to evolve from an initial form H,, whose ground state is
the initial state of the system, to a final Hamiltonian Hj,, whose
ground state is the optimal solution to an optimization problem

H = (1—s(t))Hy+s(t)Hy, s€0,1]. (1)

According to the adiabatic theorem, the evolution time is de-
termined by the minimum gap g, between the ground state
and the first excited state

Toc —. 2)

We denote the ground state of the total Hamiltonian by
G) = Y ezla), 3)

where c; are the complex probability amplitudes, and |z) (z €
{0, 1}") is the computation basis. At the beginning of the evo-
lution, ¢, = 1/2(N=1_|G) is therefore a uniform superposition
of all the computational states. At the end of the evolution, it
is a superposition of all possible solution states.

2.2. The EC3 problem

The EC3 problem can be formalized in the following way.
Consider N bits x1, xa, ..., x;y which take values O or 1. An in-
stance of EC3 consists of M triplets of bit indices (ic, je,kc)
(the clauses), where each clause is said to be satisfied if and
only if one of the corresponding bits is 1 and the other two are

0. A solution of a particular instance of the EC3 problem is an
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assignment of the bits X = (xj,x2,...,xy), which satisfies all

the clauses. This problem can be asmgned a cost function

) = Y0t g +xg, = 1)? “
c
such that each solution has zero cost and all other assignments
have a positive cost. The goal is to find an assignment that has
Z€ero cost.

In order to define an adiabatic quantum algorithm for
EC3, we need to choose Hp and Hy. To get H,, we change
the above cost function by replacing x; with x; = (1 —oc7)/2,
where o7 is the Pauli-Z operator on the i-th qubit. The problem
Hamiltonian is obtained as

Hy=MI—~ ZBG + Z Jijoi 0%, (5)
l J=1
where B; is the number of clauses that involve bit i, J;; is the
number of clauses in which bits i and j participate together, M
is the total number of clauses, and I is the identity operator.
For Hy,, we make the conventional choice

Hy, = 1NI ! icx 6)
b— ) ) =~ i
where o' is the Pauli-X operator on the i-th qubit.

3. Analysis by perturbation expansion

In the earlier works, it was known that the instantaneous
ground state changes from a large superposition of computa-
tional states to a small superposition of computational states
suddenly at the critical point where a quantum phase transition
occurs, and slowly at other time intervals.[11:13:16] Therefore,
the instantaneous ground states immediately after the starting
and near the end of the adiabatic evolution carry much infor-
mation about the instantaneous ground states immediately be-
fore and after the transition. In the following, the instanta-
neous ground state near the end of the adiabatic evolution is
analyzed, along with that immediately after the starting.

3.1. The ground state near the end

For convenience, the Hamiltonian near the end of the evo-
lution is modified as

H, = YHy, + Hp, (7

where 0 < y < 1.
Y. taking H,, as the unperturbed Hamiltonian, to calculate the

We can use a perturbation expansion in

eigenstates of H. Upon perturbation, the energy eigenvalue
and the eigenstate become

E(y)=E +yE( +y2E (8)
G(7)) =G +y|G1 -+fm Yh(9)

For simplicity, it is assumed that the problem has a unique
solution, therefore the ground state of H,, is a nondegenerate
state | f), where f is the final solution. To the O-th order in ¥,
|G(0)> =
the operators in Hy, each flip only one qubit. The lowest order

|f). The first-order correction has E(!) = 0, because

nonzero term is therefore the second-order one.

In order to figure out the components that contribute to the
instantaneous ground state significantly, we introduce a thresh-
old small number e. If |c;| > €, the component |z) is thought
to be significant. Let us introduce a set

S=A{lz) : |c;| > €} (10)

Define the number of different qubits in a state |z) from the
final solution state |f) to be d, = ||z — f]|, i.e., the Hamming
distance. Since Hy, is a linear function of 67, it can only gener-
ate single qubit flips. To include |z) into |G), we need to apply
Hy, at least m times. Therefore, |c;| = O(y%). By requiring
J/lz > ¢, it is found

loge
logy’
This indicates that, if |z) is significant, then it should be close

d,<8= (1)

to the final solution state in the Hamming distance. If d, < 8,
|z) is believed to be d-close to the final solution state. There-
fore, the set S can be rewritten as

S ={lz):d. < 8}, (12)

which consists of the states that are §-close to the final solution
state. It is clear now that the instantaneous ground state near
the end of the evolution is mainly composed by the eigenstates
included in S.

3.2. The ground state immediately after the starting

Again, the perturbation method is applied. Now the sys-
tem Hamiltonian becomes

H), = Hy + AH,, (13)

and the perturbation expansion is performed around Hj,. Since
H, is diagonal in the Hadamard basis, we need to carry out
the perturbation expansion on that basis. The instantaneous

ground state can be expanded on the Hadamard basis as

G) =Y b|n(2)), (14)

where |7(z)) = H®"|z) is the Hadamard basis, with H being
the Hadamard transformation.

The Hamiltonian H,, is a bilinear function of o;; hence, it
can generate single- and two-qubit flips in the Hadamard basis.
To include a state |7(z)) into the superposition |G), we need to
apply H,, at least w/2 times, where w is the Hamming weight
of z. This leads to b, = O(A*/2). By requiring that 1"/ > ¢,
it can be found

w<wC:Og7. (15)
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Let AEy, and AE,, be the uncertainties of Hy, and H,, re-
spectively. According to the uncertainty principle, we have

AELAE, > %(i[Hmep. (16)

Note that
Hy|7(2)) = win(2)), (17
ie., |m(z)) is an eigenstate of Hy with eigenvalue Ep = w.

Therefore, we have AE, ~ w for the ground state |G) by
using Eq. (15). The uncertainty principle requires AE, ~
(i[Hy, Hpl) /2we, leading to E, < (i[Hp,Hp])/2we. As dis-
cussed above, here the set S becomes

s— {|z> B, < ;(i[Hb,HpD/wc}, (18)

which consists of the eigenstates of H, whose eigenvalues
are less than (i[Hy,Hp))/2w., and the instantaneous ground
state immediately after the starting is mainly composed by the
eigenstates in S.

4. The gap of a special case

Here, a simple case is considered. Suppose that g, is
much smaller than the separation of the two crossing levels
from other energy levels, then the slow evolution of the system
close to the anticrossing will be restricted to only those levels.
The system Hamiltonian can then be approximately rewritten
in the two-state subspace as

H= (SGz Jrgme)/Z, (19)

where € = 2E (s —s™), s* is the transition point, and E is an en-
ergy scale characterizing the anticrossing. By using Eq. (19),
it can be shown that for € > gp,,

gm = €[(G(+¢€)|G(=¢))], (20)

where |G(£¢€)) denote the ground states before and after the
anticrossing. Here € > g, ensures that the above perturba-
tion expansion is valid, therefore the results of Section 3 hold.
This means that gy, is determined by the complex amplitudes
of the eigenstates that are J-close to the final solution state
and of the eigenstates of H,, whose eigenvalues are less than
(i[Hp,Hp))/2we. It can be shown
1St

gm < ﬁv (21)

where |S| denotes the cardinality of set S, and S* correspond
to set S at the coordinates £€. The equality happens when all
states in ST also belong to S~. This indicates that if the prob-
lem Hamiltonian happens to have an exponentially large num-
ber of low energy states that have large Hamming distances to
the correct solution, the resulting gap will then be exponen-
tially small.

5. Conclusion

To conclude, we have applied a perturbation method to
study the structure of the instantaneous ground state in the
ADO model for the EC3 problem. It is found that the instan-
taneous ground state near the end of the evolution is mainly
composed by the eigenstates that are §-close to the final so-
lution state, and the instantaneous ground state immediately
after the starting is mainly composed by the eigenstates of H,
whose eigenvalues are less than (i[Hy,Hp])/2w.. These re-
sults are then used to estimate the minimum gap for a simple

case.
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