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Based on the generalized Weyl quantization scheme, which relies on the generalized Wigner operator & (p,q) with
a real k parameter and can unify the P-Q, Q—P, and Weyl ordering of operators in k = 1,—1,0, respectively, we find the
mutual transformations between 8(p — P)8(g— Q), 8(¢— 0)d(p — P), and £ (p,q) , which are, respectively, the integration
kernels of the P-Q, O—P, and generalized Weyl quantization schemes. The mutual transformations provide us with a new
approach to deriving the Wigner function of quantum states. The 93— and Q— ordered forms of € (p,q) are also derived,
which helps us to put the operators into their 83— and Q— ordering, respectively.
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1. Introduction

Since the birth of quantum mechanics, operator ordering
and the classical correspondence of operators have been inten-
sively discussed.l'=3! They are also useful in quantum optics
and quantum statistics.!*" In a recent paper,[8! a generalized
Weyl-Wigner quantization scheme that can unify the P—Q or-
dering (all the Ps stand on the left of all the Os, denoted as
B—), the O—P ordering (all the Qs stand on the left of all the
Ps, denoted as 2—), and the Weyl ordering of operators was
proposed, where Q and P are the coordinate and the momen-
tum operators, respectively, [Q,P] =i (fi = 1). In that scheme,
an operator H corresponds to its classical function & (p,q)
through the following integration:

H=//dqdp9k(p,q)hk(p,q)7 (1)

where ; composes a family of generalized Wigner operators
(GWOs) for different real k parameters

1 o . , )
Q(p,q) = 472/,00 dyduenu(q*Q)ﬂy(pr)Jrlgyu. 2

When k& = 0, (p,q) reduces to the usual Wigner
operator.[>1%1 As each quantization scheme accompanies op-
erator ordering, say, the Weyl-Wigner correspondence accom-
panies the Weyl ordering of the operator, so Eqgs. (1) and (2)
assign a new operator ordering rule. Using the coordinate
eigenstate |¢) and |g) (g| = 8(g— Q) = ~ [ due “(4-0),
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one can express £ (p,q) in the coordinate representation as

'Qk (pvq)

1 /= Skt 1k
dve =iy i5-yP i-5~yP
o | dverime P ig) gl

1 [ ipy k+1 1—k
zﬂ[wdye - —y){at—| 3

Denoting the normal ordering as : :, by virtue of the integra-

tion method within normally ordered operators,!'1?! we can
obtain the normally ordered expansion of & (p,q)
Qk (p7q)
Lo — 1 (P +u?)+iulg—Q)+iy(p—P)+i%yu .
= Tﬂz '//,wdyd”e 4(y u ) iu(g—Q)+iy(p—P) isyu .

= b : / duefé"zﬁ"("’@*(P*P+§”)2 :

2n\/T

1 :/due7%uz(1+k2)+iu[q7Q+ik(pr)]7(p7P)2:

2n\/7

1 1
= mi eXP{—HkZ[(q—Q)z
#2ik(q - Q)P+ (p- PP+ @

An interesting question thus naturally arises: what are the 3 —
ordered and — ordered forms of GWO £ (p, ¢) and what are
their uses? What are the mutual transformations between the
P—Q ordering, O—P ordering and generalized Weyl ordering
of the operators? We shall answer these questions in the fol-
lowing sections. The mutual transformations provide us with
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a new approach to deriving the Wigner function of quantum
states. The B— ordered and Q— ordered forms of 4 (p,q)
help us to put the operators into 3— ordering and Q— order-
ing, respectively.

2. The Q- ordered form of Q; (p,q)
From Eq. (4), we see that when k = 0,

1 OV
Qk:o(p’Q):E: e~ (4=~ (p—P)*. ’ (5)

which is just the normal ordering of the Wigner operator
A(p,q). When k = 1, using (y| p) = fe”’y from Eq. (3)
and [=_dyly) (y| =1 of the coordinate representation, we ob-
tain

Q-1 (p,q) = / dye " |g—y) (g]

— e iPq Y e~ ipy
[ ml-nt
1 .
= ——¢"p) (q|

"1 [ o) bl ) ol = =
e P =8(p—P)s(¢—Q),  (6)

1
E Ip) {4l

so0 Q1 (p,q) represents the P—Q ordering (6(p — P) and
stands on the left of (¢ — Q), denoted as B—). When k= —1,

1 Lol s
Qi=—1(p,q) = 5[ dye " |q) (g -+l

= o= [ &l ol

- ﬁ l9) (pl €7 = |q) (g p) {pl
= 5(q—Q)5(p—P), Q)

where 6(g — Q) stands on the left of 5(p — P), so Q—_1 (p,q)
represents the Q—P ordering form (denoted as Q—).
Using the momentum eigenstate’s completeness relation

/j; dplp)(pl=1 ®)

and Eq. (3), we have
Q(p.q) = i/m dye 7
kA 27 J oo
k+1 1—k o0
x q—2y> <q+y‘/_ dp'|p") (V|

1
= — d dye™ i
Zn/ P / e

k+1 ’ 1 i(quﬂ‘)/
e 7 )P, 9
5 y><p\m )

X

q—

Then, using Eq. (7), we obtain

‘ k+1

q—y><p|

1+k

—5<9—y Q) s(p/ —P)e I (10)

2

Substituting Eq. (10) into Eq. (9) yields the Q— ordering form
of Qk (pa q)

Qi (p,q) = %/ dp/ dye i(p=r)
1+k
5(42y Q) (r' = P)
— ! Q e*k%(q*Q)(P*P) ) (11)
m(k+1)
In particular, when k = 0, Q4o (p,q¢) = A (p,q), so
A(p.q) = -a[e 001, (12)
Whenk =1,
21 (prg) = 5= [e 0], (13)
Comparing with Eq. (6), we have
S(p—P)3(q—0Q) = 5-Q[e O] (14

Here, the left is in 83— ordering, while the right is in Q— or-
dering. When k = —1, from Egs. (11) and (7), we obtain

1 NETRP
Q1 (p.g) = lim 0 {e 2(q-0)(p P)}

5(q—Q)d(p—P),

which embodies a new formula for the Dirac 6 function.

as)

3. The 3— ordered form of Q; (p,q)

Similar to Eq. (9), we derive

P / dp'|p") pl/ dye™'#
k+1 k
q—2Y><CI+2y’
—k‘

Lo 1

ﬂlmdye i !p><q+2 y
1 _i<q_ﬂ,) ,

x——e ) 16
T (16)

Using Eq. (6), we know

'Qk (paQ)

g+——y

\/12—7[}1?’>< 5

= 8(p' = P)5 (q+ %y— Q) eir(4t72).

Substituting Eq. (17) into Eq. (16) leads to the B— or-
dered form of & (p,q)
Qc(p.q)
1 0 A 1—k
7/ dye! (" PP5(p/ — P)s (q+ ——y— Q)
TJ 2
1

2i
— 1= (a—0)(p—P)
7:(1—k)q3[el ' J

1—k’

a7

(18)
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In particular, when k = 0, Qo (p,q) = A (p,q), so Eq. (18)

reduces to

Ap,q) = fqg[ (a—0)(p— P)}’ (19)

which differs from Eq. (11). When k = —1, equation (18) be-
comes

01 (p.g) = 5B [l 0P)]. 20)

Comparing with Eq. (7) leads to the identity

8(¢—Q)8(p—P) = %m [eiW*Q)(P*”)] .Q@

Here, the left is in Q— ordering, while the right is in 83— or-
dering. When k = 1, equation (18) presents

.1 2, o
Qk:] (p7q) - ;L)I%ESB |:e£(q Q)(P P):|

5(p—P)d(q— Q). (22)

4. The mutual transformation between 6(p —
P)d(q— Q) and & (p,q)

In Ref. [7], it has been proved that the classical correspon-
dence of operator H, defined through the k-parameter quanti-
zation scheme in Eq. (1), is

hi(p,q) =2mtr[Q_

x(p,q)H], (23)

so the classical correspondence of 5(p’ — P)8(q' — Q) is given
by

21t (24 (p,q)8(p' = P)3(d — Q)]
; 1—k 1+k
=t dye ' |g— —— -
I‘{/ ye q ) y><‘1+ ) y
1 / 1o —ip’ ’]
X —— e '
= P (4|
— 71 /dyeip)'eip’(q+l§ky)5(q_l_ky q> —ip'q

2
14k 1—k (o
- T _-—* —ip'(d'—q)
2n/dye 6(6] A q)

_ e~ ir'(d=a) oi (55 -p) P2 (44)
7r(1—k)

- ﬁe%(ﬂ’*l’)@'*@_ (24)

Substituting Eq. (24) into Eq. (1) gives
5(p' = P)d(q' — Q)

1 i, /
= m/dqdpﬂk(p7q)ef2k(1’ —P)(q —q). (25)

Conversely, due to Eq. (18), we know
1 2i ’ ’
—  Maddp erxP-r)d-9) 5 —P\s(d —
n(l_k)/ gdp'e (p'—P)d(q — Q)
1

=i 0¥ [elzik("_m(q_Q)} = (p,q), (26)

this is the integration transformation for converting §(p’ —

P)(q' — Q) into & (p,q),
of Eq. (25).

so it is the reciprocal integration

5. The mutual transformation between 5(q —
Q)d(p — P) and (p,q)

We now turn to search for the classical correspondence of
8(¢' — Q)5(p' — P) through Eq. (23)

2ntr [Q i (p,q)8(q' — Q)8(p" — P)]
-, 1 —k 14k
:tr[/dye by q—2y><q+2y‘

<= ld) ] 7]
= /dyelp>6(q+l+ky q) e 17 (4=12%) 10

- 76 iv'(d'=q) i (F 5" —p) 2 (¢ ~9)

m(l+k)
_ 1 (e
n(l+k)
_ 1
- m(l+k)

Substituting Eq. (27) into Eq. (1), we have
5(q' —0)5(y' —P)

1 i ’ ’
= m/ dgdp (p,q) e‘ZTk(p »)(a 7(1)7 (28)

this is the integration transformation for converting (g’ —

(d-a)- Tk

et (P=p)(d—a) 27

0)5(p’ — P) into Q4 (p,q), and its reciprocal transformation
is just the the result in Eq. (11)

m /dqdp e1+k(1’ -p)(d q)é(q_Q)é(p,_P)

1
I {e‘m"‘@“"”)] = (p.q). (29)

For k = 0, we obtain the mutual relation between 5(q' —
0)5(p’ — P) and the Wigner operator

*//dq dp'e 10 2)d=)5(4 —)5(p' — P)
= A(p.q), (30)

5(61’ —0)8(p'—P)

(l+k /dqdpA(p g) 2 (-n)d=0) 31

which provides us with a new approach to deriving the Wigner
function of quantum states.
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6. The generalized Weyl correspondence of the
squeezing operator

We now aim to derive the P—Q, O—P, and Weyl ordering
of the squeezing operator, which is in ket—bra form

[ eaim =

This form indicates that the classical dilation ¢ — ¢/ maps

(32)

onto the squeezing operator in the Hilbert space. As the first
step, we derive S;’s classical correspondence by using Eqs. (3)
and (23), and the result is

2rtr[Q-k (p,q) S1]

= /dye—1PY<q+ l+k ’/
_ ~ dg' 1—|—k q
/ VI 2 u

X O +7k
q—q 2)’

1 / . I+k  g—5ry
— [ dye '8 | g+ y—
v ( 2 u

— 2V [ dye 8 [(y+yp —ky-+ kyp ~ 2q + 2qu)

_ 1=k
9=~y

I+u+kpu—k I+p+kpu—k
= 72\/"7 eZqu%_ (33)
1+u+ku—k

Due to Egs. (1) and (33), we have

2
S = \f

. —1
14+ p+ku—k /dCIdpe'z”q”“”*k“*ka(p,q);(34)

for k = 1 or B— ordering

1 . ipot-!
Slzimepo#7

35
i (35)

for k = —1 or Q— ordering

— \/HﬂeiQP(#*l)’ (36)
for k = 0 or Weyl ordering
5= et 37

1 [13,14]

where : : is the Weyl ordering symbol.

7. Conclusion

In summary, based on the k-parameterized generalized
Wigner operator €2 and the quantization scheme unifying P—
Q ordering, O—P ordering, and Weyl ordering of operators,
we found the mutual transformations between the P—-Q, O—P,
and generalized Weyl ordering of the operators. The mutual
transformations provide us with a new approach to deriving
the Wigner function of quantum states. The 83— ordered and
9 — ordered forms of Q4 (p,q) derived in this paper help us
to put the operators into their 8— ordering and £ — ordering,
respectively.
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