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A new explicit multisymplectic integrator for the
Kawahara-type equation”
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We derive a new multisymplectic integrator for the Kawahara-type equation which is a fully explicit scheme and
thus needs less computation cost. Multisympecticity of such scheme guarantees the long-time numerical behaviors. Nu-
merical experiments are presented to verify the accuracy of this scheme as well as the excellent performance on invariant

preservation for three kinds of Kawahara-type equations.
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1. Introduction

The Kawahara-type equation or the fifth-order KdV-type
equation has the general form of

2u; + Oltyx + ﬁuxxxxx = fx(ua Uy, uxx)y
(x,8) € [-L,L] x (0,T], (1)

where o and f are real parameters with § 7 0 and f (i, uy, )
is a smooth function. Such equation occurs in the theory of
magneto-acoustic waves in plasmas!!! and in the theory of
shallow water waves with surface tension.?! Kawahara!!l ap-
pears to have been the first to write down the complete equa-
tion (1) with f(u,uy, tyy) = —3u? being a systematic study
and observe that the solitary wave states could have oscillatory
tails, and compute examples of such waves numerically. Much
attention has been paid to the Kawahara-type equation in the
last few years. Various numerical methods have been applied
on this equation, including the sinc method and the decompo-
sition series method,l3J the Dual-Petrov—Galerkin method, !
the multisymplectic Preissmann method,?! the semi-explicit
finite difference scheme,® the meshless method,”! and so on.

The multisymplectic numerical integrators were pro-
posed by Marsden et al.!8! as well as Bridges and Reich,"!
which are based on the Lagrangian formalism and Hamil-
tonian formalism respectively. The corresponding schemes
are called multisymplectic integrators which can both auto-
matically preserve the multisymplectic conservation law and
show excellent properties on invariant preserving. The mul-
tisymplectic integrators have been successfully applied to
many important physical and mathematical models, such as
the nonlinear wave equation,!!%!!l the nonlinear Schrodinger
equation,[!'>13] the Zakharov system,!'#] the Korteweg—de
Vries equation,!!>1%] the RLW equation,!!”! Klein—-Gordon—
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(18,19

Schrédinger equations, I the Maxwell’s equation,?! the

Ito-type KdV equation,?!! the Camassa—Holm equation,[>?!
and so on. 123723

The classic multisymplectic methods include the Euler-
box scheme and the Preissmann scheme which are actually
derived by applying the symplectic Runge—Kutta methods on
both the spatial and temporal directions. Wul®! applied the
Preissmann scheme on the Kawahara-type equation. However,
it is an implicit scheme and thus needs iterations to solve the
resulting nonlinear equations. The Euler-box scheme is ex-
plicit and easier to implement than the Preissmann scheme.
Thus, in the present work, we test the Euler-box scheme on
the Kawahara-type equation and verify the accuracy as well as
the invariant preserving property.

The rest of this paper is organized as follows. In
Section 2, we present the multisymplectic formulation and
the corresponding multisymplectic conservation law of the
Kawahara-type equation. In Section 3, we apply the Euler-box
scheme on the multisymplectic formulation and derive two nu-
merical schemes. Numerical experiments are carried out to
test the two schemes in Section 4. In the last section, we draw
some concluding remarks.

2. Multi-symplectic  formulation of the
Kawahara-type equation

In this section, we briefly review the multisymplectic for-

(261 The general pro-

mulation of the Kawahara-type equation.
cedure of deriving the multisymplectic formulation includes
three parts: the existence and formulation of the calculus of
variations, covariant Legendre transformations, and the De-
Donder Weyl equations.?’! In the first part for the Kawahara-

type equation, we have to introduce a potential function y, =
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u, and there exits a potential £ subject to the variational deriva-
tive of £ yields the Kawahara-type equation (1). Then, fol-
lowing the rest two parts, we can obtain the multisymplectic
formulation as

Mz + Kz, =V.S5(z), z€R", )
with
0-10000 000-1 0 O
1 00000 000 0 -1 0
000000 000 0 0 —1
M = 000000 K= 1000 0 0 [’
000000 0100 0 O
000000 001 0 O O
and
1
S(z) = focv +2Bq +wu+pv+F(u,v)
29+ E(u,)E(u.v). 3)

"2
Here, E(u,v) and F(u,v) are related to the derivation of the
potential of f, subject to

flu,v,s) = F,(u,v) —vE,,(u,v) — sF, (u,v) + 2sE, (u,v)
+SVEy (1, v) + V2 Ey (u,v),

where u, v, and s are with respect to u, uy, and uy,.
The multisymplectic formulation (2) has the following
conservation law:
dw+d k=0,

where @ = dz A Mdz, kx = dz AN Kz, which, for the
Kawahara-type equation (1), is equivalent to

o (dundy)+d(dwAdy+dpAdu+dgAdv)=0.

3. Multisymplectic Euler-box scheme for the
Kawahara-type equation

For convenience, we first introduce some notations: x; =
—L+ih,i=0,1,...,N; t; = jt, j=1,2,...; h=2L/N and
T are the spatial and temporal step sizes, respectively. ul’ is
an approximation to u(x;,7;). We also define the difference

operators as

Jjt+1 j J 1
/ u _ u: —u
& ul = , 6 ul = ,
T T
J J J_
. u: . —u: . u —u
1 i — ] i i—1
x 7 X 7 :

The Euler-box schemehfor Eq. (2)is
M. & 2] + M 8 2] + K, 8 2/ + K 8, =]
= V.S8(z), 4)
where M, M_ and K, K_ are matrix splitting for the sym-
plectic matrices M and K, so that,

M=M,+M_, M{=-M_,
K=K, +K_, Kl =—-K_.

The Euler-box scheme has the following discrete multisym-
plectic conservation law:

+ +oef —
5w +6 k=0,
where @/ = dz/ ' AMdz! and K/ = dz/ | AKz].
Note that the matrix splitting (4) is not unique, differ-

ent splitting methods will lead to different numerical schemes.
Here we take the following splitting:

0-10000 000-10 0
000000 000 0 —1 0
000000 000 0 0 —1
M, = 000000 , Ky = 0000 0 0 [’
000000 0000 0 O
000000 0000 0 O

for detailed derivation. Substituting the matrices into the

Euler-box scheme (4) yields
— 5" / — 8" / -0

6t ll/l 76+p1 _W]+F(ul’v1)
1
e )
st i
87 q) = P11+0W ' F (], v]) 5)
+E(E(u{,v{)+q{)Ev(ulj,v{),

o, l//l*ul,S ufvj

5] = %m, + B, vi)).

Eliminating the auxiliary variables y,v,w, p,q, we can obtain
a new explicit scheme for the Kawahara-type equation (1) as

6,+u{+6fu{+1+a<6;>26*uf+ﬁ<6+>3<6;>2u’—6;<Fu>{
+(8 ) (R)] - (8))VE ﬁ6+[(5 )ul (E.)]]

+%6j [(8:)%uf ()] =0. ©)

Here, (F, ) is the abbreviation of F, (u/ uj, l) and so on.

The Euler-box scheme (4) has its adjoint scheme in time,
which is

M, § 2+ M 82/ + K. 8} 2/ + K 8,2/ =V.S(z)). ()

After eliminating the auxiliary variables, we can also have an
explicit scheme which only differs from Eq. (6) in the first two
terms,

& ul+ 8t ul l+a(5+) 5*u [+ B(85)* (8, )ul — 8 (F)!

(& )HF) — (81)E ~5% s [(8:)%uf (EL)]]
+B6+[(8 )2ul (E,)]] =0. ®)
We have also tried all the rest splitting methods, however, there
result just the above two kinds of schemes. In the following

discussion, we will investigate these two schemes by the nu-
merical experiments.
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4. Numerical experiments

In this section, we consider numerical approximations of
solitary wave solutions for the Kawahara equation, the mod-
ified Kawahara equation, and the KdV-Kawahara equation
given, respectively, by

i) Kawahara equation

Up ~+ Uty + Uy — Uy = 0, )]
witha=2,8=-2,E(u,v) =0, and F (u,v) = —%u3.
ii) Modified Kawahara equation
ut+”x+u2ux+uxxx_uxxm =0, (10)
with ¢ =2, B = =2, E(u,v) =0, and F (u,v) = —u® — tu™.
iii) KdV-Kawahara equation
Uy + Uy + Uy + Uxy — Unpor = 0, (11)
with ¢ =2, = =2, E(u,v) =0, and F (u,v) = —u® — tu’.

In order to check the accuracy of the numerical
method, we need to introduce the norm definition, ||e/||. =
maxo<;<y |e{ |, where e/ is the error between the numerical
solution and the analytic solution. We also consider the two
schemes on the invariant preservation. Under some proper
boundary conditions, such as the periodic boundary condition
and the zero boundary condition, the Kawahara-type equation
admits the energy conservation law (ECL) and the momentum
conservation law (MCL), i.e.,

d d
E/E(x,t)dXZO, a//\/l(x,t)dxz

Sl +F+ 2ﬁEz and M = u?. The corre-
sponding dlscrete forms of ECL and MCL are

where £ = ux

N
_ Ocr i Bisis i, pi, b
E—h(;)ZSX [ 568l 5

N
M=hY (uf)?
i=0

Example 4.1 According to Ref. [28], the Kawahara equa-
tion has the travelling wave solution as
36
2 sech +—z)}, (12)

1

ulxt) = 159 [ﬁ (x 169

subjected to the initial condition
105 1

@sech4 (%0 .
We set L =20, h = 0.4, and 7 = 10~*. Figure 1 shows the
development of the waveform of solution (12) from ¢ = 0 to
t = 50 by scheme (6). We also test the scheme (8) for this
case. However, no matter how small the time step is, the nu-

u(x,0) =

merical solution soon blows up. This is probably due to the
up-wind phenomenon. Such phenomenon occurs in the rest
of numerical examples, so we only present the results of the
scheme (6) in the following. The accuracy test in space is
listed in Table 1, which verifies the second-order accuracy of

the Euler-box scheme (6). For the temporal order, due to the
limitation of the CFL condition, the error is dominated by the
spatial direction, thus we can hardly obtain the order by the
numerical calculation. However, by the simple Taylor expan-
sion, we can easily derive the second-order accuracy. Thus,
the scheme (6) is of two orders both in space and time.
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Fig. 1. Waveform of the numerical solution for the Kawahara equa-
tion (9).

Table 1. Convergence order in space with = 107> at7 = 1.

N [|le]l Order
25 0.0027

50 6.2742x 1074 2.1055
100 1.4949 x 1074 2.0694
150 6.9027 x 1075 1.9058

Figure 2 presents the errors in the global energy and mo-
mentum conservation law, which shows excellent performance
even if the computing time is up to 100 s.
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Fig. 2. Errors in the energy and momentum invariants.

Example 4.2 The modified Kawahara equation (10) also
has the travelling wave solution
3 29
—_sech —tﬂ , (13)

uxn) = s [2[( 25

subjected to the initial condition

3
—sech?

V10 (2f )

Here, the parameters L, i, and T are chosen as the above exam-

u(x,0) =

ple. Figure 3 shows the waveform of the numerical solution as
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well as the errors in two invariants. We can see clearly that the
wave shape is still captured very well. The errors in the invari-
ants are also bounded, which guarantees the long-time simu-
lations. Furthermore, since the Euler-box scheme is explicit,
the computation cost is rather small. In Fig. 4, we present
the time cost in the simulation for the Kawahara equation (9)
and the modified Kawahara equation (10) with different space
steps at = 50. The computation environment is CPU core i5
(2.3 GHz), 4 GB memory, Mac OS, and MATLAB (R2012b).
The result shows that the scheme (6) computes extremely fast
for both cases.
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Fig. 3. (a) Waveforms and (b) errors in the energy and momentum
invariants.
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Fig. 4. Time cost with different N. 7 is fixed as 1074,

Example 4.3 The following numerical test is an intersec-
tion of two solitons by the KdV-Kawahara equation with the

initial condition
105 1 1 1
u(x,0 :—{sech“( x+20 )+7sech4( x)}
(x,0) 169 24/13 ( ) 4 2V/13
The computation domain is [—50,100], = 1, and T = 10~*.
The three-dimensional plot is presented in Fig. 5 which has
been tested similarly in Ref. [6]. The two invariants are again

preserved very well.
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Fig. 5. (a) Waveform and (b) errors in the energy and momentum
invariants.

5. Concluding remarks

In summary, we apply the multisymplectic Euler-box
scheme on the Kawahara-type equation and obtain two mul-
tisymplectic schemes, which are both explicit and adjoint to
each other. However, from the numerical experiments, only
one scheme can work while the other soon blows up regard-
less of the choice of the time steps. Thus, we should be careful
when using the Euler-box schemes. Three numerical examples
show that the Euler-box scheme has good performance in the
soliton simulation, not only for the waveform capturing, but
also the invariant preserving.
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