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Second-order two-scale computations for conductive—radiative heat
transfer problem in periodic porous materials*
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In this paper, a kind of second-order two-scale (SOTS) computation is developed for conductive-radiative heat trans-
fer problem in periodic porous materials. First of all, by the asymptotic expansion of the temperature field, the cell problem,
homogenization problem, and second-order correctors are obtained successively. Then, the corresponding finite element al-
gorithms are proposed. Finally, some numerical results are presented and compared with theoretical results. The numerical
results of the proposed algorithm conform with those of the FE algorithm well, demonstrating the accuracy of the present
method and its potential applications in thermal engineering of porous materials.

Keywords: second-order two-scale (SOTS) computations, periodic porous materials, conductive-radiative

heat transfer
PACS: 02.30.Jr, 44.40.+a, 02.60.—x, 02.60.Cb

1. Introduction

Porous materials have many elegant properties, such as
low relative density and heat insulation, and have been widely
used in a variety of industrial products. These kinds of mate-
rials have small pores that may be open, connected, or closed,
and often subjected to thermal or chemical influence at internal
and external boundaries. As the materials often have periodic
configurations and characteristic coefficients oscillate rapidly
in small cells, it is necessary to develop a new kind of effec-
tive numerical method to predict the physical and mechanical
performance.

Radiation plays an important role in heat transfer at high
temperature. Some authors have developed numerical and the-
oretical methods for predicting the thermal properties of the
problem. Liu and Zhang!!! predicted the macroscopic prop-
erties of the heat conduction—radiation problem. Tiihonen!?!
discussed radiation on non-convex surfaces, and proved the
existence and uniqueness of the stationary conduction radia-
tion problem. BakhvalovP! studied an averaging method on
the heat transfer process inside periodic medium with radia-
tion and gave the asymptotic expansion of the temperature.
Convection occurs by flow, and can be neglected at low pres-
sures or in closed-cell porous materials.!'*] However, it man-
ifests significantly in heat transfer as the pores are large or
connected. Recently, EI Ganaoui!®! dealt with a linear heat
conduction problem with convection boundary condition us-
ing the first-order asymptotic expansion. However, its conver-
gence was not shown there. Later, Terada et al.!”! considered
the scale effect of a unit cell and derived formal expansions
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for the thermo-mechanical problem by the homogenization
method. In addition, the scale effect induced by the pore size
in heat transfer and mass diffusion of porous materials were
pointed out in Refs. [8]-[10].

In the study of the asymptotic analysis of the heat transfer
model, there are few results concerning the conduction con-
vection and radiation heat transfer problem comprehensively.
In Refs. [11] and [12], the authors considered a linear heat

conduction equation with £~

-order radiation boundary con-
ditions by two-scale asymptotic expansion, and justified the
convergence. It should be noticed that this non-classical model
cannot be used for the materials with low porosity, because it
overestimates the radiation behavior on the interior surface of
cavities. Later, Yang et al.!'3 gave a second-order two-scale
method to solve the coupled conduction and radiation equa-
tion with rapidly oscillatory coefficients, but did not consider
the effect of convection.

It should be pointed out that the homogenization method
only describes the asymptotic behavior of the problems as
€ — 0. However, in practical engineering computation, € does
not approach zero, and actually it is not very small. Substitut-
ing the first-order two-scale solution into the original equation,
we can find that the residual is O(1) even though H'-norm of
its error is O(¢'/2). The local error O(1) is not acceptable
for engineers who want to capture the local behavior of the
solution. Therefore, it is necessary to seek the higher-order
asymptotic methods.

According to the homogenization methods,!'*!31 Cui et
al.l'6-181 and He et al.!"?"! presented a higher-order multi-
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scale analysis method to predict the physical and mechanical
properties of composite materials and solved some practical
problems. With the help of higher-order correctors, the mi-
croscopic fluctuations of physical and mechanical behaviors
inside the material can be captured more accurately. As the
sizes of man-made devices and structures have been reduced
down to the nanoscale, the physical principles governing their
operation are changed dramatically. Different kinds of multi-
scale methods are required. Luo and Cao!?!! provided a frame-
work for the coupled atomistic-continuum simulations for the
heat transfer problem. Meanwhile, Shao ef al.'??! and Yu and
Wang (%3 developed a multiscale method for the atomic scale
simulation.

In this paper, we mainly discuss the conductive-radiative
heat transfer behavior in a three-dimensional (3D) domain, pe-
riodically perforated by thin parallel pipes in which fluid is
flowing. Heat convection occurs in the fluid which is assumed
to be transparent for radiation, while the radiation acts on the
surfaces of cavities and the pipes walls. The goal of this paper
is to establish a new numerical method to offer a better approx-
imation. We introduce the higher-order correction terms into
the asymptotic expansion of the temperature field, and then
derive a family of cell problems. A new SOTS method is uti-
lized to predict heat transfer performances of periodic porous
materials.

The remainder of this paper is organized as follows. In
Section 2, the second-order asymptotic expansions for the heat
transfer problem that accounts for the scale effect of unit cell
are derived. In Section 3 the algorithm procedure and some
numerical results for the heat transfer problem are shown. In
the last section, some concluding remarks are presented.

Throughout this paper the Einstein summation conven-
tion on repeated indices is adopted.

2. Second-order two-scale formulation

In this section, the SOTS formulation is derived for cal-
culating the thermal properties, including heat conduction pa-
rameters and temperature fields.

Let Y ={y:0<y; <1,j=1,2,3} and ® be an un-
bounded domain of R? which satisfies the following condi-
tions:

(i) @ is a smooth unbounded domain of R? with a 1-
periodic structure;

(ii) the cell of periodicity Y* = wNY is a subdomain with
a Lipschitz boundary, where Y™ is the reference periodicity
cell, as shown in Fig. 1(b);

(iii) the set Y\ @ and the intersection of Y\ @ with the &
neighborhood of dY consist of a finite number of Lipschitz do-
mains which are separated from each other and apart from the
edges of the cube Y by a positive distance;

(iv) the cavities the pipes are convex.

(b)
Fig. 1. Periodic distribution of porous materials. (a) Domain Q¢; (b)
unit cell Y*.

Then, the domain Q¢ shown in Fig. 1(a) has the form:
Qf = QNew, and Q¢ = IQ U UT?, where Q is a
bounded Lipschitz convex domain of R? without cavities and
pipes, and ng denotes the surfaces of cavities. The domain
QF has pipes with the axis in the third direction, of which the
diameter is of the same order as the period. Let I} denote the
wall of the pipes ¥: the bottom boundary of all pipes I}, I; the
interior boundary that is composed of the wall of each pipe Fgfi

and the surface of cavity I}>

¢,j» then we will have the following

relationship:
m(&)
Ye = U Ys,i, 1—;‘1 =% X (OaL3)7
i=1

m(€) n(e)
L=ULi=Q'ur? =Y LiUYy i
k i=1 j=1
The fluid is assumed to be almost transparent. Moreover, we
suppose that the radiative surfaces are diffuse and grey, that is,
the emissivity e of the surfaces does not depend on the wave-
length of the radiation, and that surface emits, absorbs, and
reflects radiation in the same manner for all directions.

The heat conduction equation with surface radiation was
firstly studied by Bakhvalov,! and later by Liu and Zhang!!!
Amosov,?4! and Yang et al., [13] in which the radiation bound-
ary condition in a closed cavity was essentially expressed as

OT, (%)
8x‘,-

—VikE () —eoT (x)— e / Re(2)F(x,2)dz on I,

£,
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where o is the Stefan—Boltzmann constant, v; the unit outward
normal on I, and R¢(x) the intensity of emitted radiation de-
fined by

Re(x) = eoTH(x)+ (1 —e) | Re(2)F(x,2)dz, Vx €Iz,
Ig;

The classical radiation boundary condition is considered in

this paper. Allaire and EI Ganaoui!'!l considered the radia-

tion condition with €' scaling factor on I¢. It must be noted

that it is a mathematical hypothesis and the scaling £~

may
not authentically reflect the physical behavior of the material
when the porosity is low.

In addition, convection and diffusion take place in the
pipes due to the fluid. It is further modeled by a fixed fluid tem-
perature T; € H'(Q¢) and a heat exchange coefficient /e (x).
Then, in the absence of radiative transfer, the heat flux on the

boundary is

T (x)
8xj

—vikf;(x) = ehe(x)(Te(x) — T;) on I;.
The scale effect on the homogenization for the heat transfer
problem in porous materials is considered, which has been ex-
plained in more detail in Ref. [7].

Under the above assumptions, we consider the coupled
equation for a given structure as follows:

o (¢, 0Te(x)\ _ c
— (kij(x) 7 >—f(x), x € Q°F.
Ts(x)—07 xelj.
dT:(x)
vikfj(x) 9, =0, x €I;. (D
vkt () 85‘;}?‘) — Ge(oTH(x))
J
+ehe (x)(Te (x) — Tp), xelg,

where kf;(x) are the coefficients of thermal conductivity; f/(x)
is the internal heat source; I7 and I; denote boundary por-
tions where temperature and heat flux are prescribed to ensure

LU =9dQ and I N I3 = 0; and G¢ is the operator defined
[2,11]
as

Ge(OT (x)) =0T (x) —e | Re(2)F(x,2)dz,  (2)
Iz
where F(x,z) is the view factor between two different points x
and z on I ;, and is defined in the 3D form for a convex cavity
as follows:

ny(x—2)n(z—x)

F(x,2) =FP(x,2) = |z —x|*

)
where n, denotes the unit normal at the point z.
In the two-dimensional (2D) form, the view factor is
(' — ) —x)

_ 2Dy
F()QZ)—F (X,Z)— 2|Z/_x/|3 ?

where x is the macroscopic coordinate of the structure and
x = (x,x3).

Suppose that the following conditions are satisfied:

(V) kij(x/€) = kji(x/€):

(vi) kij(x/€) are bounded, ¥ € R", and there exist two
positive constants (cj,c2) such that

ciInl* < kij(x/e)nim; < e2|n s

(vii) kij(y) = ki; (x) is l-periodic functions in y, and
y=x/¢&

(viii) f € L*(QF), he(x) € L*(QF), he(x) > 0.

Remark 1 Based on assumptions (vi)—(viii), the exis-
tence and uniqueness of the weak solution 7 (x) for the bound-
ary value problem (1) can be established. >3]

To simplify the expansion, we assume that the emissivity
is e = 1. However, our analysis can be extended straightfor-
wardly to the case 0 < e < 1.

We introduce a second-order two-scale asymptotic expan-

sion for T (x) as follows:

8T0(x) 82T0(x)

+ g2 <Noq o (y) O X, OXer
1 2)
9Ty (x)

a.xtxl

Te(x) = TO(x)JFgNaI (y)

+ Cflxl (T (%)

T DO)(T(x) —n)) P (), xE BV C QF)
3

where Tp(x) is the homogenized solution that reveals the
macro-characteristic of the problem; Ny, (¥), Ney o, (), Car, (),
Cnlx. (y), and D(y) are the local solutions.

Next, we substitute the approximate solution (3) into
Eq. (1). Aided by Lemma 2.1 in Ref. [12] and the formula

d . Jd 19
dx dx €9y’
and equating the coefficients of the same powers for €, from

the €~! term we can obtain that Ny, () is the solution of the
following elliptic partial differential equation:

d INg (y)> Ikia, (y) .
N ki . 1 — 1 , Y*
o ( j(y) ) o 4
J
No, (), Y : periodic

where I' = '2UT! is the surface of the cavities and the walls
of pipes contained in Y, and Y* is the solid part of Y.
Define

s 1
Yy

<kip (y)a];’yiy) +kij (y)> dy,

h= | h(y)dI. ©)
rt
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Then, we can obtain the homogenized equation associated
with Eq. (1) as follows:

0 Ty h v .

—— (& To—Tp) = — Q
5 (i3, ) + 070 = 51

Tp =0, onli, (6)
. 0T,

Vi ”80 0, onI5.

From assumption (vi) and Ref. [15], it follows that IAq s
symmetrical and positively definite. Then, the existence and
uniqueness of the homogenization problem (6) can be obtained
(see Ref. [6]).

From the €0 term, we can obtain auxiliary functions
Neyoy (9): Coy (v): Cgy, (), and D(y). Ng,a,(y) is the solution
of the following problem:

0 ON, y -
a*yl_ (kij(Y)al(XZ()> =koyor

dy; N (3)
—koy o ) — kOtzj(y) ao; .y
J
P) -
E kiayy (¥)Ney () 5 inY", (7)

,8 ( &
+k;

dy;
iy ()0Ney (0 )) —o,
N0!1 o (y)a

Cg, (y) is the solution of the following problem:

onl,

Y : periodic,

J ( dCq (y)> :
— | ki; 1 =0, inY*,
2y, i) 3,
dCq (y)
—vil k() =221 ) —406( N
Vi ( 1] (y) ayj o (03] (y) (8)
- [ M OFPGas). yer?
r
Co, (), Y : periodic,
C}X1 () is the solution of the following problem:
J 9Cq, (v)
=k 1 =0 inY*
aYi ( z/(y) 3yj , mr-,
ICq, (»)
—Vi <kij ») Iy, =40 <Na. ) )
,/Nal (S)FzD(yl,sl)ds,>, yGFl,
Y
Cét] (), Y : periodic,
D(y) is the solution of the following problem:
d aD(y) ho .
— | ki =— Y*
ayi ( lj(y) ay] ) |Y*|) n ’
aD 10
—i (kij()’)a(y)) =h(y), onI, 10
Yj
D(y), Y : periodic,
where ey = |Y [kayary /Y-

Remark 2 Following the idea in Ref. [13], under as-
sumptions (i)—(viii), the cell problems (4), and (7)—(10) admit
a unique solution, up to a constant, in H' (Y*)/R.

Now we can define the two-scale approximate solution of
problem (1) as follows:

0T,
Tf (x) = To(x) + €Ng, <y>a—°,
Xoy
RL
TE(5) = To(a)+ oMy () 510+ € (M) 3
1 1 2
(9 1 3 aT()
+C0‘1( ) axal +C ( )TO a Xa
+D(y)(Ton)>, D

where TF(x) and T5 (x) are called the first-order and second-
order two-scale approximate solution, respectively.

In summation, we can obtain the following theorem.
Theorem 1 The temperature field for the heat transfer
problem (1) for porous material with periodic distribution has

an SOTS asymptotic expansion as follows:

_ 2Ty 2 82T0
Te(x) - TQ(X)+£Na1 (y)a o +8 (N(Z]Otz(y) axal axaz
T aT
+ Coy () T5 5+ Chy () T5 5—
dxg, ! dxg,
Do) (T m) LE ey, (12)

where Tp(x) is the solution of the homogenized equation (6);
Noy (¥): Noyay (), Cary (v)» Cay, (), and D(y) are the local solu-
tions satisfying Egs. (4), and (7)—(10), respectively.

Theorem 2 Suppose that 2 C R" (n = 1,2,3), is a
bounded Lipschitz domain and dQ2 € C*. Let T (x) be the so-
lution of Eq. (1), Tp(x) be the solution of homogenized equa-
tion (6), and 75 (x) be the approximate solution of Eq. (11).
Under the assumptions (i)—(viii), if f € H?(Q), for sufficiently
smooth homogenized solutions 7p(x), we obtain the following

error estimate:

1 7e (x)

- TZS(X)”H](QE) <ce'?,

where C is a positive constant independent of €.

Remark 3 In a way similar to that of proving Theo-
rem 3.1 in Ref. [13], we can easily obtain the error estimate
with £!/2 order under the regularity assumption of the homog-
enized solution. The main difficulty in obtaining the error es-
timate for the second-order two-scale approximate solution is
how to treat the boundary conditions. We refer the readers to
Ref. [13] for details.
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3. FE algorithms and numerical examples

In this section, we describe the algorithm procedure to
study the asymptotic behavior of the heat transfer problem (1)

and present some numerical examples.

3.1. FE algorithms for the SOTS method

(1) Form and verify the geometry of the structure. Then,
partition Y* into FE mesh.

(2) Compute Ny, (y) according to the problem (4) by the
FE method. Furthermore, the homogenization coefficients lAq I
and / are computed by using the formula (5).

(3) Given the computed lAc,' ; and ﬁ, the homogenization so-
lution Tp(x) is obtained by solving problem (6) in Q.

(4) Applying the same meshes as those in (2), we eval-
vate Ng, o, (¥), Co, (3), C}xl (y), and D(y) by solving the cell
problems (7)—(10).

(5) From Eq. (11), the temperature is evaluated.

3.2. Numerical examples
3.2.1. Example 1

Consider the mixed boundary value problem (1), where
Q€ =[0,0.25]° is composed of entire cells shown in Fig. 1(a),
and the reference cell Y* = [0, 1]? is shown in Fig. 1(b). The
boundary temperatures in the z direction are set to be 77 and
T>. The values of emissivity of the cavity surfaces and pipe
walls are equal to 1.0. ¢ = 5.669996 x 1078 W/m2-K*, and
the radii of the pipe and cavity in Y* are 0.2 and 0.25, respec-
tively. In addition, the radii of the pipe and cavity in Y* are,
respectively, 0.1 and 0.25 for Case 4 in the following.

Since it is difficult to find the analytical solution of
Eq. (1), we have to take T¢(x) as their FE solution 7; in the
very fine mesh, and implement the tetrahedron partition for
Q¢ The number of elements and nodes are listed in Tables 1
and 2.

Table 1. Comparison of computational cost among different methods.

Original equation ~ Unitcell ~Homogenized equation
Elements
645800 5173 93750
Nodes 131726 1321 17576

Table 2. Comparison of computational cost among different methods
for Case 4.

Original equation ~ Unitcell ~Homogenized equation
Elements
738945 5703 93750
Nodes 142241 1357 17576

The following four cases are investigated:
Case 1: kijjo = 1.98;;, h = 0.567, T1 = 100, T, = 500,
f=0;

Case 2: kjjo = 1.96;;, h = 0.567, T; = 100, 7> = 1000,
f=0;

Case 3: kjjo = 1.99;;, h = 0.0567, T = 100, T> = 1000,
f=0;

Case 4: kijo = 1008;;, h = 0.0567, T1 = 100, T> = 1000,
f=1x10".

In order to show the thermal properties of porous materi-
als, the effective thermal conductivity coefficients are obtained

and the typical values for Cases 1 and 4 are

1.6844 0.0137 0.0009
0.0137 1.6844 0.0004 |,
0.0009 0.0004 1.8438

95.9852 0.6077 0.0295
0.6077 96.1372 0.0406
0.0295 0.0406 97.3929

It should be noted that Tp(x) denotes the numerical solution
for the modified homogenized equations (6) in a coarse mesh.
T¢(x) and T£(x) are the first-order and the second-order nu-
merical solutions based on Eq. (3), respectively. Set the zeroth
error g = T. — Ty(x), the first error ¢; = T, — T (x), and the
second error e; = T, — TZS (x). For convenience, we introduce

the following notation:

. 1/2
Vg ey = (/QS(|VV|2)d)C> )

The relative numerical errors of the homogenization, first-
order, and second-order two-scale methods in the H! are listed
in Table 3.

Table 3. Comparison of computing results of semi-norm H'.

leol g1 /| Te] 1 ler] g1 /| Tel le2] g1 /| Tel
Case 1 0.16551096 0.04339014 0.04144399
Case 2 0.12593088 0.11078027 0.07717135
Case 3 0.12391140 0.10745522 0.07236294
Case 4 0.1662830 0.1042401 0.0702239

Figures 2(a)-2(f) illustrate the numerical results of Tf (x),
75 (x), and T; at the intersection x = 0.125, and for 7§ (x) /9y,
dT£(x)/dy, and 9T, /dy at the intersection y = 0.15 in Case 2.

To check whether the second-order corrector is directly
related to the amplitude of the source term (obvious in view
of the cell problem (7) for Ny, a,(y)), we consider it in the
numerical simulations.

Figures 3(a)-3(d) illustrate the numerical results for
To(x), Tf (x), f"ze(x), and T, at the intersection z = 0.15 in
Case 4.
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Fig. 2. (color online) (a) Case 2, Tf’ (x); (b) Case 2, Tf (x); (c) Case 2, T¢; (d) Case 2, 8Tf (x)/9y; (e) Case 2, 3T2“’ (x)/dy; (f) Case 2, IT; /dy.
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1410.10
1410.05
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Fig. 3. (color online) (a) Case 4, Ty(x); (b) Case 4, Tf (x); (c) Case 4, Tf (x); (d) Case 4, T..
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3.2.2. Example 2

In practical engineering, porous materials are generally
comprised of a large number of pores. A porous system de-
picted in Fig. 4 is used to demonstrate the effectiveness of
the SOTS computational method, which is composed of 8000
pores each with a diameter of d = 6.25 mm and 400 pipes
each with a diameter of d = 2.5 mm, respectively. The ther-
mal conductivity of the matrix is k = 100 W-K~!-m~! and
the heat exchange coefficient is 7 = 0.567 W-K~!-m~2 in
pipes. The boundary temperatures in the z direction are set
to be 77 = 100 K and 7, = 800 K. The internal heat source
f(x) = 10000 M-W-m~3. Figures 5(a)-5(d) illustrate the nu-
merical results for 7p(x), T (x), 7 (x), and T; at the intersec-
tion z = 0.1375.

Both the SOTS method and the direct numerical simula-
tions are performed on the same computer (with a memory size
of 96 GB and 24 2.33-GHz processors). With the aid of the
SOTS method, it is very time-saving to solve the simulation
(3 s for solving the cell problem; about 35 s for the homoge-

1311.30
1311.25
1311.20
1311.15
1311.10
1311.05

Temperature

1311.45
1311.40
1311.35
1311.30
1311.25
1311.20
1311.15
1311.10
1311.05

Temperature

nized problem). Furthermore, the direct numerical simulation
takes about 160 h to simulate the conductive-radiative heat

transfer in this example because it requires fine meshes.

1311.30
1311.25
1311.20
1311.15
1311.10
1311.05
1311.00
1310.95

Temperature

1318.6
1318.5
1318.4
1318.3

Temperature

1318.2

Fig. 5. (color online) (a) Ty(x); (b) T (x); () T£ (x); (d) Te.
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From Tables 1-3 and Figs. 2-5, we can obtain the follow-
ing points.

1) The homogenized solution gives the origin problem an
asymptotic behavior, which is not enough for € that is not so
small. Hence, it is necessary to introduce the higher-order
correctors. Table 3 and Figs. 2-5 show that the first-order
and second-order correctors give a better approximation of the
temperature and its gradient. The latter is even better than the
former in approximation, especially at a high temperature or
when the source term varies with large amplitude.

2) If the values of kf;(x/€) in different parts of the unit
cells are all small, the homogenization results are not very
good (see Cases 1-3). In these cases, we need to use the
first-order, or even higher-order asymptotic approximations,
especially at a high temperature. Furthermore, the proposed
method is suitable for a very small periodic parameter €.
Namely, there are a great number of cells in a porous mate-
rial.

3) From Tables 1 and 2, it is seen that the mesh parti-
tion numbers of the SOTS approximate solution are much less
than that of refined FE solution, which means that the new
approximate solution can greatly save computer memory and
CPU time. Considering the advantage of the great reduction in
computational efforts, the SOTS method is acceptable for the
large scale simulations in practical engineering.

4. Conclusions

In this paper, a second-order two-scale computational
method is developed for solving the conductive—radiative heat
The SOTS
formulation for the coupled problem is given, including the

transfer problem in periodic porous materials.

second-order two-scale asymptotic expression of the tempera-
ture field, and the formulations of the expected homogenized
parameters.

Finally, the validity of the two-scale model is verified by
comparing our method with the FE methods. By evaluating

Naja, ), Coy ()5 C('Xl (y), and D(y), we can acquire more de-
tailed information about the convection effects of pipes and ra-
diation effects on the surfaces of the cavities and pipes walls,
which indicates that the SOTS method can provide fairly accu-
rate results with a great reduction of computational efforts. It
could be useful for simulating the conductive-radiative heat
transfer problem involved with a huge number of pores in
practical engineering.
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