Chin. Phys. B Vol. 23, No. 3 (2014) 030202

Elastic behavior of disclination dipole near nanotube with
surface/interface effect”

Zhao Ying-Xin(BW#1)? ", Zeng Xin(#% %)Y, and Chen Chang-Ping([%: & )"

a) State Key Laboratory of Advanced Design and Manufacturing for Vehicle Body, Hunan University, Changsha 410082, China

b) College of Civil Engineering and Architecture, Xiamen University of Technology, Xiamen 361024, China

(Received 8 May 2013; revised manuscript received 18 July 2013; published online 24 January 2014)

In this paper, we present an analytical solution of the interaction of the nanotube (NT) with a wedge disclination dipole
in nanotube-based composites. The corresponding boundary value problem is solved exactly by using complex potential
functions. The explicit expression of the force exerted on disclination dipole is given by using the generalized Peach—
Koehler formula. As a numerical illustration, both the equilibrium position and the stability of the disclination dipole are
evaluated for different material combinations, relative thickness of an NT, surface/interface effects, and the features of the
disclination dipole. The results show that as the thickness of the NT layer increases, the NT has a relatively major role in
the force acting on the disclination dipole in the NT-based composite. The cooperative effect of surface/interface stresses
and the NT becomes considerable as the increase of NT layer thickness. The equilibrium position may occur, even more
than one, due to the influences of the surface/interface stress and the NT thickening. The influences of the surface/interface
stresses and the thickness of the NT layer on the force are greatly dependent on the disclination angle.
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1. Introduction

In composite materials, where we combine distinct
phases together for fillers, the opportunity exists to design ma-
terials for specific properties at various levels of scale./'l Nan-
otubes (NTs), the synthesized atomic resolution characteriz-
ing nanoscale one-dimensional (1D) structures, are cylindri-
cal hollow tubes, similar in diameter to biological ion chan-
nels (a few nanometers). Certainly, the exceptional effect of
NTs as fillers should improve markedly as their fibers become
smaller, because of the increased surface area (per volume of
filler) available for the interaction with the matrix. For exam-
ple, a NT of about 10 nm in diameter has an interfacial area
with a matrix that is almost 1000 times greater than that of a
10-micrometre fiber of the same volume. This intimate con-
tact can influence the properties of the matrix, and affect its
chain entanglements, its morphology and even its crystallinity.
In recent years there have been rapid advances in technol-
ogy for synthesizing NTs made from various materials and
modifying their surface chemical components, such as carbon
and silicon carbide,>! boron nitride (BN),[6‘8] and titanium
dioxide (TiO,).%!% Therefore, NTs can be used as excellent
nanofillers in diverse multifunctional composites to improve
physical, mechanical, and electronic properties, and chemical
capillarity, storage, and grafting properties of the composites
unattainable from current materials.[!1-16]

Disclinations were firstly defined by Volterral!” and orig-
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inally introduced in the mechanics of deformed solids. The
disclinations, similar to dislocations, are defects with long-

[18

range distortion fields. 1 As is well known, a dislocation

is determined by its Burgers vector b. In the same man-
ner, a disclination is related to an axial vector w (the Frank
vector). For a single straight-linear disclination, the ener-
gies of self-screened disclination configurations (disclination
dipoles, disclination loops, etc.) may be relatively small,
and as proposed by Romanov,!'”! the self-screened disclina-
tions may exist more easily in bulk crystalline and/or amor-
phous solids. Self-screened disclination configurations can
be directly observed in severely deformed solids.””! They
have been recognized as typical defects and the sources of
characteristic singularities in the fields of displacement and
rotation.?!=23] Disclinations are special physical objects that
serve as carriers of violation of rotational symmetry.>* They
are found in nature and are used to describe such diverse phe-
nomena as the arrangement of molecules in liquid crystals, >

[26

the deformation behaviors of metals, 2! the polarization ef-

fect and diffraction of electromagnetic waves, ?”! the displace-

(29 misori-

ments of the Earth’s crust, 28] galactic structures,
entation in heteroepitaxial diamond films,*! etc. Moreover,
comprehensive physical descriptions of plastic deformation of
nanocrystalline material and its effect on mechanical prop-
erties of nanocrystalline material require the introduction of

an adequate model given by the concept of disclinations to
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explain the structural evolution and transitions among vari-

31321 In the early

ous substructures on various length scales.!
1980s, the advent of the first nanocrystalline material [33-341
aroused a great interest in disclinations as a powerful mean
to describe the structural and mechanical behaviors of nano-
objects.33] The geometric and elastic properties of wedge
disclinations were used to model the pentagonal symmetry
and strained state in nanoparticles,*%37] to explain the abnor-
mal Hall-Petch relation[*! and all kinds of grain boundary

phenomenal3-43

in nanocrystalline materials, to study pos-
sible ways of misfit-strain accommodation in heterogeneous
nano-layered structures,***! etc. Accordingly, the discli-
nation concept is recognized to be very helpful in various
branches of physics and is significantly used to describe the
structures and mechanical properties and to explain a variety
of physical phenomena in solids.

As we have seen, the problems of edge and screw dis-
locations interacting with the NT accounting for the surface
effects have been addressed by Shodja er al.[**! and Moeini—
Ardakani ef al.,[*’1 while the influence of NT on disclination
defect behavior has not been quantitatively studied well. The
focus of this research is to suggest a theoretical model to inves-
tigate the fundamental mechanism of the structure/size effect
of NTs on wedge disclination dipoles in NT-based composites.
Taking into account the nanoscale features of NTs, the Gurtin—
Murdoch surface/interface elasticity model 34 is used to ac-
count for the surface/interface effect of the NTs. By utilizing
this surface/interface elasticity model, great effort has been re-
cently made to understand some unusual phenomena related
to the surface/interface stresses in nanocomposites. 207!

The main work is to address the influences of different
material combinations, relative thickness values of NTs and
surface/interface effects as well as the features of the discli-
nation dipole on the equilibrium position and the stability of
the disclination dipole. Results from our micromechanical
modeling show that the properties of NT-based composites are
strongly influenced by the NT diameter. The importance of
taking into account the surface/interface effects on disclina-
tion defect is highlighted in our characterization and modeling
of model NT-based composites.

2. Problem solutions

In surface/interface elasticity theory, a surface or interface
is regarded as a negligibly thin layer adhered to the underly-
ing bulk material without slipping and having elastic constants
different from those of its bulk counterpart. The surface stress
tensor ¢* is related to the deformation dependent surface en-

ergy I1 (Saﬁ) by

oI (gp)

O'éﬁ - Tsaaﬁ—’_ a&‘aﬁ

; ey

where € is the 2 x 2 strain tensor for surface/interface, 64
represents the Kronecker delta for surface/interface and 7° is
the residual surface/interface tension.

The presence of surface/interface stress gives rise to a
nonclassical boundary condition, which is in combination with
the surface/interface stress—strain relations and the equations
of classical elasticity forms a coupled system of field equa-
tions. From Gurtin and Murdoch!38! and Gurtin et al.,* on
the assumption that the surface adheres to the bulk without
slipping, and in the absence of body forces, the equilibrium
and constitutive equations for the isotropic case can be sum-
marized as follows. In the bulk

o) ; =0,
0} = Cijur = [A8;8u + 1 (58t + 8u6ix) | €, (2)

at the surface/interface

<GEa”a> +G/§a,/3 =0, <O-jl?injni> = ;g Kap s 3
Opq = T80 +2(1° —7°) &0 8py + (A° +7°) €1y Spa, (4)

where A and u are the Lamé constants for the isotropic bulk
material. Isotropic interfaces or surfaces can be characterized
by surface/interface Lamé constants u® and A® (which ren-
der the surface/interface energy deformation dependent) and
residual surface/interface tension 7° (under unstrained condi-
tions). The superscripts b and s denote the bulk and the sur-
face/interface, respectively. Here kg represents the curvature
tensor of the surface or interface, ny is the normal vector at
the interface or surface and finally &;; is the infinitesimal strain
tensor and o;; is the corresponding stress tensor. In addition,
(W) = Wo — W, denotes the jump across the surface/interface
from matrix to the NT.

It is noted that only certain strain components appear
within the constitutive law for surface/interface due to the 2 x 2
nature of the surface/interface stress tensor (i.e., strains normal
to the surface/interface are excluded). Thus, the Greek indices
take on values 1 and 2 while Latin subscripts adopt values 1
through 3. Conventional summation rules are used unless oth-
erwise noted.

Figure 1 shows the plane physical problem to be treated
in this paper. An NT with inner radius R; and outer ra-
dius R, is filled into the infinite elastic matrix. The NT is
straight and infinitely extended in a direction perpendicular
to xOy plane. The circles I7 and I; are used to denote the
NT’s inner surface and the outer NT-matrix interface, respec-
tively. Perfect bonding conditions are assumed at the sur-
face/interface I'1 and I5. The NT and matrix are both assumed
to be isotropically elastic with elastic properties (t;, v; and
Uz, V2. The origin of the rectangular coordinate is selected
to be at the center of the circular NT. The wedge disclination
dipole consists of a positive disclination with strength @ at
71(= x1 +iy; = 20 — pe'?) and a negative disclination with
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the same strength at zp (= x2 +1iy» =z0 + pei‘/’) in an infinite
matrix, so that the dipole arm has the length 2p and zy = p e?
Both disclination lines are perpendicular to the xOy plane.

AY

H1U1

H2U2

s)\S -8
/11)\17'1 H5A2TS

Fig. 1. (color online) A wedge disclination dipole in an NT-based com-
posite.

For the present problem, based on Egs. (3) and (4), the
boundary conditions at the surface/interface I7 and I; can be
expressed as follows:

a S
[0rr1 (1) + 10,01 (1)] = Ril [0261 (r) —i%@ , (5
(1 (§) + i1 (O] = [w2 () +iug2 ()], (6)
[Grr2 (C) + iGrGZ (C)]7 - [Grrl (C) + iGr91 (C)]Jr
1 S aGl-)el (C)
=% o, (§) —i—5— 56 }, (7

where (0, 0,9) and (u,, ug) are the stress and displacement
components, respectively, in the polar coordinates (r,0) with
the origin at the center of the circular NT, the superscripts “+”
and “—” denote the boundary values of a physical quantity as z
approaches the surface/interface from the interior and exterior
of a circle, respectively. In addition, [t| = R} and |{| =

In light of Muskhelishvili,®¥! the bulk stress and dis-
placement components can be expressed in terms of two com-

plex potentials us = 0.01 and ¥ (z) of the complex variable z

as follows:
0y +0u=2[@ @)+ ()|, ©
Oyy — Oxx + 210)&}) =2 [Z(P/ (Z) -¥ (Z)] ’ ©)

20 (1) = iz {m ©- @+ @+ FE)|, (10

where Oy, 0y, and Oy, are the stress components in Cartesian
coordinates, u, = du,/d0, u; = duy/d6, uy, and uy are the

(2)]/dz, z = pel?,

the overbar represents the complex conjugate, and Kk =3 —4v

displacement components, @' (z) = d [P

for the plane strain state.

For a wedge disclination dipole placed inside the matrix,
two complex potentials &P (z) and ¥ (z) which are holomor-
phic in the NT can be taken in the following forms:

= Z aka + Z bszl:
k=0 k=1

an

=Y ad?+ Y diz ', (12)
k=0 k=1

where the unknown coefficients ay, by, ¢, and d;, could be de-

termined from the boundary conditions (5)—(7). For simplic-

Y aZ* and
k=0

ity in the calculations, we assume that Tp (z) =

Ty (z) = kg bz *

According to Romanov and Vladimirov,['¥ Liu ez al.,’%
and Fang et al.,[®" two complex potentials @, (z) and ¥ (z)

in the matrix can be represented as follows:

D

:(5) = 2 In(z—21) ~In(z—2)]+ Pu (), (13)
U

B = éw <zizzz_zilz1)+%0(z)’ (19

where Dy = 1 / 27 (1 — 12)], P29 (z) and Py (z) are holomor-
phic in the matrix.

To treat the boundary conditions at the surface/interface,
it is convenient to introduce the following new analytical func-
tions in the corresponding regions according to the Schwarz
symmetry principle

__(R? R?__ (R? R>__(R?
D (z) = — P (;) + zl D] (;) +Z% i <Z1>7

|z <Ry, (15)
R2 R27 R2 2 R2
o () A (5) (),
Z Z z Z
2| > Ro, (16)
_ R2 sz RZ RZ R2
20 - & (%) + Bag (L) Bu (),
Z Z Z Z Z
lz| <Ry 17)
Substituting Eqgs. (11)-(14) into Egs. (15)—(17), we have
Dy (z) = Fn(z) +Fp(2), (18)
D" (z) = Hn(z)+Hp(2), (19)

D a) __ % _ % _ % _
ol (o) = 22 (lnz zi LA Z*l _2=n @ z1>
2 2=z -7 -7 Z
+ Py (2), (20)

where 7} = R3 /71, 73 = R3 /22,

Fy(z) = [(k— 1) @R +c7<Rf"“”} 7,

s

Fp(z) = +CoR;

& \

Ms

+ [ (k+1)b7R;2"+chR;2<"“)} 2,

1

=F
&

!
s

{(k— 1) aR3* —|—ckR2(k ]q K

~
Il

1
Hp(z) = —a+CoR,

+Z[ (k-+ 1) bRy + deRy V| &,
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and @3, (z) is holomorphic in the region |z| < R».
The surface/interfacial stress—strain relationship is given
by Sharmal6]

Opg =T+ (2u°+A° —7°) £py, (21)

where 0y, and &5, denote surface/interfacial stress and strain
in the polar coordinates. Here, we consider a coherent inter-
face. Thus surface/interface strain is equal to the associated
tangential strain in the abutting bulk material.

In view of the above additional constitutive equation for
the surface/interface region and the constitutive equation for
the bulk solid and according to Fang et al.,[®?] the stress dis-
continuity condition in Eq. (5) at the surface I can be rewrit-
ten as

[Grrl + iGrGl]_

T 2u AT
Ry 4R Wy

H
O — Oy Oy + 0,
( 601 1)+)Ll+“1( 001 1)

-&(6991 _Grrl) . W 8(6991 +Grrl)
—i 50 —1M+u1 50 , (22)

where u} and 7L]S are the surface constants, 7} is the residual
surface tension at the surface I7.

With the help of Egs. (8), (9), (11), and (18), equation (22)
can be rewritten as

(1+01) ®f (1) + urdf (1) + (o +31)¢1<Rj)

~ (o) L] (’fﬂ

= (1—061

—B1) @1 (1) — (a1 + Pr) 1y (1)

__(R? R>*— [ R? T
() (D)-F]

= (2ui+A{ —77)/ (4R 1)

Br = ui+ A7 —77) /2Ry (A1 + )]

where

Let
A1) = (1+@) ] () + oz’ () + (on + B) Br (’f)

Ri— (R
(o) D (B) <r e

(1 =01 = B1) D1 (z) — (1 + 1) 2P (2)

R? R?*— [ R? T
_al(p;s( >+O€1 1(15*( 1) Rl
d Z 1

R <|z] < Ry, (25)

filz) =

by the use of the generalized Liouville theorem, then we have

fi) = (1+a1) Fy(z) + auzFy(z) + (ou +B‘)TP<RZ2)

>
(a1+l31)R <RZ>
+ (I =01 = B1) Tp(z) — (ou + B1) 2Tp(2)
2 2 2 S
(X]FN<RZ)+(11R;F/ <RZ>;11 (26)

Referring to Eq. (24), the following complex expression
can be yielded as

2
Pf (z) = {fl( ) — a1 z® (z) — (o4 +[31)¢11(R;>

B e

Considering Eq. (25), the following complex expression can
be obtained

]+(X1

+ (o +ﬁ1)

1—05 B [ (2) + (o +Br1)2®i (2)

__/R2 R?— [ R? 75
+ oy bf <1) 1<1>* (1> +1].(28)
Z Z R

The substitution of Egs. (11), (18), and (26) into Eq. (28)
yields

D (z) =

__(R?
D (z) = w [elFN (z) +exzF,, (z) +e3Tp (zl)

2
1T/ (1> —|—e4Tp +e3zTN( )
2
1

2 2
+e2FP( Z) R;F' (RZ )} (29)

where w; = 1/(l—a;—B1), e1 =140y, e2 = oy, e3 =
o +ﬁ1,ande4: 1—0o 7[31.

Taking the complex conjugate of Eq. (15) and according
to Egs. (27)—(29), it is found that

R? —(R?
Y (z) = 2—21 s1Fy (2) +522F% (2) + s3Tp (Zl)

R (RY /
+S4*T ~ +557p (2) + 5627y (2)

(%) et (8
+s7Fp ? +sg—Fp -

2 o R2
— 59z “+s10FN (;) —s6Tn (2) —s11

__/R2\7
— 5722 F (z) — s122 {TP (;)}

_ R\’
+512R3 {T}’, (;)} — 55773 (2) — s122° T} (2)

2 / 2 !
sz [FP (Rz'ﬂ +59R? [FP(RZ‘)] } (30)

where S1 = wiep — waez, §2 = wiey + wpey — wieg, §3 =
wiesz +wpe7, s4 = —2wiez — woe3, 55 = Wie4, S¢ = Wres,

57 = wiez, 5§ = —2wiex — waea, 59 = W€, S10 = WZT?/RI,
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siti=wies, wa =1/(1+0),es=1+ay,e6=1—0ay — By,
and e; = 1+ 2a;. Considering Eq. (10) and the displacement
continuity condition on the entire circular interface I, equa-
tion (6) can be rewritten as

My H2
=["2¢2<c>—1¢r*<c>}, 1 31)

Ho U

Let

F@) =@ ()~ L5 (2), Ri<ld <R (32)

Hi H2

K> 1
F(z) E%(Z)_Iq) (z), |z| > Ra, (33)

using the generalized Liouville theorem, the following equa-
tion can be obtained:

KzDz(D Z—171
F =
2(2) U 2 -2
1D -2 -7 -3 -
za)(lnz Zi'ﬁ‘Zl Z*l_zz Z*2+Z2 Zl)
Mz 2 z—z] I—Z =12 z
1
+ —TN(z) — —Hp(2). (34)
Hi H

Utilizing a similar way to consider the stress discontinu-
ity condition at the interface I, equation (7) can be rewritten
as

D (8)+(1—a) D" () -

wl P (0)

- (062+l32)¢’1<1?> +(062+52)R§ (IZ%) ;22]

= (4ot B (§)+ 03 (0) + (@ + B @] ()

] _ R2 R2 ; R2 +
+a2¢f*<g)—azg¢f* (g)] . =Ry, (35)

where

= Q2w +A4 —15)/(4R ),
Br= (2 +2; — 1) /2R (A1 + )],

u; and 125 are interface constants, 75 is the residual interface
tension at the interface I5. Let

(14 00+ B2) D1 (2) + D5 (2) + (02 + B2) 2P (2)
Rk R2 R2 *k/ R2

+oady <z2> zij ( z )’

Ri < |z] < Ry,

F(z) = @2(2) + (1 — o) D" (2) —

(BB (’f)

2
Ry
z

F(z) =

(36)
azz¢**/ ( )

R2 ,.L-S
+(az+/32)—2 ( >‘R22 2 >Ry,  (37)

using the generalized Liouville theorem, then we have

Drw -2 - 22— 22—
F(z) = In=—=2 4+ 1 2 4
2 z—z] Z—Z =12 b4

Drw 75
+ 2 In — 11772
2 2—22 R

+ (140 +B2) Tn(z) + (00 + B2) 2Ty (z)
—(R3 R (R}
+a2Hp(ZZ> ZZH (Z)

2
+ (1= ) Hp(z) — oozH,,(2) — (Ocz+ﬁz)TN<R;>

Rzi R2
+ (a2 +p2) fm (2) (38)

b4
Combining Egs. (32) and (36), we have

1
WK/t +1+0+ B

X {uze (2) + F3(z) — (0 + B2) 2P (2)

oo (R Rg (& 39
27| )t ()| (G9)

Referring to Eqgs. (33) and (37), we have

D (z) =

Kok o 1 . & swox’
B6) = g | PO - R e ()
__ /R?
+ (o + ) Py (;)
2 S
(ot B) 2 R2 @ (R> n TZ] (40)
R

Substitution of Egs. (11), (16), (34), and (38) into Eq. (39)
yields

D (1) = w3 [fl >4 /Ty (2) + fiHr (2

2
— fazH! (2) — f5Ty (RZ)

2 2 2
AT (R;) 2T () — iy (’?)

2 2 3
+nm (RZ) —Tz], (41)

Z z Ry
where w3 = 1/(oki/m+14+0m+B), fi = (k+1)M
M = Dz(l)/z, = ‘LLQK']/[J] —‘rl—|-062+[32, fh=1—0mm—
Mo/ p1, fa = 0, and f5 = 0 + Ba.
Taking the complex conjugate of Eq. (16) and according
to Egs. (11), (40), and (41), we can obtain that

R? 77—z z
Wi(z) = Z»f{tlln L _p +13

+14Tw (2)
-2 -2 -2

— (R}
+15Hp (2) +f62H;/> (z) +17Ty <Z2>

R [R? — (R
+t8?2T]</ <22) —192Tp () —tioHy (;)
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R = (R - (R’
+i—=Hy | —= | —tp+hsz+taHp | —=
Z Z z
_/R2\7
+19Tp (z) — t42Ty (2) + 1102 Hp (2) + 1152 l:TN <Z2)]

__/R2\1’
—t15R% |:T1\/I <;>:| +l‘]5ZZT1;/ (Z)
- R2 !/ - Rz !
+t0z2 {HN (;)} —t10R3 [H& (;)} ; (42)

where t; = w3 fi —wafs, 12 = waf7 +w3f1, t3 = wafs +
w3 fl, ta = w3 fo, ts = w3 f3+wafs, ts = —wafa —wifs, t7 =
—w3fs +wafio, 18 = 2wsfs +wafs, to = wafs, tio = wifs,
t11 = 2wsfy +wafs, tia = waTy /Ry — wafsln(z1/22), ti3 =
wafo, tia = wafi1, tis = wafs, wy = Wa/(1ou1) +1— 0,
fo=U/+)M, f = (/+)MET-2)/z, fs =
(/+O)M(z2—35) /5. fo = (1/k+1)M(z—21)/R;,
fio=1+ 0+ — ki Uik, and fi1 = 1 — 0 + U /U1 K>.

In order to simultaneously satisfy all of the boundary
conditions at the surface/interface I and I5, the two expres-
sions of @ (z) and Wjo (z) obtained in the above part must be
compatible with each other.[%3-%%! Physically, the compatibil-
ity conditions for @10 (z) and ¥io (z) imply that the stress field
and displacement field in the NT are unique.

Referring to Egs. (29), (30), (41), and (42), we have

R% 7 <R2>
Z Z

/ — (R Ri = (Rt
+e4Tp (z) + e32Ty (z) +exFp )T Fp

wi

__(R?
e1Fy (z) +exzF, (z) + esTp (zl)

2 P\Z
= w3 [fl > + Ty () + f3Hp (2) — fucH, (2

—fsTy <R2> +f (Rj> — fs2T, (2)

S (B)utn(D) e

__(R?
R%{SIFN (z) +522F (2) +53Tp <Z1>

R?__ (R?
+S4?1T,£ (;) +55Tp (2) + 5627y (2)

R R? — (R
+s7FP< - ) + 58 (z) — 507 2 +s10FN (;)

— /R2\T
—s6Tn (2) — 511 —S7ZZF;(;' (z) —s122 [TP (zl)]

2
Rl F/

__/R2\7’
+s512R2 {T,ﬁ (;)} — 55275 (2) — 5122° T3 (2)

- R2 / . R2 !
—§7zZ |:FP (Zl)] +S7R% [F}/, (;)}

Z—121 Z Z
ZR% f1ln —I +8
i—22 —2 -

. +14Tw (2) +15Hp (2)
2

R2

! T R% 27/ R2 /
+162H, (z) + 17Ty - +13 ZT 7 —19z7p (2)

R R
lloHN( - > +111 (Z) —t2+ 13z

(R
+t14Hp <22) +19Tp (z) — 14273 (2) + 11022 Hp (2)
/R __/R2\1’
+152 |:TN <;>:| —l15R% |:T1\// <Z2)] +tl5Z2Tf/;/(Z)
__ R\ —/R2\V
()] o2}

Equations (43) and (44) can be expanded in series by

2
R2 H/
Z

(44)

Laurent series expansion techniques, and the coefficients of
the same power terms of z are compared. By solving these
two equations, the unknown coefficients ay, by, ¢, and dj of
Egs. (43) and (44) can be obtained. Since the procedure leads
to very cumbersome formulas for these coefficients, we do not
show them here. The detailed expressions of the unknown co-
efficients are listed in the Appendix. According to Egs. (11)
and (12), two complex potentials & (z) and ¥ (z) can be de-
rived. The complex potentials @, (z) and ¥ (z) can be deter-
mined by Egs. (32)—(34). Therefore, the complex potentials
for the two material regions are obtained, and then the substi-
tution of them into Egs. (8)—(10) leads to the stress fields and
the displacement fields in the NT and the matrix.

The detailed expressions of the complex potentials @, (z)
and ¥ (z) are

D (2)
1 Dyw % -7t -z —
- _ 2 (an Zi—f—Zl Z*l _22 Z*z_i_Zz Zl)
K 2 =z -7 -3 Z
K12 25}
+—1Tn(z) + —Hn(2), 45
KU w() KU w(2) (45)
o (2)
_ RT% 1 Do <lnz—z§ m—z*’fzz—Z}Jrzz—m)
< g 2 S S I ) z
1 Dol z  z (a-2%)z
K 2 |z—-7 -7 (Z*ZT)Z
2—2)I -2
+( 2 2)2 2 1]
(Z—ZZ) z
Do 7y — 7T . _
2 ZZ R2 -2 %)
Do z K1t ,
X — | T; —z1;
T R%( —2)+ 2#1[1\]() 2Ty (2)]
Kilp— [ R
4 HN(Z)—i—l—ﬂsz <2>
Ko Uy Ui z

2
+ o, (RZ) e (46)
Hi Z K2/~11

It is noticed that if the nanopore vanishes (R; — 0) our
current model is reduced to a wedge disclination dipole near
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a circular nanoinhomogeneity. Thus, equations (45) and (46)
can be simplified as

1 Do —% -7 wn-7, -
(on (Z) - _ - 2 an ZZ +Zl Zl _ZZ Z2 +ZZ 21
K 2 =71 -7  1—Z z
@+ Y (k- 1) R+ R 2|
K#l{ Z 2
“47)
R? 1 Do, z—25 zu—2¢
P (z) = ;{— 2 (m 2 A
z Ko 2 =71 71—
_Zz—i§+Z2—Z1)
-2 Z
1 Dgw[ z z (z1—27)z
o — x % 2
K 2 |z—7 -7 (z—2})
—23)2 -2
+(2 2)2 2 1]
(z—2) ¢
Dy -7 — 41
+ 2= {1 —+(Z2 211)27 >1n Kzlnzl}
2 22 R; -2 22
Doz
TE(ZI_ZZ)
- KI.UZ M —k
+ k— k+1 :| akz
Z [ Ui Kzﬂl (k= 1)( )| R
H2 (kJrl)Rzk 2 —k
k=0 KUy
B Bt 48)
i Ko Ui
where

w = { k) 222 (/b1 1~ B2)

In(z1/72) | — (my— o + 1 /s — 1 = Ba)
X Olzfi/Rzmz}/ [(ml - a2)2 — (/1 —1 —Bz)z} )

co = RTS/HQ,
Dyw

5 {(K2+1)( ) =)

—20m (1 + ’;)/[Rg (my+ )]

x [m—zi+z(1+70
Zi‘)zﬁ(l+222§)]}/(m1+a2+ﬁ2),

Do 1 = _ =
2(n12—|-()62)<1+1<2) [Z—zi+z (1+z1—2})
3],

-1+ —
{ (ma + 0k) R3* (k2 + 1) (ZZk —ka> [k

—op)In(z1/z2) +

_ Drw
2Rk

UN 1k _
—p (k+1) <1+K2) [(z3% — 23

) [kt (@ - 27)

~F @-3)] /o ek
X [m1+a2(k2+k*1)+kﬁ2} 7062(k+1)
><[(m2+B2)(k—l)+a2(k2—l)]}, (k>2),

k= Dgw{ [ma (k4 1)+ (K — 1) + By (k—1)]
xR (o + 1) (5% — ) /&
— [m1+062(k2+k71)+kﬁ2}
< (14 ) (G- @7
Fa-) {6100 )
x o (k+ 1) Ry > — [my + 0 (K +k—1) +kp]
X (ma 4 apk) Rg’”}, (k>2),
mp = HoK 1+1+062+Bza my=1—o0p+ K2
i KoM

In order to validate the present reduced solution, the in-
fluence of the bulk material properties, such as shear modu-
lus, on the force acting on the wedge disclination dipole cen-
ter is examined without taking into account the interface ef-
fect, namely Ry =0, uf =3 =0, 4} =A} =0, 77 =17, = 0.
In Fig. 2, let v; = v, = 0.3, R, = 10 nm, p/R, = 0.1 and
¢ = 0 = 0, then it will be easy to show that f, = 0 in this
case. Figure 2 indicates the variations of the normalized force
fx/ 2 @?R, with relative distance p /R, for different ratios of
shear modulus ; /. We can see that the influence of the
shear modulus on the force acting on the wedge disclination
dipole center is in accordance with the results of Fig. 2 in the
work of Luo and Liu. ¥

0'4-‘&&\
O Ai A i e b & X

—— /2 =2
—o pi1/p2 = 1.5
—pr/p2=1

—r— pi1/p2 = 0.6
e 1/ p2=0.2

12 14 16 18 20 22 24
p/ Rz
Fig. 2. (color online) Variations of fx/“szRZ with relative distance

p/RoforR =0, =p3=0,A} =A;=0,7=7=0,0; =10, =0.3,
=10nm, p/R, =0.1,and ¢ = 6 = 0.

3. Force on disclination dipole

Following the Peach—Koehler formula, the perturbation
force exerted on the wedge disclination dipole can be evalu-
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ated. For ease of handling the influences of the various ma-
terials and geometric parameters on the perturbation force, we
calculate approximately the perturbation force components per
unit length on the center of the disclination dipole by the per-
turbation complex functions ®x (z0), ¥ (20), and P (zo),
which are given by

fi—ify = 20pe'® {‘15’20 (z0) + Do (ZO)}
+20pe? [P (z0) + o (z0)] . (49)

With the aid of Egs. (45) and (46), the perturbation force com-
ponents f; and f, can be calculated.

4. Numerical studies

In the following sections, the influences of the NT
and surface/interface stresses on the elastic behavior of the
wedge disclination dipole are systematically discussed. In
all the numerical studies, the forces exerted on the disclina-
tion dipole center are normalized as f,o = 47 f,/ U ®’R, and
fro =4rnf,/ Ur®?R,. Within the surface/interface elasticity
used in the present work, the surface and interface are consid-
ered to be vanishingly thin layers which are characterized by
their own surface/interface parameters: p®, A%, and 7°. For
the sake of definiteness, specifically we let uj = us = g,
A} = A; = A;. Therefore, we can introduce the following elas-
tic intrinsic lengths a = pj/t2, b = Aj/ 12, ¢ = 7} /U2, and
d=1 /2. Note that the elastic intrinsic lengths a, b, ¢, and
d have the dimension of length. Previous studies have shown
that a, b, ¢, and d are of the order of 0.1 nm and their values
can be positive or negative, depending on the crystallographic
orientation.!®’l In addition, the following physical quantities
can be normalized: the ratio between the shear modulus of
the NT layer and the matrix as o0 = U/, the relative thick-
ness of the NT layer as A = R, /R;, the relative value of the
disclination dipole center to the outer radius of the NT layer
as & = p/R,, which characterizes the relative distance of the
dipole center to the interface of the NT, and the semi length of
dipole arm relative to the NT layer as y = p/R,. Without loss
of generality, the wedge disclination dipole is assumed to lie
on the x axis, i.e., @ = 6 = 0 unless otherwise stated. In this
case fyo is zero due to the symmetry of the problem.

The curves in Fig. 3 show the effects of the shear mod-
ulus mismatch of the NT layer and matrix on the force act-
ing on the center of the wedge disclination dipole without
surface/interface effects. When a = b = ¢ = d = 0, the sur-
face/interface effects of the NT are ignored and the composite
material becomes a traditional two-phase composite material.
We can see that as the wedge disclination dipole is located
closer to the outer interface from the matrix, the repulsive or
attractive force of the NT, exerted on the disclination dipole,

becomes sharper. When the coating layer is much softer than
the matrix, the disclination dipole is always attracted by the
coating layer and has no equilibrium position in the case un-
der consideration. When the coating layer is harder than the
matrix, the disclination dipole might be first attracted and then
repelled, being kept away from the composites. An unstable
equilibrium position of the wedge disclination dipole can be
found at about 6 = 1.7 near the hard coating layer for o¢ = 1.2.
When the coating layer is sufficiently harder than the matrix,
the disclination dipole is repelled all the time.

0.010
—— a=0.2
0.005 | oz é%
—~— a=25
o
g 0
—0.005 |
—0.010 ! ! ! ! ! ! ! ! !
0 2 4 6 8 10

Fig. 3. (color online) Dependences of normalized force f, on the rela-
tive center position of the disclination dipole § fora=b=c=d =0,
A =1.5, x=0.006,R; =100 nm, ¢ = 6 =0, v; = 0.1, and v, = 0.3.

In Fig. 4, we show the variations of the normalized force
fxo with the ratio between the shear modulus of NT and matrix
« for different surface/interface stresses. It clearly indicates
that as the NT layer hardens, the attractive force on the discli-
nation dipole sharply reduces and then turns into a repulsive
force. There exists a critical ratio of the shear modulus o to
keep the dipole center in equilibrium. For instance, the critical
ratio .. = 1.85 for a = b = ¢ = d = 0. Within the nonclassical
approach, the surface/interface causes different effects on the
force exerted on the disclination dipole, depending on the posi-
tive or negative values of the surface/interface elastic constants
and residual surface/interface tensions. It is seen that the sur-
face/interface characterized by the positive surface/interface
elastic constants or the negative residual surface/interface ten-
sions contributes to the repulsive force of the NT on the discli-
nation dipole. In addition, the positive surface/interface elastic
constants and the negative residual surface/interface tensions
reduce the critical ratio of the shear modulus to keep the dipole
center in equilibrium. In other words, the NT needs to be
harder to keep the dipole center in equilibrium with the sur-
face/interface characterized by the negative surface/interface
elastic constants or the positive residual surface/interface ten-
sions.

From the above two figures, we observe that the shear
modulus and the surface/interface stresses of the NT can
change not only the location of the equilibrium position, but
also the stability of the disclination dipole.
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0.8

0.4}
2 0
«2 I
L —w—a=b=c=d=0
L e—a=b=0.1,c=d=0
—0.4r —+ a=b=-0.1,c=d=0
L v—a=b=0,c=d=0.1
—0.8: —<—a=b=0,c=d=-0.1
0 1.0 2.0 3.0 4.0 5.0

«

Fig. 4. (color online) Dependences of normalized force fyo on the ratio
of the shear modulus of the NT and matrix @ for A = 1.1, x = 0.05,
6 =1.05R =10nm, ¢ =6 =0, v; =0.1, and v, = 0.3.

Figure 5 shows the variations of fyy with 6 for differ-
ent Poisson ratios and surface/interface elastic constants with
A=1.1,x=005 o=12, R =10 nm, ¢ =6 =0, and
v, = 0.2. It is noted that the influence of Poisson ratio mis-
match increases dramatically as the wedge disclination dipole
approaches the NT. It also indicates that increasing the Poisson
ratio of the NT layer impedes the attraction and contributes to
the repulsion of the NT on the disclination dipole. Thus, the
unstable equilibrium position is close to the outer interface of
the NT with the increase of the Poisson ratio of the NT layer.
Moreover, it is seen that the surface/interface of the NT with
positive (negative) surface/interface elastic constants adds an
extra repulsive (attractive) force to the force obtained within
the classical elasticity. This additional force becomes stronger
when the disclination dipole moves toward the NT and finally
tends to infinity when it reaches the outer interface of the NT.
From this figure, we conclude that the Poisson ratio and the
surface/interface stresses of the NT layer have a significant ef-
fect on the force and the equilibrium location of the disclina-
tion dipole.

0.20
—a—v;=0.1,a=b=0
—— v1=0.1,a=b=0.1
0.15F ——1v1=0.1,a=b=—0.1
+U1:0.2, a=b=0
0.10 + +'L}1:0.4,(Z:b:0
2 —+—v1=04,a=b=0.1
= e v1=04,a=b=-0.1
0.05 -
il
—0.057 2 3 4 5 6 7
)

Fig. 5. (color online) Dependences of normalized force fyo on the rela-
tive center position of the disclination dipole § for A = 1.1, x = 0.05,
a=12,Ri =10nm, ¢ =0 =0, and v, =0.2.

Fora=b=0, x=0.05 6=1.05 ¢=0=0, v, =
v, = 0.2 and R = 15 nm, figure 6 demonstrates the varia-

tions of fyo with the thickness of the NT layer with different
ratios of the shear modulus and the residual surface/interface
tensions. It is clear from the figure that when the NT layer is
relatively thin, the attraction is increasingly weakened and the
repulsion is rapidly strengthened with the thickening of the NT
due to the harder NT layer. In this case, the positive (negative)
residual surface/interface tensions contribute to the attractive
(repulsive) force acting on the disclination dipole. Moreover,
the surface/interface stresses have relatively less effect on the
force acting on the disclination dipole. However, when the
thickness of the NT layer is large enough, the effect of the
thickness of the NT layer on the repulsive or attractive force
is correspondingly mild. Interestingly, as the NT layer thick-
ens, the surface/interface effect becomes considerable, while
the surface/interface stresses characterized by negative resid-
ual surface/interface tensions cause an extra force which in-
creases the attraction or reduces the repulsion of the NT to
the disclination dipole. These results have not been found in
previous studies.

0.6

—=— a=0.7,¢c=d=0
—o— a=0.7,c=d=0.1
—a— a=0.7, c=d=-0.1
—~v—a=1.2,¢c=d=0
o —<«—a=14,¢c=d=0
«2 ——a=14,c=d=0.1
—e—a=14,c=d=-0.1

A

Fig. 6. (color online) Dependences of normalized force f,o on the rel-
ative thickness of the NT layer A for Rj = 15 nm, y = 0.05, 6 = 1.05,
¢=0=0,v =0, =0.2, and a = b = 0. Inset is an enlarged figure
with A ranging from 1.0 to 1.8.

The variations of the normalized force fy with a rela-
tive center position of the disclination dipole d are depicted in
Fig. 7 for different values of disclination strength @. As can
be seen in the figure, when the NT layer is harder than the ma-
trix, and the Poisson ratio of the NT layer is the same as that
of the matrix, the disclination dipole is first attracted and then
repelled by the NT as the disclination dipole goes away from
the NT-matrix interface. The repulsive force first sharply in-
creases and then slowly decreases as the disclination dipole is
kept away from the interface, leading to the maximum value of
the repulsive force. Enhancement of the disclination strength
o results in the increment of the attractive or repulsive force,
and the maximum value of the repulsive force acting on the

disclination dipole in such a situation. However, when the
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disclination dipole goes far enough, i.e. § =7, the effect of
the disclination strength is negligibly small.

0.08

0.06

0.04
R
4
0.02

—0.02

Fig. 7. (color online) Dependences of normalized force f,( on the rela-
tive center position of the disclination dipole § fora=b=c=d =0,
o=12,R =15nm, xy=0.05,A=12,90=6=0,and v =0, =0.2.

Suppose that the disclination dipole is located at the ar-
bitrary position in the matrix, then the force f,o will not be
zero in this case. Therefore, the dependences of the normal-
ized forces fxo and f,o on the relative center position of the
disclination dipole 0 for different wedge disclination angles ¢
and dipole location angles 0 are plotted in Figs. 8(a) and 8(b)
fora=12,A=12,R =15nm, y =0.05, vy = v, =0.2,
and a =b =c=d =0. We can see that without the sur-
face/interface effects, one can obtain quite different forces fo
and f,o acting on the disclination dipole due to the NT, inten-
sively depending on the wedge disclination angle ¢ and dipole
location angle 6, especially when the disclination dipole is
very close to the NT. For the force component f,o, as shown
in Fig. 8(a), the disclination dipole is first attracted and then
repelled as the disclination dipole is far away from the NT—
matrix interface. As the wedge disclination angle ¢ and dipole
location angle 0 increase in a range of 0°-90°, the repulsive
force decays, and then changes into an attractive force. There-
fore the unstable equilibrium position may disappear, and even
turn into the stable one. For example, it has no equilibrium
position for ¢ = 0 = 30°, while a stable equilibrium position
can be found for ¢ = 6 = 45°. The force f,9 is always zero
when ¢ = 6 = 90°. However, when the disclination dipole
crosses the position ¢ = 6 = 90° to a region of 90°-180°,
the NT may again first attract and then repel the disclination
dipole, causing an unstable equilibrium position. It is also
noted in Fig. 8(b), the similar influences of the wedge discli-
nation angle ¢ and dipole location angle 6 on the force fyo
are found except for some special conditions. For example,
the force fyo is still always zero when @ = 6 = 0°. Besides,
when ¢ = 6 = 90°, the disclination dipole is subjected to the
strongest attractive or repulsive force exerted by the NT and

has a stable equilibrium position around & = 1.3.

0.010

0.005

sz

—0.005

—0.010

0.010

0.005

f 0
o

—0.005

—0.010

Fig. 8. (color online) Dependences of normalized forces fyo (a) and
fyo (b) on the relative center position of the disclination dipole &
for ¢« = 1.2, A = 1.2, Ry = 15 nm, ¥ = 0.05, v; = v, = 0.2, and
a=b=c=d=0.

In Fig. 9, in order to conveniently analyze the results,
we assume again that the center of the wedge disclination
dipole is located on the x axis. The following demonstra-
tions are the variations of the normalized forces fyo and fyo
with wedge disclination angle ¢ for different thickness val-
ues of the NT layer and surface/interface stresses when the
disclination dipole moves along the x axis (Fig. 9). Fig-
ures 9(a) and 9(b) show the effects of the thickness of the NT
layer and the surface/interface elastic constants on the normal-
ized forces fyo and fyo for &« = 1.2, Ry = 15 nm, § = 1.05,
x=0.05,0=1v1,=0.2,0=0,and c =d =0. As we can
see, the normalized forces fyo and fyo are still an even and
an odd function of the wedge disclination angle ¢, respec-
tively. As the thickness of the NT layer increases, the NT
has a relatively major role in the force acting on the discli-
nation dipole in the NT-based composites. That is, when the
NT layer becomes thick enough, the nanopore is less influ-
ential in the disclination dipole. If the thickness of the NT is
large enough, the equilibrium position will emerge in this case.
For the normalized force fyo in Fig. 9(a), the surface/interface
effects characterized by the positive surface/interface elastic
constants reduce the attractive force and increase the repulsion
in some ranges. For A = 1.1, the range is about 0° < ¢ < 60°
and 120° < ¢ < 180°, and for A = 1.3, 0° < ¢ < 70° and
110° < ¢ < 180°. However, in a range of 60° < ¢ < 120°
for A = 1.1, the surface/interface stresses show the inverse in-
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fluence on the normalized force fi9. As shown in Fig. 9(b),
the surface/interface effects characterized by the positive (neg-
ative) surface/interface elastic constants reduce (enlarge) the
attractive force in a range of 0 < ¢ < 90°. However, the sur-
face/interface stresses show the inverse influence on the nor-
malized force fy0 in a range of 90° < @ < 180°. In addition,
note that the force always equals zero at the points ¢ = 0°,
90°, and 180°. From these two figures, we can see that the
equilibrium position may occur, even more than one, owing to
the influence of the surface/interface stresses and the increase
of the NT layer thickness. Furthermore, the cooperative influ-
ences of the surface/interface stresses and the thickness of the
NT layer on the force are greatly dependent on the disclination
angle ¢@.

A=1.3,a=b=0.1
A=1.3,a=b=—0.1

80 120

0.6 (b)

04l = 2r=11,a=b=0
—e-A=12,a=b=0

0.2 |
= ok
—0.2
A=1.1,
A=1.1,
—04 A=1.3,
A=1.3,
—06 L L L L
0 40 80 120 160
)

Fig. 9. (color online) Dependences of the normalized forces fyo (a) and
fyo (b) on disclination angle ¢ for o = 1.2, Ry = 15 nm, & = 1.05,
x=0.05v=1v0=02,0=0,andc=d=0.

5. Conclusions

The elastic behavior of a wedge disclination dipole lo-
cated in NT-based composites is studied within the framework
of surface/interface elasticity theory. The explicit expression
for the force acting on the wedge disclination dipole is ob-
tained by means of a complex variable method. The influ-

ences of material elastic dissimilarity, the NT thickness and
the features of the disclination dipole, and surface/interface ef-
fect on the force are evaluated. Some conclusions drawn from
the present study are summarized as follows.

1) The influence of the material elastic dissimilarity on the
force increases dramatically as the wedge disclination dipole
approaches the NT. When the NT is much softer than the ma-
trix, the disclination dipole is always attracted by the NT and
has no equilibrium position. When the NT is harder than the
matrix, the disclination dipole might be first attracted and then
repelled, being kept away from the NT, leading to an unstable
equilibrium position of the disclination dipole. There exists a
critical ratio of the shear modulus to keep the dipole center in
equilibrium. When the NT is sufficiently harder than the ma-
trix, the disinclination dipole is repelled all the time. Increas-
ing the Poisson ratio of the NT layer impedes the attraction
and contributes to the repulsion of the NT on the disclination
dipole.

ii) When the NT is relatively thin, the attraction is increas-
ingly weakened and the repulsion is rapidly strengthened with
the thickening of the NT due to harder NT layer. However, as
the thickness of the NT layer increases, the NT has a relatively
major role in the force acting on the disclination dipole in the
NT-based composites.

iii) The enhancement of the disclination strength results
in the increment of the attractive or repulsive force on the
disclination dipole. However, when disclination dipole goes
far enough away from the NT, the effect of the disclination
strength is negligibly small. Due to the effect of the hard NT,
as the wedge disclination angle and dipole location angle in-
crease in the range of 0°-90°, the repulsive force decays, and
then changes into an attractive force, which makes the unstable
equilibrium position disappear, even a stable one may occur.

iv) The positive surface/interface elastic constants and the
negative residual surface/interface tensions reduce the critical
ratio of the shear modulus to keep the dipole center in equi-
librium. As the NT layer thickens, the surface/interface ef-
fect becomes considerable. The equilibrium position may oc-
cur, even more than one, owing to the influences of the sur-
face/interface stresses and NT thickening. The influences of
the surface/interface stresses and the thickness of the NT layer

on the force are greatly dependent on the disclination angle.

Appendix A

Y02Y06 — Y03Y05) \Y09Vo1 — Y03V03

)—(
) — (Yo2Y0s — Yo3Yos
) —

)

o = (Y02Y09 — Y03Yos) (YosVo1 — Yo3vo2
(Yo1Y06 — Y03Y04) (Y02Y09 — Y03Y08

o= (Y0109 — ¥03Y07) (Yo6Vo1 — Yo3vo2
(Y0206 — Y03os) (

Y01Y09 — )’03)’07) - (yol)’06 — Y03Yo4

)

)( )
) (Yo1Y00 — Y03Y07)
(Yo1Y06 — Y03Y04) (Yoovor — Yo3vo3)
) (Y0209 — Yo3Yos)
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Y01 = X01X06 — X02X05, Y02 = X03X06 — X02X07;

Y03 = X04X06 — X02X08, Y04 = X01X09 — X02X010;
Y05 = X03X09 +X02X012, Y06 = X04X09 + X02X011,
Y07 = X01X013 — X02X014> Y08 = X03X013 + X02X016>
Y09 = X04X013 + X02X015, Vo1 = Xoglo1 — X02U02,
Vo2 = X09U01 — X02U03, V03 = X013401 — X02U04
xo1 =wi (es—e2), xop =wies+wafs, Xo3 =wien,
Xos =w3f3, Xos=Ri(ss—s7)+R5(ta—1o),
X06 = Ris3 +R3ts, Xxo7=s7—t14, Xog =15,

X09 =X01, X010 =X02, X011 = X03,

X012 = X04, X013 =X05, X014 = X06, X015 = X07,
Xo16 = Xo8, o1 =w3f11n(z1/22) —w3T5/Ra,

up2 = R} (11 +wafs)In(z1/22) + Ris1o — R3t1a,

N N X124V11 — X14V12
Upz = Uor, Up4 = Uo2, a1 = )
X11X124 — X14X121

X113V13 — X19V14

bi=yi3, c1=yn, d= ;
X112X113 — X19X116

Vil = U11 —X12Y11 —X13Y12, V12 = —X122Y11 —X123)12;

X120U12 X119U12
yi = y Y12 = )
X15X120 —X16X119 X16X119 — X15X120
X18U14 X17U14

Y3=——""—""""> Y4= >
X18X117 — X17X118 X17X118 — X18X117

Xt =wies, x12=2w3(fs— fa+tfs)Ry%,
X3 =2w3faRy %, xia=ws(fa—f3),

x15 = 2t5 + 2t6 — t7 +13 — 3115,

X16 = S9 —2t10 +111, X17=—wiez —w3fa,
X1g =wiep —wiez, Xj9 =53+54+511,
X110 = R% (—2S8 — 286 — 2511 —4S7) +R% (—2[4 +2t14),
X111 =S| —s2—287, X112 = s8+257 — 114,
X113 =X11, X114 =X12, X115 = X13,
X116 = X14, X117 =X15, X118 = X16,

X119 =X17, X120 =X18, X121 = X19,
X122 = X110, X123 = X111, X124 = X112,
unt=wsfi (' =z,

2 -1 —1 —1 —1
ulzsz(ftlzl +hz, +hz —By, +113),

V13 = —X110Y13 — X115)14, V14 = U13 — X114Y13 — X115)14, Uiz =urr, U4 = Uiz,

(¥2220 — y23y28) (Y26V21 — ¥23v22) — (¥22Y26 — ¥23Y25) (Y29V21 — y23V23)

(y21y26 — y23324) (Y2220 — ¥23¥28) — (¥21Y29 — ¥23¥27) (¥22Y26 — ¥2325)

by — (y212y217 — y2113218) (V214v24 — Y211v25) — (¥212Y214 — Y211)215) (Y217V24 — Y211V26)
(v210¥214 — Y2115213) (72129217 — Y211218) — (¥210¥217 — Y211¥216) (V212Y214 — Y211Y215)
(721520 —¥23¥27) (V26V21 — ¥23V22) — (¥21Y26 — ¥23¥24) (Y20V21 — ¥23V23)

(v21529 — ¥23Y27) (¥22526 — ¥23¥25) — (¥21¥26 — Y23Y24) (¥22¥29 — y23y28)
d2 — (y210Y217 _y211y216) (y214V24 —Y211V25) - (Y210y214 —)’211Y213) ()’217"24 _y211V26)

(y210y214 *yznyzls) (y212y217 *)’211)7218) - (y210y217 7}’211)’216) (y212Y214 7y211y215) 7

Y21 = X21X26 — X22X25, Y22 = X23X26 — X22X27,

V23 = X24X26 -+ X22X28, Y24 = X21X226 — X22X225,

Y25 = X23X226 — X22X227, Y26 = X24X226 + X22X228

Y27 = X21X230 — X22X229, Y28 = X23X230 — X22X231,

V29 = X24X230 — X22X232, Y210 = X210X213 — X29X214,
Y211 = X211X213 — X29X215, Y212 = X212X213 +x29x2167
Y213 = X210X217 — X29X218, Y214 = X211X217 — X29X219,
Y215 = X212X217 +X29X220, Y216 = X210X221 — X29X222,
Y217 = X211X221 — X29X223, Y218 = X212X221 — X29X224,
Va1 = XogUa] — X22U22, V22 = X226l21 — X22U27,

V3 = X230U2| —X22U2g, V24 = X213U23 — X29U24,

V25 = X217U23 — X29U25, Vo = X221U23 — X29U6,

X21 = wieq +2ws3 f5 + 3w fy,

X220 = 3w3 f3 — 6w fs + 3w fs,

X3 =3w3faRy %, xaa = (2fa — f3) W3R, °,

Xo5 = R3 (s9 — 55) + R (19 + 2111 — 2115 — Ttyo)

Xog = (3[5 + 61¢ — t7 4 2tg + 610 — 8t15)R£2,

X27 = 89— Ttio+2t11, Xo8 =15+ 216+ 2110,

X209 = (61 —262 — e3)w1R‘1‘, X210 = 3W1€2 —2W1€3 —W3f2,
X211 = (€1 —2e2) wiR}, X212 = wieaR;?,

X213 = (Sl — 28y + 83+ 284 — 6S7)R?,

X214 = R% (—6s3 — 356 — 6511 — 357) +R% (3t14 —3t4),
Xo15 = (51— 252 — 657) R}, X216 = 255 + 57 —t14,
X217 =X21, X218 =X22, X219 = X23, X220 = X24,
X221 = X35, X222 =X26, X223 =X27, X224 = X28,
X225 =X29, X226 =X210, X227 = X211, X228 = X212,
X220 = X213, X230 =X214, X231 = X215, X232 = X216,
up1 = 0.5w3 11 (ZEZ — Zfz) )

un = R3 (0.51252 —0.5n2, 2 + 102z, 2 — 133, 2)

u3 =0, w4 =Risy, ups=1bi,

Upe = U2, Up7 = U3, U2y = U4,
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