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In this paper, the variable-coefficient diffusion—advection (DA) equation, which arises in modeling various physical
phenomena, is studied by the Lie symmetry approach. The similarity reductions are derived by determining the complete
sets of point symmetries of this equation, and then exact and numerical solutions are reported for the reduced second-order
nonlinear ordinary differential equations. Further, an extended (G’/G)-expansion method is applied to the DA equation to

construct some new non-traveling wave solutions.
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1. Introduction

Many phenomena in physics and other fields are de-
scribed by nonlinear evolution equations (NEEs). When we
want to understand the physical mechanisms of these phenom-
ena described by NEEs, exact, numerical, and non-traveling
wave solutions have to be explored. In this direction, many
effective methods for determining the exact solutions of NEEs
have been established and developed during the past few
decades. Some of the well-known methods include the Lie
symmetry approach, the inverse scattering method, Hirota’s
bilinear method, the homogeneous balance method, and the
(G'/G)-expansion method.

Among the various different methods, the Lie symmetry
method, also called the Lie group method, is one of the most
powerful in finding the solutions of NEEs. The fundamen-
tal basis of this method is that when a differential equation is

131 3 reduc-

invariant under a Lie group of transformations,
tion transformation exists. For partial differential equations
(PDESs) with two independent variables, a single group reduc-
tion transforms the PDEs into ordinary differential equations
(ODEs), which are generally easier to solve. In the recent past,
there have been considerable developments in symmetry meth-
ods for differential equations, as is evident by the number of
research papers, books, and new symbolic software devoted to
the subject. 413

Wang et all¥

introduced the (G’/G)-expansion
method!!>1%) to look for traveling wave solutions of NEEs.
This method is based on the assumption that the traveling
wave solutions can be expressed by a polynomial in (G'/G),
where G satisfies the second-order linear ordinary differential
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equation. The degree of the polynomial can be determined by
the homogeneous balance between the highest-order deriva-
tive and the nonlinear terms appearing in the given NEE. The
coefficients of the polynomial can be obtained by solving a set
of algebraic equations.

Recently, Li and Mall7l established a connection between
the (G’ /G)-expansion method and the soliton structure excita-
tion. By extending the linear traveling wave transformation to
the nonlinear transformation with the method, non-traveling
wave solutions with variable separation can be constructed for
NEEs. For the non-traveling wave solutions including arbi-
trary functions of independent variables, it is convenient to ex-
cite abundant soliton structures.

The (2+1)-dimensional diffusion—advection (DA) equa-
tion in the form

u; = uyy, — B K (u)), (1)

was firstly investigated by Alexander and Lebowitz,[!® where
o and B are arbitrary constants. Many special cases of this
class of equations have been successfully used to model prob-
lems in mathematical physics, chemistry, and biology. In fact,
when K (1) = u(1 — u) represents the flow of particles in a lat-
tice fluid past an impenetrable obstacle,!!81°] 1 (x,y,7) is the
particle concentration moving by diffusion and advection or
drift, and a and B are the constants that represent the diffu-
sion coefficient and the drift velocity, respectively.

In Refs. [20] and [21], the classical Lie group method was
used to study another model of a driven diffusive flow whose
behavior is quite similar to that of the rod in a lattice fluid
given in Refs. [18] and [19]. Following Refs. [18]-[21] and us-
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ing the classical symmetry reduction technique, the fourth or-
der Runge-Kutta method, and the extended (G’/G)-expansion
method, in this paper we study the variable-coefficient version
of the DA equation

—B (1) [K(w)], 2

for exact, numerical, and non-traveling solutions, where K (u)

U= o (l) Uyy

is an arbitrary function of u, and o (¢) and J () are arbitrary
functions of 7.

The outline of this paper is as follows. In Section 2, the
classical Lie method is utilized to obtain the optimal system of
sub-algebras for Eq. (2). In Section 3, we derive some explicit
exact and numerical solutions of the nonlinear equation (2). In
Section 4, we apply the extended (G’/G)-expansion method
to the DA equation to construct some new non-traveling wave
solutions. In the last section, the conclusion is drawn.

2. Lie group analysis for the DA equation

First, let us consider a one-parameter Lie group of in-
finitesimal transformations

x=x+€eX (x,y,t,u)+0 82)

" =t+eT (x,y,t,u)+0(€?),

Y =y+eY (x,y,t,u)+0 (),

uw' =u+el (x,y,t,u)+0 82) 3)

with a small parameter €. The vector field associated with the
above group of transformations can be written as

d d
V= X(X,}’Jau)g‘FT(xa%ta”)g

d
+U(X,y7t,l/l) 3.,

d
+Y (x,y,t,u) — 50

Iy “)

The condition that the above transformation (3) leaves in-
variant Eq. (2) under consideration yields an overdetermined
system of linear equations for the infinitesimals X (x,y,#,u),

T (x,y,t,u), Y (x,y,¢,u), and U (x,y,t,u). The infinitesimals

for different forms of K () are given in Table 1. The relations
between « (¢) and f (¢) for different forms of K (u) are given
in Table 2.

Table 1. Infinitesimals corresponding to different forms of K (u).

K (u) X Y T U
2k. t) dt +k
Wm£0,1,2  koxdky  kay+ks % Ko
2k, t)dt +k
N koviks  kaytks  Zafo®drtk
()
2ky [ (r) dt + k
log (u) kox+k3 kay+ks ) e kiu
o (f)
Table 2. The relation between « (r) and f3 (7).
K (u) Relation between o (¢) and S (¢)
o' (1) B' (1)
u" m+#0,1,2 2ky —T +(m—1)k; —ky + T=0
a) 1" B
!
emu 2k4,TL(t) +mky — ﬁ (I)T:O
o (1) B ()
! I
log (i) 2y — 7% PRS- P

10 R 10)

When K (u) = u™, m # 0,1,2 and log (u), the Lie alge-
bra of infinitesimal symmetries of Eq. (2) is spanned by the
following six linearly independent infinitesimal generators:

d 0 0
Vl_uaa VZ_xga V3_$a

0 1 0
V - i
Y7oy T al)or

0 2 0
Ve=y=—+—— [ o(t)dr=. 5
6 yay + a(t)/ ( ) ot ( )

It is easy to verify that V;, j = 1,2,...,6 are closed under the

Lie bracket.
The classification of one-dimensional subalgebras of the
whole symmetry algebra (5) is performed using an inductive

approach.l'l If V = ¥ 4,V; is a non-zero vector field, we will
i=1

simplify as many of the g; coefficients as possible by acting it
on various adjoint transformations to obtain the subalgebras.

Table 3. The similarity variables, similarity functions, and coefficient functions of the DA equation when K (u) = u™ for m # 0,1,2

and K (u) = log (u).

Essential vector fields

Similarity variables (f, g)

Similarity solution u

(Vi +AVs + uVe) x(fa(e)dn) P y(fa(r)dr) 7 (Jo(r)d) " H (f,g)
(Va+pVe) x(fa(r)d) ™y (fa(r)dr) 2 (f.8)
(Vs +6Ve) x(fo(r)ydn)™ 20 y(fa(r)dn)? H(f8)
(Vo) x, y(fa(r)d)”'? (.8)

Table 4. The coefficient functions of the DA equation for different forms of K ().

Essential
vector fields

Form of coefficient function
when K (u) —u’" form;ﬁO 1,2

Form of coefficient function
when K (u) = log (u)

(Vi +AVa +uVe) k(fa()df)
(Va+pVe) k([ o(r) d,)mp " (r)
(Vs +0Vg) k(o) dt)
(Ve) k(fou(r)dr)”!

S o (1) k(o) d) P a ()
k(fa(r)dn)'> a(r)
(1) k(o d) e

)
o (1) k(Ja()d) o)
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The types of one-dimensional subalgebras of Eq. (2) are
as follows:

(i) (Vi+AVa+uVe),

(i) (Va+pVs),

(i) (V54 0Ve),

(iv) (Ve), (©6)

where A, 1, p, and o are arbitrary constants.

Once the subalgebras of Eq. (2) are determined, the sym-
metry variables for the associated reduction can be found by
solving the characteristic equation

dx dy dt du

= = = . 7
X (x,y,t,u) Y (x,yt,u) T(x,yt,u) Uxytu) @)

In Table 3, we list the Lie ansitze for all the essential
fields that comprise the optimal system. The forms of the co-
efficient functions in Eq. (2) are listed in Table 4.

3. Similarity reductions, exact and numerical
solutions when K (1) = log (u)

Now, we deal with the symmetry reductions, and the exact
and numerical solutions to Eq. (2). We consider the similarity
reductions and the group-invariant solutions. From an opti-
mal system of group-invariant solutions to Eq. (2), every other
such solution to the equation can be derived. Using the ansatze
in Table 3, for the form of K (u) = log (1), we can reduce the
nonlinear equation (2) to an ODE.

3.1. Subalgebra (V| + AV, + uVs)

Substituting the forms of the similarity solution and the
coefficient functions corresponding to this vector field to
Eq. (2) yields the following PDE:

H—AfHp — ugH, — 2 Hpy +2ukH '"Hp =0.  (8)
To reduce the PDE, let us assume a transformation of the form
H(f.8)=f"()),

which reduces Eq. (8) to the ODE of the form

=g, &)

(1+A)J —uzJ —2uJ" —2uk =0. (10)

Solving Eq. (10) and reverting back to the original vari-
ables, we obtain the following group-invariant solutions of the
DA equation (2):

u(x,y,t)

=x! </a(t) dt) e exp <_41y2 (/oc(t) dz)1>

12u+1+24 3 1, -
X KummerM (2“,2,4)7 (/Ot(t)dt) y

X (/a(t) dt>_1/2C1
4! (/a(t) dt> B exp <_41y2 (/a(r) dt>l>
< tammet) (LS 22 (faar) ')

X (/a(t) dt)l/2 2HK

C+ —F, 11
>+ T2 (11)
where A, U, k, C1, and C; are arbitrary constants.

3.2. Subalgebra (V; + pVg)

For the case under consideration, the reduced PDE is
fHy+pgHy +2pHy —2pkH "Hy = 0. (12)
Perform the transformation
H(f.9)=11G), z=¢ (13)

Substituting Eq. (13) into Eq. (12), we obtain an ODE of the
form

J—pzJ' —2pJ" —2pk =0. (14)

For the ODE (14), we are unable to obtain the nontrivial ex-
act solutions for the DA equation, so under this subalgebra, we
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Fig. 1. (color online) The numerical solutions of the reduced IVP (15)-
(17) for the DA equation at 7 = 0.01 as z — 25.
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present the numerical solutions of the main equation (2) by
solving the reduced ODE (14) with the help of the classical
fourth-order Runge—Kutta (RK4) method. For the numerical
solutions, we start with initial values at z = 0. The constants
are under the restrictions p = 100, k = 0.5. We pose the fol-
lowing initial value problem (IVP) for the ODE (14) after re-
ducing it to the first-order ODEs:

dF (z)

iz =G(z2), (15)
dG(z) _F(2) 2.\

dz  2p A (16)
F(0) =100, G(0)=—1.019607920 x 10~°. (17)

The numerical solutions to Egs. (15)—-(17) are depicted in
Figs. 1 and 2.
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Fig. 2. (color online) The numerical solutions of the reduced IVP (15)-
(17) for the DA equation at # = 0.1 as z — 50.

3.3. Subalgebra (V5 + oV;)

For this vector field, equation (2) is transformed into the
following second-order nonlinear PDE:

Hy+0gH, +20H, —20kH 'Hy = 0. (18)

We further transform (18) via H (f,g) = J(z), z = g to the
ODE

' +2J" =0. 19)

Then the solution of the above ODE leads to the following
trivial group-invariant solution of Eq. (2):

1 ~1/2
u(x,y,t) =C +erf <2y (/Oc(t) dt) > G, (20)

where C; and C, are arbitrary constants.
It is noted that subalgebra (iv) (Vi) leads to constant so-
lutions.

4. Application of the extended (G'/G)-expansion
method to the DA equation

When K (1) = u(1 —u), then equation (2) can be written
as

=0 (t)uyy— B ) u(l—u), . (21)
In this section, we apply the extended (G’/G)-expansion
method to the DA equation (21), and some non-traveling wave
solutions with parameters are obtained.

The solution of Eq. (21) can be expressed as a polynomial
in (G'/G)

m G ( 0) i
u=a0+izoai|:G(6) s (22)
where a; (i = 1,2,...,m) are arbitrary functions of variables x,
Yy, t to be determined, and G () satisfies the following equa-
tion:

G"(0)+AG (6)+uG(6)=0, (23)

with 6 (x,y,1) = f(x,t) +g(y), and f(x,), g(y) being arbi-
trary functions of the indicated variables.

By balancing the highest order nonlinear term and the
highest order partial derivative term of u in Eq. (21), we obtain
m = 1. In order to search for explicit solutions, we suppose
that equation (21) has the following formal solution:

G/

u=ap+a; (G) , a;#0. 24)
By substituting Eq. (24) into Eq. (21), using Eq. (23),
collecting all terms of the same order together, the left-
hand side of Eq. (21) is converted into a polynomial in
(G'/G)’,(j=0,1,2,3). Setting each coefficient of this poly-
nomial to zero, we derive the following set of overdetermined
differential equations for ap and a;:

I\ 3
((;) D —2a (g’)z a(t)+2B (1) alf. =0, (25)

I\ 2
()« e [prag ~2(@),] 2o
—arfif (1) +2AB (1) aif
+2B (t)aoar fe+ai1g"a(r) =0, (26)
<z> : (al),flalf,fg/[(12+2/J,)a1g'72l (ar),| o ()
+ [(a1), —Aa1 ] B (1)
—2ay [(ao), — nai fx] B (¢)
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—2ay [(al)x - A«alfx] B (t)

- [(a),, ~ rarg"| @) =0, @7)

: (a0), —pai fi+ & [MMH —2p(ar),| ()

+ [(a0), — ar f] B (1) —2a0[(a0), — par /2] B (¢)

~ [(@0),, —parg"] (1) =o0. (28)
Solving this set of equations, we obtain the following results:

it A ) + £ (1) 58" (r)
' 2B()1x ’

Jx #0.

_an()’

B)fe '

Substituting the general solutions of Eq. (23) into Eq. (24) and
using Egs. (25)—(29), we obtain the following three types of
exact solutions of Eq. (21).

Type 1 When A2 —4u > 0, we have

Ajsinh Ay (f+g) +AxcoshAr (f+g)

VA cosh A, (f+g)+Azsinh Ay (f+g)’
(30)

(29)

Go) 2

where A; = \/A2—4u/2 and Ay, A, are arbitrary constants.

1000

—1000

—2000
2

Fig. 3. (color online) (a) The soliton-like solution given by Eq. (31)
with the settings A = 3, u =1, f(x,7) = sin(x) +1, g(y) = exp(y),
o (t) = B (r) = cos(r) and x,y € [-2,2] at r = 0. (b) The projection
of the solution on the xoy plane.

We can obtain the non-traveling wave solutions with hy-

perbolic functions for the DA equation (21)

A+ B0 -Se'al) | (a)(e)
o) = TR0 *( B, )Al

 ArsinhA, (f+g)+AzcoshA; (f+g)
AjcoshA; (f+g)+AzsinhA; (f+g)

» 3D

where the arbitrary function f (x,7) satisfies the conditions that
(1) fr # 0 and (ii) f, exists; and g(y) satisfies the conditions
that (i) g’ # 0, (ii) g’ exists, and (iii) g” exists. The solution is
shown in Fig. 3.

Type 2 When A2 —4u < 0, we have

—A;sinAy (f+g)+AzcosAx (f+8)
2 AjcosAy (f+g)+AxsinAy (f+g)
(32)

where A, = /41 — A2 /2 and Ay, A, are arbitrary constants.
We can obtain the non-traveling wave solutions with
trigonometric functions for the DA equation (21)

u(x,y,t)

2B(1) f B () fx
" —AsinAy (f+g) +Azcos Ay (f +g)
AjcosAy (f+g)+AasinAy (f+g)

_ St fBO -5 | (a(r) <g’>2> A

, (33)

where the arbitrary function f (x,7) satisfies the conditions that
() fx # 0 and (ii) f; exists; and g(y) satisfies the conditions
that (i) g’ # 0; (ii) g’ exists; and (iii) g” exists. The solution is
shown in Fig. 4.

1.0

0.5

—0.5

—1.0

—1.0 —0.5 0 0.5 1.0

x
Fig. 4. (color online) (a) The soliton-like solution given by Eq. (33)
with the settings A = u =2, f (x,7) =sin(x) +1, g (y) = exp(y), a (t) =
B (1) =cos(t) and x,y € [—1,1] atr = 0. (b) The projection of the solu-
tion on the xoy plane.

Type 3 When A2 —4u = 0, we have
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A
co)_ 2, A 34
G(8) 2+A1+A2(f+8)’ GY

Q
=
>

where A; and A, are arbitrary constants.
We can obtain the non-traveling wave solutions with ra-
tional functions for the DA equation (21)

A EB0-3¢a() | (a(E)
2B (1) fx B (1) fx
A

X—’
Al +A(f+g)

u(x,y,1)

(35)

where the arbitrary function f (x,7) satisfies the conditions that
() fx # 0 and (ii) f, exists; and g(y) satisfies the conditions
that (i) g’ # 0; (ii) g’ exists; and (iii) g” exists. The solution is
shown in Fig. 5.

0.5 J
> 0 g
—0.5 J
710 I L L
—1.0 —0.5 0 0.5 1.0
X

Fig. 5. (color online) (a) The soliton-like solution given by Eq. (35) with
the settings f (x,7) = sin(x) +¢, g(y) = exp(y), o (¢t) = B (¢r) = cos(t) and
x,y € [=1,1] att = 0. (b) The projection of the solution on the xoy plane.

5. Discussion and concluding remarks

The Lie symmetry method was utilized to investigate the
symmetries and the invariant solutions of the DA equations.
By determining the transformation group under which a given

system is invariant, we obtained information about the invari-
ants and the symmetries of the equation. This information, in
turn, was used to determine similarity variables that reduced
the number of independent variables. The vector fields of the
optimal system led to the reduction of the nonlinear PDEs
to ODE:s.
tem were used for reductions and exact solutions. By using

The infinitesimal generators in the optimal sys-

these vector fields, we have found a group-invariant solution
under subalgebra (3.1). Then, under subalgebra (3.2), the ini-
tial value problems were posed to Eq. (27), and the numeri-
cal solutions were shown with the help of Figs. 1 and 2 for a
fairly finite value of z. Further, we successfully obtained non-
traveling solutions with arbitrary parameters to DA equation
(21) via the extended (G’ /G)-expansion method, and in all the
cases, we chose the arbitrary function f (x,) or g(y) along
with various other arbitrary parameters, in a suitable manner,
to simulate the physical behavior of the solutions with the help
of Figs. 3-5. Thus, we found some new exact, numerical, and
non-traveling wave solutions that might prove to be potentially
useful for applications in mathematical physics and applied
mathematics.

References
[1] Olver P J 1993 Applications of Lie Groups to Differential Equations
(Berlin: Springer)
[2] Bluman G W and Kumei S 1989 Symmetries and Differential Equa-
tions (New York: Springer)

[3] Ovsyannikov L V 1982 Group Analysis of Differential Equations (New
York: Academic)

[4] Demetriou E, Christou M A and Sophocleous C 2007 Appl. Math. Com-
put. 187 1333

[5] Singh K and Gupta R K 2006 Int. J. Eng. Sci. 44 241

[6] Kumar S, Singh K and Gupta R K 2012 Commun. Nonlinear Sci. Nu-
mer. Simul. 17 1529

[7]1 Gupta R K and Singh K 2011 Commun. Nonlinear Sci. Numer. Simul.
16 4189

[8] Goyal N and Gupta R K 2012 Phys. Scr. 85 015004

[9] Kumar V, Gupta R K and Jiwari R 2013 Chin. Phys. B 22 050201
[10] Khalique C M and Adem K R 2011 Math. Comput. Model. 54 184
[11] Johnpillai A G, Kara A H and Biswas A 2013 Appl. Math. Lett. 26 376
[12] Kaur L and Gupta R K 2013 Math. Meth. Appl. Sci. 36 584
[13] Gupta R K and Bansal A 2013 Appl. Math. Comput. 219 5290
[14] Wang M L, Li X and Zhang 2008 J. Phys. Lett. A 372 417
[15] Zhang S, Dong L, BaJ M and Sun Y N 2009 Phys. Lett. A 373 905
[16] Guo S and Zhou Y 2010 Appl. Math. Comput. 215 3214

[17] LiB Qand Ma Y L 2011 Commun. Nonlinear Sci. Numer. Simulat. 16
144

[18] Alexander F J and Lebowitz J L 1990 J. Phys. A: Math. Gen. 23 375
[19] Alexander F J and Lebowitz J L 1994 J. Phys. A: Math. Gen. 27 683
[20] Saied E A and Abd El-Rahman R G 1998 J. Stat. Phys. 94 639

[21] Elwakil S A, Zahran M A and Sabry R 2005 ZAMP 56 986

030201-6


http://dx.doi.org/10.1016/j.amc.2006.09.043
http://dx.doi.org/10.1016/j.amc.2006.09.043
http://dx.doi.org/10.1016/j.ijengsci.2005.08.009
http://dx.doi.org/10.1016/j.cnsns.2011.09.003
http://dx.doi.org/10.1016/j.cnsns.2011.09.003
http://dx.doi.org/10.1016/j.cnsns.2011.03.006
http://dx.doi.org/10.1016/j.cnsns.2011.03.006
http://dx.doi.org/10.1088/1674-1056/22/5/050201
http://dx.doi.org/10.1016/j.mcm.2011.01.049
http://dx.doi.org/10.1016/j.aml.2012.10.012
http://dx.doi.org/10.1016/j.amc.2012.11.044
http://dx.doi.org/10.1016/j.physleta.2007.07.051
http://dx.doi.org/10.1016/j.physleta.2009.01.018
http://dx.doi.org/10.1016/j.amc.2009.10.008
http://dx.doi.org/10.1016/j.cnsns.2010.02.011
http://dx.doi.org/10.1016/j.cnsns.2010.02.011
http://dx.doi.org/10.1088/0305-4470/23/3/021
http://dx.doi.org/10.1088/0305-4470/27/3/014
http://dx.doi.org/10.1007/s00033-005-3109-4

	1. Introduction
	2. Lie group analysis for the DA equation
	3. Similarity reductions, exact and numerical solutions when K( u ) = log( u )
	3.1. Subalgebra "426830A V1 + V2 + V6  "526930B 
	3.2. Subalgebra "426830A V2 + V6  "526930B 
	3.3. Subalgebra "426830A V3 + V6  "526930B 

	4. Application of the extended ( G' / G )-expansion method to the DA equation
	5. Discussion and concluding remarks
	References

